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H_, performance analysis for 2D discrete state delayed systems

Mariem GHAMGUT!, Nima YEGANEFAR!, Olivier BACHELIER! and Driss MEHDI

Abstract— This paper deals with the problem of H., perfor-
mance analysis for 2D discrete state delayed system. A sufficient
condition to have a H., performance bound of this class
of systems described by the Fornasini-Marchesini state space
model is addressed via Lyapunov techniques. This stability
criterion is established using Leibniz-Newton formula with
additional free weighting matrices. A numerical example is
introduced to show the efficiency of the proposed criterion.

keywords: 2D state delayed systems, H., disturbance
attenuation, delay-dependent, LMI.

I. INTRODUCTION

The discrete two dimensional (2D) systems [9], which
are physical systems and dynamics depending on two inde-
pendent integer variable ¢ and j, have received considerable
attention due to their theoretical and practical interest par-
ticularly in image and signal processing, coding/decoding,
filtering, etc. (for an overview, see [1], [10], [5]). Many
control problems such as H, filter for 2D uncertain non-
linear state delayed systems are proposed in [15], [14], H
control for 2D state delayed systems has been investigated
in [17], and the mixed Hs/H . filtering for 2D state delayed
systems with nonlinear fraction transformation uncertainties
is reported in [4]. These papers present delay-independent
criteria. While delay-dependent conditions for 2D systems
are dealt with, for instance, in [3], [4] where they investigated
the delay-dependent H., and robust H., filtering based
on a frequency approach and for uncertain state delayed
systems in Fornasini-Marchesini model. In [16], the problem
of delay-dependent H, control for 2D discrete state delay
systems in the second Fornasini-Marchesini model is con-
sidered. The problem of robust H, filtering for uncertain
2D systems described by Roesser model is investigated in
[6]. Moreover, the H,, problem is adressed for 2D systems
with stochastic perturbations in [7] and for 2D discrete
Markovian jump systems described by Roesser model in
[13]. In [11], the authors dealt with delay-independent and
delay-dependent H, filtering for 2D discrete state delayed
systems. In general, the delay-dependent results are less
conservative than the delay-independent ones. Therefore, it is
natural to try to derive similar results on the same problems
of 2D systems with state delays using delay-dependent
approach. Our work is inspired from [17] which is concerned
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with the problem of H, control for 2D discrete state delayed
systems and from ([8], [18]) where some delay-dependent
stability criteria, for one and two dimensional continuous
systems, are derived using the Leibniz-Newton formula and
free weighting matrices are used to express this relationship
between the current and delayed states leading to linear
matrix inequalities. The free weighting matrix approach is
used to reduce the conservativeness of the delay-dependent
condition.
The purpose of the problem under investigation is to analyze
the H,, performance in order to guarantee the asymptotic
stability of the system and to achieve a prescribed H,
performance level. The paper is organized as follows. In
section II, we introduce the mathematical background needed
to address the problem. In section III, we introduce our
main result: a delay-dependent condition is derived to ensure
a H,, performance bound of the system using Lyapunov
techniques. Furthermore, the sufficient condition is expressed
in terms of LMIs (linear matrix inequalities, see [2]). Finally
section IV presents an illustrative example to show the
effectiveness of the proposed criterion.

Notations:
Throughout the paper we will use the following notations:

o [|(4,7)|ly, will denote the norm of the vector (3, j)
defined as

2 (i, )5 = @i, )" Wi, j)

where W is nonnegative matrix.
o |||, will denote the norm 2 of the vector z (¢, j) defined

as
lzlly = | D2 D e, )

i=0 j=0

e A matrix added to its symmetric will be called
sym{A} = AT + A
o D(r) denotes the set defined by
D(r)={(i,j) ri+j=ri>0,5>0} (1)
Some formula will be used in the paper, in particular the

Leibniz-Newton formula which is given by

-1
w(i—dyj+ 1) =a(i,j+1)— Y Aw(i+0,j+1)
O0=—d,

with

ANix(i4+0,j+1)=z(@+0+1,j+1)—a(i+6,j+1)
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II. PROBLEM FORMULATION

