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Fractional-Order Observers Design for Fractional-Order Systems with
Unknown Inputs

Ibrahima N’Doye, Mohamed Darouach and Michel Zasadzinski

Abstract— This paper considers a method to design the
fractional-order observers for continuous-time linear fractional-
order systems with unknown inputs. The conditions for the
existence of these observers are given. Sufficient conditions for
the asymptotical stability of observers with the fractional order
« satisfying 0 < a < 2 are derived in terms of linear matrix
inequalities formulation. Two numerical examples are given to
demonstrate the applicability of the proposed approach where
the fractional order o belonging to 1 <a <2 and 0<a <1
respectively.

Index Terms— Fractional-order systems, functional observer,
existence condition, linear matrix inequality (LMI), unknown
input, stability.

I. INTRODUCTION

State estimation or observer design have been widely used
in control and signal processing in the last few decades. They
are of theoretical interest and also have some applications
particularly in the failure detection and fault diagnosis prob-
lems, and chaotic synchronization and secure communica-
tions [1], [2], [3], [4], [5]. The problem of observing the state
vector of a deterministic linear time-invariant multivariable
system has been the object of numerous studies ever since
the original work of Luenberger first appeared [6].

The problem of the functional observer design was related
to the constrained or unconstrained Sylvester equations [7],
[8]. Generally to solve this problem, many authors have
proposed to transform the initial system to an equivalent
one (by using some regular transformations) of reduced-
order and to design an observer for this system. Necessary
and sufficient conditions for the existence of these observers
for linear systems were given in [9], [10]. The observers
for systems with unknown inputs are of great interest in
the failure detection and the control of systems in presence
of disturbances [11]. This paper presents an extension of
the approach developed in [11] to functional observers for
general integer-order linear systems for which the unknown
input affect also the measurements.

Recently, fractional-order systems have been studied by
many authors in engineering science from an application
point of view (see [12], [13], [14] and references therein).
Many systems can be described with the help of fractional
derivatives : electromagnetic systems [15], [16], dielectric
polarization [17], viscoelastic systems [18], [19], chaotic
synchronization and secure communications [20].
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The question of stability is crucial in control theory.
In the field of fractional-order control systems, there are
many challenging and unsolved problems related to stability
theory such as robust stability, bounded input-bounded output
stability, internal stability, etc. Stability results on fractional-
order control systems have been presented in [21], [22], [23].

This paper is organized as follows.

In section II, we provide some background on the
fractional derivative, the stability and the detectability of
fractional-order systems with the fractional-order o belong-
ingto 0 <o <2

In section III, we formulate the condition for the ex-

istence and the functional observers design problem for
linear fractional-order systems. Sufficient conditions for the
asymptotical stability of observers with fractional-order o
belonging to 0 < o < 1 and 1 < o < 2 are presented
in terms of linear matrix inequalities formulation. Finally,
two illustrative examples are presented to illustrate of our
proposed results.
Notations. M7 is the transpose of M, Sym{X} is used
to denote X7 + X, X% is any generalized inverse of X
satisfying XX Y = ¥ and D® represents initialized o
order differintegration.

II. PRELIMINARY RESULTS

In this section, we present some preliminaries results
on the fractional derivative systems which will be used in
the sequel of this paper. Formulations of noninteger-order
derivatives fall into two main classes: the Riemann-Liouville
derivative and the Grilinward-Letnikov derivative, on one
hand, defined as [12]

1 da» v f(r
Df(t) = F(nfa)@ a(tT()O“)”“ dr,n—1<a<n

(D

or the Caputo derivative on the other, defined as [24],
0
o dem
Def(t) = d —-1< 2
1) = s | A nm1<a<n @

with n € IN and o € R™, where T'(.) is the Gamma function
and is defined by the integra

F(z)z/ e 't*7ldt.
0

The physical interpretation of the fractional derivatives
and the solution of fractional differential equations are given
in [24]. Here and throughout the paper, only the Caputo
definition is used since this Laplace transform allows using
initial values of classical integer-order derivatives with clear
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physical interpretations. In the rest of this paper, D is used
to denote the Caputo fractional derivative of order c.
Now, consider the following linear fractional-order sys-
tems
D%x(t) = Ax(t) + Bu(t)
y(t) = Cx(t)
z(0)=x¢
where z(t) € IR™ is the state vector, u(t) € IR™ is the
control input vector and y(t¢) € IR is the measured output.
A, B and C are known constant matrices.
It has been shown that system (3) is stable if the following
condition is satisfied [21], [25] for 0 < a < 1, [26] for 1 <
a<?2

0<a<2 (@3

Jarg(spec(A))| > a7 “)

where spec(A) represents the eigenvalues of matrix A.

