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An Example of Output Regulation for Polynomially Stable SISO
System with Infinite Dimensional Exosytem

R.Saij, H.Bouslous, L.Maniar, S.Boulite

Abstract—In this short paper we present an example of
output regulation of periodic signals for a plant (perturbed
wave equation) in the setting of polynomially stable SISO system
with bounded control and observation operators. The periodic
signals are assumed generated by a suitable infinite-dimensional
exosystem. the solvability of this problem is strongly related to
the solvability of a pair of linear regulator equations.

Index Terms :Infinite-Dimensional Systems, Infinite-
Dimensional Exosystems, Output Regulation, polynomial
stability, perturbed wave equation.

I. INTRODUCTION

In order to situate this work, we first define the problem
to be solved in the general setting. We are interested on the
output regulation problem of the SISO system of the form
described by the following equations:

(t) = Az(t)+Bu(r) t>0
yt) = Cz(1) t>0 (L.1)
z2(0) = z€Z

Notice that there are no disturbance signals to the state of
the plant. Here A generates a Co-semigroup T4(¢), t > 0, on
a complex Banach space Z. The state of the plant (I.1) is
denoted by z(z) € Z. The continuous input u : Ry — C
and the continuous output y : Ry — C take values in
C (the space of complex numbers). The control operator
B e Z(C,Z) and the observation operator C € .Z(Z,C). In
addition, we consider reference signals y, which assumed
generated by an infinite-dimensional exosystem

wt) = Sw(), teR
() = Oowlt), teR (1.2)
w(0) = woeW.

on a Hilbert space W. The generator S of the exosystem is
assumed to generate an isometric Cop-group Ts(¢), t € R, on
W with a suitable domain D(S). We denote the error between
the measured and reference outputs by

e(t) = y(t) = y,(t) = C=(1) — Qw().

The output regulation considers controlling a given plant
such that its output asymptotically tracks a desired reference
signals. The control law is constructed such that it stabilizes
the closed-loop system consisting of the plant and the control
appropriately. Many results presented in output regulation
theory are based on a relationship between the closed loop
system and a corresponding Sylvester type operator equation.
In the case of finite or infinite-dimensional exosystem of the
form (1.2), this equation is an infinite-dimensional Sylvester
operator equation

(1.3)

ATI+P =TIS (1.4)
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Our procedure for regulate the output is to construct a suit-
able control law which depends on the state of the exosystem.
Such a procedure is called state feedback regulation problem
which is denoted by SFRP. More precisely, The task is to
find a feedback control law of the form

u(t) = Lw(r)

such that L € Z(W,C) and for the extended closed loop
system

) =
{WM =
the tracking error e(z) = Cz(t) — Qw(t) — 0 as t —> o for
any initial conditions zo € Z and wy € W.
For finite-dimensional linear systems, the SFRP was studied
by Davison, Francis, Wonham and others (see e.g. [6], [7],
[8], [9] and the references therein). In [9], Francis was
the first which presented a complete characterization for

the SFRP in terms of solvability of the so called regulator
equations:

Az(t) +BLw(t)

Sw(t) | (1.5)

t>0
t>0

in D(S)

AIl+BI' = IIS
{ in W (L6)

cn = Q

In [8], Davison has utilized the similar methods for the
construction of the control law which will achieve asymptotic
tracking of the reference signals. Many authors have also
constructed such control law for infinite-dimensional linear
systems with finite dimensional exosystems, e.g. Pohjolainen
[4] and Byrnes et al.[5]. Under the exponential stabilizability
assumption of the system (I.1), they proved a complete
characterization for the existence (and construction) of a
regulating control law in terms of solvability of the regulator
equations (I.6). Subsequently, in [3], Immonen generalized
the SFRP studied in [5] and [4] in the case that the plant (I.1)
and the exosystem (I.2) are infinite dimensional systems. In
his recent PhD-thesis, Immonen studied the output regulation
problem under the strong stabilizability assumption of the
system (I.1). He proved that if the pair (A,B) in the system
(I.1) is strongly stabilizable using K and if the regulator
equations (I.6) have a solution (I1,I"), then the SFRP can
be solved and the control law u(r) = Kz(¢) + (I’ — KIT)w(r)
solves the SFRP. On the other hand, it is well known that
this result has a converse provided that the exosystem is
finite-dimentional and the system (I.1) is also exponentially
stabilizable [5]. In [2], Phong establishes that for every
P e £ (W,Z), if the semigroup Ty (r) is exponentially stable
then the Sylvester type operator equation (I.4) has a unique
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bounded solution given by
IT :/ Ty(t)PTs(—t)dr (strong convergence).  (1.7)
0