Consider the following state delayed 2D system described
by Fornasini-Marchesini model with state delays :

x(i+1,7+1)=A12(i,5 + 1) + Asx(i + 1, ) 2)
+ Agz(i —dy,j+ 1)+ Aggz(i + 1,5 — da)
+ Biw(i,j+ 1)+ Bow(i + 1, 75)
z(i,7) = Hx(i,5) + Lw(i, j)

where x(i,j) is the local state vector in R™ with 7,5 € N,
2(i,7) € RP is the controlled output, w(i,j) € R? is the
disturbance input which belongs to 1% {[0, c0), [0,00)}. d;
(I = 1,2) is an unknown positive integer representing the
delay along the direction [ and the matrices A;, A;q, By, H
and L are constant matrices with appropriate dimensions. We
also assume a set of initial conditions on a compact support,
i.e., there exists a positive integer U, such that

(107 ) O V] > Ua ig = 7d17 —dy + 13 30
.TJ(Z,]Q) =0, Vi>U, jo=—-do,—da+1,...,0 @3
Denote

Xy = sup{[lz(i, )| :i+j=r

We first give the definition of asymptotic stability for (2)
with w(4, j) = 0 and the initial conditions (3).

Definition 1: Consider the 2D discrete state delayed sys-
tem (2) is asymptotically stable if lim, .o X, = 0 with
w(i,7) = 0 and the initial condition (3).

Definition 2: Consider the 2D discrete system (2) with
initial condition (3).

Given a scalar v > 0, and symmetric positive definite
weighting matrices Qn, Qun, Wp, Wy, Sh, S, € R™*",
the 2D state delayed system (2) is said to have an H.,
disturbance attenuation bound + if it is asymptotically stable
and satisfies

i,j € R}

||5||§ 2
J = sup - - <y 4)
0F#wEl> H("_}Hg +Dh(d17]) +D1)(7’ad2)
where
2

/1/7

EE)Y [ (i + }
= O] 0 7

1,5+ 1 2
z =
EEW (bl

[e%e] —1
D(d, j) =Z{llw(07j+1>||22h + ) i+ DGy,

j=0 I=—d;

0 0
+ > EZHAw@+&j+1mi}

O=—di+1 s=6+1

o0 71
D, (i, ds) =Z{le(i+170)llév + 3 e+ 1,03,

=0 l=—d>

0 0
DYDY IIAﬂ(i+17j+S)IIQSU}

0=—dp+1 s=6+1
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with

Nz(i+s,j+ 1) =z(i+s+1,7+1)—2x(i+s,j+1),
Njx(i+1,7+s)=az(t+1,j+s+1)—2(@+1,j+s)
Remark 1: Definition 2 is borrowed from [17] but adapted

to our case as we use a different Lyapunov function.
Define V(z) = Vi (x) + V,(2) and define AV (z(i + 1,5 +
1)) =AV(i+1,j+ 1) = AV as the increment of V' along
the trajectories of (2) by:

AVE+ 1L+ D)2 Va(i+ 1,5+ D)+ VoG +1,5+1) (5
—Va(i,74+1) = Vu(i+1,5)

III. MAIN RESULTS

In this section, we investigate the H, control problem for
2D discrete state delayed system (2), using Leibniz-Newton
formula. The relationship between the terms in the formula
is taken into account by adding free weighting matrices,
given on the left side of this equation !, to the increment
of Lyapunov functional AV

2[Sox(i,j + 1) + Siz(i — dy,j +1)]" x (6)

—1
> A:cz—f—@y—i—l))}

{ (i,j+1) —a(i—dy,j+1) -
o=—d

=0

In the previous equation, the free weighting matrices Sy and
S1 indicate the relationship between the terms in the Leibniz-
Newton formula. We add also the following expression to the
increment of Lyapunov functional AV,

2{Eoz(i+1,j +1) + Erz(i,j + 1) + Eax(i + 1,5) (7)
+Esx(i—dy,j+ 1)+ Eux(i+ 1,7 — do)

+Esw(i,j +1) + Bow(i+1,5)} x

{z(i+1,j+1) — Ajz(i,j + 1) — Asx(i + 1,5)
—Argr(i —dy,j+ 1) — Agqw(i + 1,5 — da)
“Biw(i,j+1) — Bow(i+1,§)} =0

As is shown in the following theorem, the free weighting
matrices F; (i = 1,...,6), Sp, S1, Tp and T can easily
be determined by solving the corresponding linear matrix
inequalities.