The necessary and sufficient LMIs conditions to satisfy
condition (4) when the fractional-order o belonging to 0 <
a <2 are given in the two following lemmas.

Lemma 1: [26], [27], [28] Let A € IR"™*", then
larg(spec(A))| > af, where 1<« <2, if and only if there
exits a matrix Py = P7 > 0 such that

(APQ + PQAT) sin 0 (APQ — PQAT) cos
(PoAT — APy)cosf (AP + PyAT)sin6
where 0 = 7 — a 3. O

Lemma 2: [29] Let A € R™"™ and 0 < o < 1. The
fractional-order system D%x(t) = Ax(¢) is asymptotically
stable (i.e.|arg(spec(A))| > aF) if and only if there exist
two real symmetric matrices Py; € R™ ", k = 1,2, and

two skew-symmetric matrices Py € R"™", k = 1,2, such
that

2 2
> sym{Ty @ (AP;)} <0 )
i=1j=1
P, P P P
11 12 7 21 22 0, ©)
7P12 P11 *P22 P21
where
sin(af) —cos(af) cos(ag) sin(af)
I'i= ,r oy [ T2= . ™ LAY
cos(ag)  sin(af) —sin(af) cos(af)
Iy — sm(a%)r C?S(a? Tap— —c?s(a?r) sin(ong)r
—cos(af) sin(a}) —sin(ag) —cos(af)
@)
a

Notice that the conditions given in lemma 2 are equivalent
to those given in [27] and [30].
To prove the main results in the next section, we need the
following lemmas.
Lemma 3: [31], [32] System (3) is detectable if and only
if
2

rank < [UI” -4
C
(3)

Proof: The proof of lemma 3 can be established as

) =n,Vo € C with |arg(o)] <al.
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in the usual integer order case, since it involves algebraic
properties of the pair (C, A) only. ]
Remark 1: [31], [32] In particular if (C, A) is observable,

ie.
ol,— A

rank ( o ) =n VoeC with |arg(o)| < ag
the spectrum of L = A — LC can be assigned any-
where in the complex region of asymptotic stability
(i.e. |arg(spec(L))| > aF).

Lemma 4: Let X represents an m X n matrix and Y
an n X p matrix then rank XY = rankY if and only if
X

I-YY™

III. UNKNOWN INPUT FUNCTIONAL OBSERVERS DESIGN

rank

In this section, we give sufficient conditions for the
existence and stability of the functional observer with un-
known input. A constructive procedure for the design of this
functional observer will be presented.

Consider the following linear fractional-order systems

Dz (t) = Ax(t) + Fd(t) + Bu(t)

y(t) = Cx(t) + Gd(t)

z(t) = Lx(t)

z(0) =z
where x(t) € IR" is the state vector, u(t) € R™ is the
control input vector, y(t) € IRP is the measured output,
d(t) € R? is the unknown input vector and z(¢) € R" is the
vector to be estimated where r < n. A, B, C, F', G and L
are known constant real matrices of compatible dimensions,
which must be determined such that Z(t) asymptotically
converges to z(t).

In order to reconstruct the state function we require a
functional observer of the form
Den(t) = Nn(t) + Jy(t) + Hu(t)
Z(t) = n(t) + Ey(t)
n(0) =m0
where 7(t) € R" is the state vector of observer and Z(¢) €
R" is the estimate of z(t). Matrices N, J, H and E are
unknown matrices of appropriate dimensions to be designed.
The following proposition gives the conditions for the
existence and stability of functional observer (10).
Proposition 1: System (10) is an asymptotic functional
observer where 0 < a < 2, ie. tlggo Z(t) — z(t) = 0, for
any z(0), 2(0) and wu(t) if
i) D%e(t) = Ne(t) is asymptotically stable,
ii) PA-NP—-JC=0,
iii)y PF+ NEG - JG =0,
iv) H=PB,
v) EG =0, O
where P =L — EC.
Proof: Define e(t) = z(t) — z(t), the error between
z(t) and z(t), then its fractional-order dynamic is given by

D(t) = D*x(t) — D*3(t) (11)
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or equivalently
D%e(t)=Ne(t)+(PA— NP — JC)x(t)+(PB—H)u(t)
+ (PF 4+ NEG — JG)d(t) — EGD*d(t) (12)
where P = L — EC.
If conditions i), ii), iii), iv) and v) are satisfied, then
fliIEc e(t) = 0 for any z(0), 2(0), d(t) and wu(t). Then, there
must be matrices N, P, J and H such that

PA-NP-JC =0 (13a)
PF+NEG-JG =0 (13b)
PB =H (13c)

EG =0. (13d)

From equation (12), one can see that under conditions (13a),
(13b), (13c) and (13d) the fractional-order dynamic of this
observer error is given by

D%¢(t) = Ne(t) (14)
in this case tlim e(t) = 0 if (14) is asymptotically stable. W
— 00

with 0 < a < 2.