We notice that the operator equation (I.4) does not nec-
essarily always have a solution in the case that Ty(z) is
only strongly stable; but if we hope to have a solution,
we may need to be some regularity for P. In this way,
Immonen, in [3], assumed that the operator P is regular
for the semigroup T (¢) (see section:necessary conditions for
the solvability of the SFRP in [3]). He established that the
operator equation (I.4) has a solution IT € £ (W,Z) if and
only if P € £ (W,Z) is regular for Ty(t). Hence, if Ty (z) is
exponentially stable, then for every operator P € £ (W,Z)
is regular for Ty(z). Now we can arise the question: what
about if Ty(¢) is polynomially stable and not exponentially
stable? To our knowledge the output regulation problem of
polynomially stable Cyp-semigroup under perturbations of its
generator has not been studied previously in the literature.
The concept of polynomial stability is interesting because it
allows for a uniform polynomial decay rate for all sufficiently
smooth initial conditions. This type of stability can occur
for e.g. if the spectrum of A is contained in open left half
plane, but approaches the imaginary axis at Zoo. In this
paper, our objective is to apply the output regulation problem
for a system generating by a polynomially stable but not
exponentially stable Cp-semigroup. In order to achieve this,
we will give a characterization of the solution of the operator
equation (I.4) in the case that T4(¢) is polynomially stable.
We will show that if the operator equation (I.4) has a solution
I e ¥ (W,Z) then necessarily we have

Hw:/o Tx (1) PTs(—t)wdt (1.8)
for all w € D(S). This allows us to employ the concept of
operator conform (see Section (IV)) and characterize this
property by the solvability of the operator equation (1.4).
Thus a complete characterization for the solvability of the
regulator equations and the SFRP to be solve will be given.
The plan of the paper is as follows. In Section (II), we
formulate the plant consisting of perturbed wave equation
with bounded control and observation operators. We define
also the exosytem which is responsible for generating the
reference signals. In Section (III), we formulate the output
regulation problem to be solved. In Section (IV), we present,
in the general setting, sufficient and necessary conditions for
the solvability of the SFRP. In the last Section, we apply the
results presented in Section (IV) to our example.

II. PLANT AND EXOSYSTEM

Consider the following perturbed one-dimensional wave
equation on (0.1)
53 (1) = G2 (x00) +bo@) i (x)v (1) + o) G
v(0,8) =v(1,t)= 0
v(x,0)=vy 5 (x,0) =
where bo(x) = v/3(1 —x), hy and hy are defined in [11,

()]

QU
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Theorem 13] Define the operator Aq : D(Ag) C L*(0,1) —
L?*(0,1) by

d2

dx?

with domain D(Ag) = {v € L*(0,1)|v,Vabs.cont.v" €
L?(0,1),v(0) = v(1) = 0}. The operator Ay has a positive
self-adjoint square root Ay’~ and the space Z = D(4, Al 2)
L?(0,1) equipped with an inner product

Ag=—

(vw)z = (A (])/zvl,Al/szLz + (va,w2) 2

is a Hilbert space. Next we introduce

v 0 I 0 0
=La] sl o] o=l e

D(A) = D(Ao) x D(4y%).

Notice that A € .Z(Z). We introduce the control operator

B =bE = [ l? } & where by (x) =x(1—x) and the observa-
1

tion operator C =Yz <0 ><b,p>€ L (Z,C) where

in(kr )
9(x) = )i’s’ffl(k;l) } and A, = ikx for k € Z\{0}. Thus

the above perturbed wave equation can be written as
() =

iy =

L1)
The eigenvalues of A are A; for k € Z\{0} and the corre-
sponding eigenvectors are ¢ form an orthonormal basis in
Z. Due to Paunonen [11], the perturbed operator A=A+A
is a Riesz-spectral operator and that 6(A) = (=" +lk7l'}k7g()
for some v > 0. Further, the eigenvectors ®; of A form a
Riesz basis of Z. Since A is similar to a normal operator
then, due to [1, Theorem 4.1], A generates a polynomially

stable Cp-semigroup Tj(r) and we have

N

< —

I3 (1)A i

for all # > 0 and some N > 0. Since Tj(¢) is bounded then
the estimate (II.2) is equivalent to