Theorem 1: A 2D state-delayed system (2) is asymptoti-
cally stable and has H, disturbance attenuation level bound
~ if there exist symmetric positive definite matrices Py, P,,
Ry, R,, Nj, and N, satisfying P, < v2Qn, P, < 7?Q.,
R, < v*Wy, R, < v*W,, N}, < v2S), and N, < +2S, and
some free weighting matrices F; (i = 1,...,6), So, S1, T

'We have given the equation only for horizontal direction since the
expression for vertical direction is similar with Tp and 77 as free weighting
matrices.
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and 73 with appropriate dimensions such that

P11 o2 @13

aﬂ Q22 Qa3 3
04{3 a§3 —Qa33

Eq
+sym{ | ETg | [I —=b Opx2n] p <0

02n><n
with
Eig=[E14 Es Eg¢|,E1u=[E1 E, Es3 E
b=1[bo Bi1 Ba|,bo=[A1 Ay An A

N,
Q22 = (@) (oz)e , 033 = Aln 0 )
0 do

* (0122)3
(o0 + HTH 0 0 0
B * ¢33+ HTH 0 0
(0622)1 - * * ¢44 0 ’
i * * ¥ P55
[HTH 0
0 HTH
(ag2)2 = 0 0 )
0 0
[LTL —~2T 0
(0422)32_ 0’7 LTLi,sz ,

o2 =[¢12 ¢13 0 0 0 0],a;3=[0 0],

—diST 0
_ (0423)1 o O —dQTOT
@28 = |:02n><2n (azs)1 = —d, ST 0 ’
0 —do T

¢11 = Py + P, + di Ny, + da Ny,

¢22 = —Pp + Ry + di1 N, +sym {Sp},
¢33 = =P, + R, + do N, + sym {1y} ,
¢aa = —Ry —sym{S1},

¢s5 = —R, —sym{T\ },
¢12 = di1 Np,
¢13 = da N

Proof: Let us consider the following Lyapunov candi-
date function:

where

Vi(i,5) = Van(i, 3) + Von (i, 3) + Van(4, §) )

-1

Coa2 : 12
= (i, )Ip, + Y lleli+ L),
I=—di

0 0
+ S i+ s,

O0=—di1+1 s=0+1
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Vio(i,5) = Vio(i, §) + Vau(d, J) + V3o (i, )

-1

= (i, )lIp, + Y Nl g+ Oll,

l=—d>

0 0
. 2
+ o> D A+ )i,

O0=—do+1 s=0+1

(10)

where P, >~ 0, R, - 0, N, = 0, P, = 0, R, >~ 0 and
N, > 0 are given.

The increment along any trajectory of system (2) is given
by (5) and can be rewritten as such

AV(i+1,54+1) = AVi(i+1,j+ 1)+ AV,(i+ 1,5 +1)

where

AV = AV + AVoy, + AVsy,
AVU = A‘/h) + AVQU + AVgU

Because of the similarities between the 2 dimensions, we will
develop the calculations only in the horizontal dimension. Let
us first calculate AVyy,, AVa, and AVsy,.

AVip = oG+ 1,5+ D3, — 26,5+ D,
=2T(i+1,j+1)Pux(i+1,5+1)
—2"(i,j + 1) Pp(i,j + 1)

AVoy = (i, j + DI, — 26 = di,j+ 1|,
T(z J+DRyz(i,j+1)
—a"(i—di,j+ 1)Rpx(i —di,j+ 1)

AVap, = di | Aa(i + 1,5 + D)%,
0

. . 2
= > A+ 0,5+ D3,
O0=—d;+1

= AT2(i+ 1,5+ )N Ajz(i + 1,5 + 1)

0
> ATa(i+0,j+1)NyAa(i+ 6,5 + 1)
O=—d;+1
=dz"(i+ 1,5+ 1)Npa(i+1,j+1)
—dll‘ (Z+1 j+1)N (iaj+1)
—dlx (z j+1) (z+1,j+1)
0
Z Afx(i+ 0,5+ 1)NpAsz(i+ 60,5+ 1)
0=—d;+1

Then, we add (6) and (7) with w(i,j) = 0 to AV},. The
same work can be done in the vertical dimension which leads
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to the following expression for AV:

AV = AVip + AVap + AVap + AViy + AVa, + AV,
+2{Eozx(i+1,j+ 1)+ Erx(i,j + 1) + Eax(i + 1,5)
+Esx(i—di,j+ 1)+ Eax(i+ 1,5 — d2)}" x
{z(i+1,j+1)— Aiz(i,j + 1) — Asz(i + 1,5)
—Avaz(i —d1,j+1) — Asgz(i+ 1,5 — da)}
+2[Sox(i,j + 1) + S1z(i — d1,j + 1)]" x
{z(t,j+1)—2(i—di,j+1)

- i Ai:p(i+9,j+1))}

0=—d;
+2[Tox(i+1,5) + Thz(i+ 1,7 — do)]” x
{e(i+1,j) —2(i+1,j — do)

— i: A]m(i—l—l,j—i—s)}

s=—dg

Let

E=[T(i+1,j+1) 27(6,j+1) 2T(i+1,5)
at(i—dy,j+1) 2" (i+1,j—dy)
ATa(i+0,j+1) Ala(i+1,5+s)]"

The increment AV (4

+ 1,5 + 1) along any trajectory of
system (2) with (w(%, )

Lj
= 0) satisfies

-1 -1
AV =3 > "o

(1T)
9:—dls:—d2
with
¢11 Q12 Q13
Q= 04{2 (0l22)1 (a23)1
afy  (ag3){  —ass
Eq
+ sym E1T74 [I —bg Onxgn]
O2n><n

with @11, a5 (4,7 = 1,2,3), (a22)1, (23)1, E1,4 and by
are given in Theorem 1.

It follows from (8) that AV <0, i.e.,

Vili+1,j+1)+Vo(i+1,j+1) <Vi(i,j+1)
+Vo(i+1,7)

(12)
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For any integers r > max {U}, it follows from (12) and the
initial conditions (3) that

> Vg =

i+jeD(r)

> WValig) + Vali,5)]
i+j€D(r)
Vi(r,0) + Vi (r — 1,1) + Vi (r — 2,2)
et Va(L,r — 1) + Vi (0, 7)
Vo(r,0) + Vo(r — 1,1) + V(r — 2,2)
e+ Vo1, — 1)+ V4,(0,7)
Vi(r+1,0) + Vi (r, 1) + Vi (r — 1,2)
e+ Vi (L,r) + V5 (0,7 + 1)
Vo(r+1,0) + Vo (r, 1) + Vy(r — 1,2)
e+ Vo(1,r) + V4 (0,7 + 1)
Vi(—1,7+ 1) = Vy(r +1, 1)

> V(L)

i+jeD(r+1)

13)

(V2 e

where the equality sign holds when

> V(i,j)=0

i+j€D(r)

This implies that the whole energies stored at the points
{(#,7) : ¢ + j = r + 1} is strictly less than those at the points
{(é,7) : i+ j = r} unless all z(i,7) = 0. Thus, we obtain

limy oo > V(i,j) =0
i+j€D(r)

(14)

It follows that
limy ooV (4, 5) = 0, limy—eo ||2(4, 5)|| = 0

Consequently, we conclude from Definition 1 that the sys-
tem (2) is asymptotically stable.

To estabish the H,, performance of system (2) for w(i,j) €
12 {[0,00),[0,00)}, we consider the following expression

AV(i+1,j+1)+ [ZEW + 1)} ! [Z(i,j + 1)}

Tzi+1,j) 2(i+1,7)
) )
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Consider the following expression:

AV = AV, + AV, + AVay, + AVy, + AV, + AVs,
+2{Box(i+1,j + 1) + Erz(i,j + 1) + Bax(i + 1, 5)
+E3x(i—dy,j+ 1)+ Egx(i+ 1,5 — da)
+Esw(iyj+ 1) + Bgw(i+ 1,7} x
{x(i+1,5+1) — Ayz(i,j+1) — Agz(i +1,5)
—Ajgx(i—dy,j+1) — Agga(i + 1,5 — da)
—Byw(i,j+1) — Bow(i +1,5)}
+2[Sox(i,§ + 1) + S1x(i — dy, 5+ 1)]"
x{x(i,j+1)—a(i —di,j+1)

- i Aix(i+9,j+l))}
0=—d;

+2[Tox(i+ 1,§) + Tia(i+1,j — da)]"
x {z(i+1,4) —a(i+1,j — dy)