1T5() (=

for all r >0, > 0. Since 6(A) C C~ and it has no finite
accumulation points on iR, the operator —A is an invertible
sectorial operator. Using the fractional domains of the oper-
ator —A, we have, for § >0

={zeZl Y lmlP| <z.0 > > < oo}
k20

(A+A)z(t) +Bu(t), z(0)=z0= [ :(1) ] €z
Cz(t),t >0

11.2)

N

A7) < - (IL3)

25 = D((-A)P)

The space (Zg, || -|/g) is a Hilbert space with norm defined
by

Y P < 2,0 > 2
k0

2
Izll2p =

where py = =" +ikm for k # 0.
Now we mtroduce an interesting functions space whose
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elements can be generated by the exosystem (I.2) if its
parameters are suitably chosen. Let p > 0, let @ = % for
k € Z, let (fi)kez C R such that fy > 1, k€ Z and (f; iez €
% (the space of square summable complex sequences). We
define the state space of the exosystem as follows:
W= {y:R— C|y(t) = Lrez ke ™1 € R, Yuer I0il*f7 <
oo (yi)ker C C}. Put 6;(t) = &'’ for all t € R and all k € Z.
It is clear that the set {6 }rez form an orthonormal basis in
W with the L2-inner product which is denoted by <,>,>. But
it shall be interesting to use the inner product in W defined
by
<u,y>f= Z Wik fr

ke
where uy =<u, 0 >;2 and yp =<y, 60 > forall k€ Z. It is
easy to see that W is a Hilbert space with the inner product
<,>; the corresponding norm is

Z | <ya6k> |2fk2
kEZ

Iyl =

thus the set {6y }rez with this inner product form an orthog-
onal basis in W, with |6||; = fi for all k € Z. We define
the operator
S = Ziwk <, 0 >12 6
keZ
DS)={yeW| ) of| <y.6>p [*fi <=}.
keZ

Notice that the operator S generates an isometric Cy-group
on W given by:

Tg(t) = Z P <, 6> 6.
kEZ
We fix Q = & (point evaluation at 0). Due to [3], the
exogenous system (I.2) with W,S,Q = & and wy € W, can
generate all reference signals in W and only those. Moreover,
every reference function y. € W is generated by the choice
wo =y, € W. In fact

Ts(t)h = h(x+1)|x—0 = h(z)

for every h € W and ¢ € R. (For more details see [3, Chapter
I1)).

Notice that Q = & € £ (W, Z) because if

Y ="Yrez <Y, 0k >2 O, we have

100y| = |Ykez <3,60k >p2 |

IA

\/Zkerk_z\/ZkeZ| <y, 0k >0 [2f7

cllylly

III. FORMULATION OF THE MAIN PROBLEM

Our goal is to regulate the plant so that its output tracks
a reference signal generated by the exosystem. To this end,
we follow the approach given in [3] and seek the control as
a feedback of the state of exosystem

u(t) = Lw(t) (IL.1)
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where L € .Z(W,C). Hence the plant becomes

(1) =
z(0) =

Az(t)+ BLu(t),

Vo
20 —
0 "

and the extended system consisting of the plant and the
exosystem is given by

{z‘(z) = Az(t)+BLw(t)
w) = Sw(r) ,

Our tracking problem is formulated in terms of the error e(z)
defined by

(II1.2)

t>0
A (IIL.3)

(I1L4)

e(r) = y(1) =y, (1)

for t > 0, where y is the output of the extended system (II1.3)
and y, is the reference signal to be tracked. Since

y(t) =Cz(¢r) and y.(¢t) = Ow(r) (1IL.5)
then the error (II1.4) can be written as
e(t) = C2(t) — Ow(t) = [C — 0] { fv((’t )) ] (I1L6)

We are now ready to define our main problem.
Problem 3.1: (The Main Problem). The task is to find a
feedback control of the form

u(t) = Lw(r)

such that for every initial conditions of the plant and the
exosystem, the error e(z) —> 0 as t — oo.

IV. SUFFICIENT AND NECESSARY CONDITIONS FOR THE
SOLVABILITY OF THE SFRP

As mentioned in the introduction, Immonen, in [3], estab-
lishes that if the operator A in the plant (I.1) is strongly stable
and if the regulator equations (I.6) have a solution (I1,I'),
then the SFRP can be solved and the control law u(t) =IT'w(r)
solves the SFRP. In our case, we have A generates a bounded
polynomially stable Cy-semigroup T;(f). Hence, by density
argument, T5(¢) is strongly stable. consequently, it suffices
to solve the regulator equations (I.6) in order to guarantees
that the error e(f) converges to 0 as + —» co. Thus we can
state the theorem which gives the sufficient conditions for
the solvability of the SFRP.

Theorem 4.1: If the regulator equations (I.6) have a so-
lution (IT,T), then the control law u(r) = I'w(t) solves the
SFRP.

Before study the necessary conditions for the solvability
of the SFRP, we will look at the characterization of the

Sylvester type operator equation
AT+ P =TIS (IV.1)

where P € Z(W,Z).
Using the polynomial stability of the Cp-semigroup Tj(z),
we can give a characterization of the solvability of (IV.1)
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Proposition 4.2: The Sylvester type operator equation
(IV.1) has a bounded solution IT € ¥ (W,Z) if and only if
the operator

Mo = /0 "Iy (0)PTs(—1)wd

define a linear bounded operator from D(S) to Z, where D(S)
is endowed with the induced norm of W.

subsequently, such operator I is said conform for the semi-
group T5(t).

Proof: Let T1 € £ (W,Z) such that TI(D(S)) C D(A) and

ATll+P=TIS (IV.2)

From [3, lemma 3.1], we have
O
Tw = T3 (0)TITs(—6)w + / Ty(t)PTs(—t)wdt  (IV.3)
Jo

for all w e W and o > 0.
Since II(D(S)) C D(A) and D(S) is Ts(z)-invariant subspace
then I175(—0o)w € D(A) for all w € D(S) and o > 0. Hence,
using (I1.2), we conclude that the first term in the right hand
side of the equality (IV.3) converges to 0 as ¢ — o for all
w € D(S). Consequently, we have

T — / T; (1) PTs(—1)wt. (IV.4)

0

for all w € D(S). Conversely,
Suppose that there exists IT € .£(D(S),Z) such that

T — /0 " T1(0)PTs(—0)wdo

for every w € D(S). By density argument, IT can be extended
to a linear bounded operator from W to Z noted also by II.
Let w € D(S) and ¢ > 0 be arbitrary. We have

T; (1)Iw — Iw

= | T;(t + 0)PTs(—0)wdo — [y T;(0)PTs(—0)wdo

= [ T;(0)PTs(t — o)wdo — [y T;(0)PTs(—0)wdo
[Ty (0)PTs(—0) (Ts(O)w — w)do — [ Ty()PTs(t —

o)wdo
hence, for all 1 € (0,1), we have

T; (1) w—Tw

= T (o) PTy(—0) (B g — 1 Ti(0)PTs(

t

o)wdo = (BW=2y _ L ji7 (6)PTy(t — o)wdo

In the first term on the right hand side, we use the fact that
LOY=w ¢ 1(S) for every w € D(S).

t
Since lim,_,o¢ S — gy and T € .£(W,Z), then this
first term converges to I1Sw as t — 0. For another hand,

since the map ¢ — T;(0)PTs(t — o)w is continuous on

ThBB.4

R* for every t € (0,1) and Ts(¢) is an isometric group on
W then the second term converges to —Pw. consequently,

T; (1)IIw — Iw

lim exists in Z.
t—0F t
Therefore, [Tw € D(A) and ATTw = I1Sw — Pw. [ |

In the following proposition, we will give a sufficient condi-
tion for which an operator is conform (see Proposition 4.2)
for a polynomially stable Cp-semigroup.

Proposition 4.3: If there exists € > 0 such that P €
L (W,Zy+e), then the operator P is conform for the semi-
group T5(t).

Proof: Since Tj(t) is a bounded polynomially stable
Co-semigroup then, by inequality (II.3), with r =1+ %, we
have

|

T3(6) (—A) ¢ < Net ™' 73,
or equivalently

—1-—£
ITz(1)z2ll < Net™' 2 [lz]lo-e.

for all z € Zyye. Let a > 0 such that ||Pw||2+e < aljw| for
all w e W. Then

1T (0)PTs(—0)wl| <

IV.5)

Net "= 5||PTy(—1)wl|2¢
< aNet 72| Ts(—1)w|

= aNer™' 5w

consequently, the function + — T (¢)PTs(—t)w is integrable
on [0,c0) and

Iw = ./OW T; (t)PTs(—t)wdt

define a bounded operator from W to Z; i.e. the operator P
is conform for the semigroup T (r). [ |
The following theorem presents some conditions under
which the solvability of the regulator equations (I.6) is
necessary for the solvability of the SFRP.