- i ij(z'—i-Lj—i—s)}

S:7d2
—1 —1
T
AV 4 272 —7%Tw = Z Z d1d2X Qx
0—7d1 S—*dg
where (2 is given by (8) and
X=[T({i+1,+1) 273G,j+1) 27G+1,75)
e(i—di,j+1) a"(i+1,j—da)
whi,j+1) wh(i+1,5)

Ala(i+0,j+1) Alz(i+1,5+s)"

Based on the same proof given by [17], we have

2 2
12113 < 7* llwll2 (15)
o] -1
. 2 . 2
+9° Y {le(O,J +Dllg, + Y e i+ Dl
7=0 l=—d:

0 0
P Yy ||Aix(s7j+1)||zsh}

0=—di+1 s=60+1

o] —1
+722{||x(i+1,0)llév+ > M2+ 1,05,

i=0 I=—ds

0 0
+ Y ||ij(i+175)||év}

O=—dy+1 s=6+1
Therefore, it follows from Definition 2 that the result of the
theorem holds.

In the case where the initial condition is known to be
zero, the conditions P, < v2Qp, P, < v2Q., R, < vV?Wh,
R, < v*W,, N < ¥2S;, and N, < %S, in Theorem 1 are
no longer needed.

It follows from (15) that

2 2
1213 < 7 w2

ThAB.4

REO WY |

=0 j=0

2(i ]+1
z(i+1,7)
Then, we have

2y > =)l

i=0 j=0

w(i,j+1)
w(i+1,7)
(16)

ZH (,0)] ZHzO] =

a7

27222\\60 i, 5)]

=0 j=0
(oo}
N2
7> w0, 5)
§=0

By considering the zero initial conditions z(¢,0) = z(0,j) =
0. Then, from system (2), we have that z(¢,0) = Lw(i,0)

_7QZ|\¢” 0)]

and z(0,7) = Lw(0, j). Thus, it follows from (17) that
2 a2
23 S 2l DI =292 0> llw(5))1 <
i=0 §=0 i=0 j=0

w(i,0)" (LTL — +°T) w(i, 0)

+ > w(0,0)T (LTL = 7*1) w(0, )

To show that LT L — ~2I is strictly negative, notice that
applying Schur complement to inequality (8), we have

¢11 o2 Q13| 177 T
+ gy [afzad;]
0412 Q22 Q23

(] -2}

Based on Corollary 2.3.9 given by [12], the previous inequal-
ity is equivalent to

T
(o) o] o fotonl) [7] <o

(18)
Equation (18) can be written as
bT¢11b + sym {bTOélg} + 012361531(%53 + a9 <0
Then, we have
* *
¢55 0 <0
0 ¢es
with
¢s5 = Bl ¢p11B1 + LTL — 1
p66 = Ba ¢p11Ba + LTL — 4*T
Thus, for all nonzero w(i, j), we have
||Z||2 <'YH‘*’Hz (19)
||
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Fig. 1. The state evolution of the first component of x(z, j)

Fig. 2.

Fig. 3. The state evolution of the controlled output z(%, j)

IV. EXAMPLES

Let us illustrate our previous result with an example taken
from [17] using the optimal H., controller. Consider the
stabilized system with the following coefficient matrices

0o 0 00 00
A= [0.25 0.65} Ao = {0 0] A= [0 0} ’
0 0 0.2 0.1
Az = {0 —0.04} B = {0.04} B2 = {0.04] ’

H= [1 1},L:O.5
and the disturbance input given by
w(i,j) =exp—0.5(i+j—dy — da)
The figures Fig. 1, Fig. 2 and Fig. 3 are obtained using the

zero initial conditions z(¢,0) = x(0, 5) = 0.

Using our criterion given by Theorem 8, we obtain for
d; = 1 and dy = 6, the delay-dependent H, disturbance
attenuation bound v = 0.9646 which is smaller than the
delay-independent one given by [17].

ThAB.4

In this example, LMI (8) is feasible and we observe
that the trajectories of the system in the given figures are
asymptotically stable.

V. CONCLUSION

To conclude, let us highlight the general contribution
of this paper. We developed a delay-dependent sufficient
condition for 2D discrete systems with state delays to have a
specific H, disturbance attenuation bound. An LMI-based
method has been proposed that involves the use of some
free weighting matrices to express the relationship between
the terms in the Leibniz-Newton formula and the system
matrices. A numerical example is provided to illustrate the
effectiveness of the proposed criterion.
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