Theorem 4.4: If the SFRP is solvable for some control law
u(t) = Lw(r) such that the operator BL € £ (W, Z) is conform
for the semigroup Tj(r), then there exits IT € .Z(W,Z) and
[ € Z(W,C) such that TI(D(S)) € D(A), L =T and the
regulator equations (1.6) are satisfied.

Proof: Since BL is conform for Tj(r), by Proposition
4.2, there exists IT € .2 (W, Z) such that TI(D(S)) C D(A) and

I1S = ATl + BL

LetI'=Le.Z(W,C). Then IT and I solve the first regulator
equation of (L.6).

Next, we show that also the second regulator equation is
satisfied.

First we compute the tracking error e(f) in (I.3). By the
boundedness of BL, the composite operator 7 on the ex-
tended state space Z x W defined as

A BL
“=(5 %)
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generates a Cp-semigroup T, () on Z x W. An easy calcu-
lation reveals that this semigroup is given by

T (1) = ( Ti(t) JiT;(t — 6)BLTs(0)do )

0 Ts(t)
By using (IV.3), we have
20 TA (l‘) (ZO — HW()) + HTS(I)WO )
T/(t =
o )( wo ) ( Ts(t)wo
The explicit expression for the tracking error e(t) is as
follows:
Z(t) o o ZO
0 = c-a( X)) -c-arm( 3 )
= CTA(Z‘)(ZO — HW()) —I-CHTs(l‘)W() — QTs(Z‘)Wo
then

e(t) = CT; (1) (z0 — Two) + (CTT — Q) Tis(t)wo

Now let wy € W be arbitrary and take zg = ITwy € Z. Then
the corresponding tracking error e(t) is given by

= (CI1 - Q)Ts(t)wo

Since the exosystem generates periodic signals then we must
have

Iv.6)

CHW() — QWO =0.

(fore more details see [3, Chapter 3]). |
Due to the above discussion we obtain the following com-
plete characterization for the solvability of the regulator
equations 1.6 and the SFRP, which summaries in the fol-
lowing theorem

Theorem 4.5: The SFRP is solvable using the control
law u(t) = Lw(t), where L € £ (W,C) and BL is conform
for T;(¢), if and only if there exists IT € £ (W,Z) and
[ € Z(W,C) such that TI(D(S)) € D(A), L =T and the
regulator equations (1.6) are satisfied.

As an immediate consequence of the explicit expression for
the tracking error e(¢) in (IV.6), if the regulator equations
(1.6) have a solution (IT,I"), we can give the rate of decay of
|le(?)]| if more regularity of initial conditions is given:

Corollary 4.6: Assume that zg € D(A) and wg € D(S). If
the regulator equations (I1.6) have a solution (I1,T"), then there
is a positive constant m depending only on ||C||,||z0|; and
[lwol|s such that

1

le()|| <mt~2,  Vt>0. IV.7)
where the Banach spaces D(A) and D(S) are endowed with
the graph norms || - ||D(A) and |- ||D(S).

Proof: Due to (IV.6), since the regulator equations (I.6) have
a solution (I1,I"), then

e(t) = CTA(t)(Z() —TIIwyp).
Since zo € D(A) and wy € D(S) then zo —ITwg € D(A) and
due to (II.2) we have

le(t)| <me2,  Vi>0.

where m = N'(||zo||  + ||wol|s), for some N' > 0. [

ThBB.4

Remark 4.7: In the expression of m, we utilized the fact
that IT € .Z(D(S),D(A)) since

ATI+P=TIS in D(S)

V. ASYMPTOTIC TRACKING OF PERIODIC REFERENCE
SIGNALS FOR THE PERTURBED WAVE EQUATION

In this Section, our objective is to construct a control law
u(t) = Lw(r) for the asymptotic tracking of periodic reference
signals. Consider the regulator equations

ATI+Br = TIIS

{ CTI ~ 0 (V.1)

Assume the pair(IL,I") solves (V.1). Then, for each k € Z,
the first regulator equation applied to 6; gives

AT16; + BT 6, =T1S6;. (V.2)

Since iy is an eigenvalue of S with 6; as eigenvector this
equation simplify to
(iay, —A)16;, = BI'6;. (V.3)

Since 6(A)No(S) =0 then iw, —A is invertible for each
k € Z. Hence we can solve (V.3) for I16;
116, = R(ioy,A)BT 6. (V.4)

Applying C to both sides and using the second regulator

equation of V.1, we have
Q06 = CR(iwy,A)BT6y. (V.5)

where in (V.5), CR(A,A)B is the transfer function of the plant
which we denote by

H(L)=CR(A,A)B (V.6)
for all A € p(A). Thus we can write (V.5) as
006, = H(iawy)T6. V.7)

In order to solve this equation explicitly for I'G;, we need to
invert H(iay). In this case we obtain

r6, = H(iay) ' Q6;. (V.8)
Since Q = & then the equality (V.8) becomes
6, = H(iay) " (V.9)

for each k € Z. Consequently, if H(iwy) # 0 for all k € Z
and if the sequence (H(ia)k)_lflgl)kez € (2 then, using
the expansion y = Y cz7 < ¥,60; > 6 for every y € W, the
expression of I" is

y=Y <y,6> 6H (iox)"'
keZ

(V.10)

It is clear that the operator I is bounded from W to C if and
only if (H(ia)k)_lfljl)kez € 2. Hence it is not in general
bounded. In order to avoid this case, we can act on the degree
of smoothness of the reference signals by a suitable choice
of the sequence fiicyz-
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Now we are ready to solve our problem.

We have
~ . ‘) ¢
R(l.COk,A) - E = .7 n = S

(V.11)
nz0 L0k — Hn

for all k € Z. Hence the transfer function evaluated at the
frequencies iy is

2
Hlioy) = CR(i A)p = Y | =20 > 10

- (V.12)
w20 L0k — Hn

For a suitable choice of b € Z, it is easy to see that H (i) #
0 for all k € Z. On the other hand, put

Ly:=Y H(io) ' <y,6>p .
keZ

for y € W such that L € .Z(W,C). We saw that the operator
L is bounded if and only if the condition

) |H (iox| 2| fi] > < oo.
kez

holds. Assume that the condition (V.14) is verified. We verify
that b € Z, ¢ = D((—A)>*¢) for some € > 0.

For all k # 0, we have

< b, ¢ >z=< by,sinkm- >2= [} by (x) sinkmxdx

Hence
2(1-(=1)"
B
Since |t |= O(k?) as k — oo then
| e PP 1< b, ¢y >7)*= O(K*72)

(V.13)

(V.14)

<b,Pp >z=

Hence the series Yo [>T < z,¢¢ > |* < oo for 0 <
£E< % Thus if we choose 0 < € < %, the operator BL is
bounded from W to Z,, and due to the Proposition (4.3),
we conclude that BL is a conform operator for the semigroup
T;(r) and the first regulator equation of (I.6) has a bounded
solution given by

My :— / T (t)BLTs(—t)ydt
0

for all y € D(S). According to the discussion above, it is clear
that the operator II satisfied the equality (I.7). By applying
C to both sides of this equality, we deduce that

CI16; = H(iay)T6;. (V.15)
Since '6, = H(iay) ™! for all € Z, we conclude that
C1e, = 1 = 06;. (V.16)

Thus, using the expansion y = Yz < y,6; > 6, for every
y €W, we have
Clly=) <y,6>CI6 Y <y,6 >=y(0)=Qy. (V.17)
keZ keZ
Consequently, the second regulator equation is also verified.
Due to the theorem (4.5), the SFRP is solvable using u(t) =
Lw(t). Moreover, for every y, € W the corresponding control

law u,, which achieves the asymptotic tracking of y, is given,
for all + > 0, by

uy, (1) =Y H(ion) ™" <y, 0 > €.
keZ

ThBB.4

VI. CONCLUSION

In this paper we studied an example of output regulation
of periodic signals for a plant (perturbed wave equation)
in the setting of polynomially stable SISO system with
bounded control and observation operators. We assumed that
the reference signals to be tracked are generated by an infinite
dimensional exosystem. We showed that the solvability of the
state feedback regulation problem SFRP is equivalent to the
solvability of the so called regulator equations under some
assumptions. In contrast to the case of strong stability, the
polynomial stability of the plant allows us to give a rate
of decay of the tracking error if more regularity of initial
conditions is given.
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