Now the design of the functional observer is reduced to
finding the matrices N, P, J, H such that proposition 1
is satisfied. By using the definition of P, equations (13a)
and (13b) can be written

NL+ECA+KC =LA (15a)
KG+ ECF =1LF. (15b)
where K =J — NFE.
Equations (15a), (15b) and (13d) can be written as
(N K B|%i=% (16)
where
L 0 0
Si=|c G 0| ad Zgz{LA LF 0. a7
CA CF G

The following lemma gives the necessary and sufficient
conditions for the existence of the solution of (16).
Lemma 5: There exists a solution to (16) if and only if

L 0 0
L 0 0
C G 0
rank =rank | C G 0 (18)
CA CF G
CA CF G
LA LF 0
a

Proof: From the general solution of linear matrix
equations [33], there exists a solution of (16) if and only
if

XY =% (19)
where ZT is the generalized inverse matrix of ;. Equation
(19) is equivalent

21
rank = rank ¥ (20)
Yo
which is the condition (18). |
In this case the general solution of (16) is given by
[N K Bl=wsf-zu-nsh)  en
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where Z is an arbitrary matrix of appropriate dimension.

From (21), we obtain

N=A-7B (22)
where

I I
A=%%7 0] and B=({I-%:%7) |0 (23)

0 0

Matrices J and H are obtained according to

J=K+ NFE (24)
H=(L-EC)B (25)

By using this algorithm we can compute all the observer pa-
rameters which provide a fractional-order functional observer
of the form (10).

Under condition (18) and by using (22), the observer error
dynamics can be written as
D%e(t) = Ne(t) = (A—ZB)e(t) with 0< a < 2. (26)
Now, the problem of the functional observer (10) design
is reduced to the determination of the free matrix parameter
Z such that condition i) of proposition 1 is satisfied.

The following lemma gives the necessary and sufficient
conditions for the existence of the matrix parameter Z.

Lemma 6: There exists a matrix parameter Z such that
(26) is asymptotically stable if and only if

oL—LA —LF 0
rank C G 0| =rankd; VoeC
CA CF G
VoeC with Jarg(o)| < ag 27
(]

Proof: From (26), the matrix N = A — ZB is asymp-
totically stable if and only if the pair (B, A) is detectable or
equivalently

I — A
rank ([0
B

The left hand side of (27), can be written as

) =r, Vo € Cwith |arg(o)] gag. (28)

oL—-LA —-LF 0
rank C G 0
CA CF G
oI 0 0 .
= rank 0 I 02— 02
0 0 I -
I 00 -
7 DR
= rank 0O I 0| — 0 Y.
0 0 I -

From this equality one can see that (27) is satisfied if and
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only if
ol 0 0
rank 0 I 0| — EQZT ¥ =rank Y
0 0 I
VoeC with J|arg(o)| < ag.
Using lemma 4, this is equivalent to
ol 0 O o5t
rank 0 I 0p- [ 0 is a full column rank,
0 0 I
I-,%7
VoeC and |arg(o)| < ozg.
Or equivalently, matrix
a 0 o
ol —A =% 1 T =337 |0
0 1
0 0
B (I-230) 1] (I-2137) |0
0 1
0 1 0
0 0 1

must be of full column row, Vo € Cand |arg(o)| _< «
This is equivalent to
ol — A ™
larg(o)| < ag,
2
this ends the proof. [ ]

rank =r VoeC with

The asymptotical stability for the fractional-order observer
error system (26) where 0 < o <1 and 1 < o < 2 is given
in the two following theorems.

Theorem 1: Under conditions (18) and (27), there exists
an asymptotically stable observer of the form (10) where
1< a <2, if there are matrices X € R™*" and P, = POT >
0 € R™ "™ such that

Q4 Q
o Pl<o (29)
My Q2

where
Q1 = Doy = (RA+ATP) — XB - BT XT)sin6
Q12 = (ATP) — PoA + XB — BT X7) cos 6
Moreover, a stabilizing gain matrix Z is given by
Z=XP;"!
O

Proof: From lemmas 3 and 27, one can see that the
necessary condition that condition i) of proposition 1 is
satisfied, by using (22), that the pair (B, A) is detectable.
Now, suppose that there exist matrices X € R™*" and
Py = Pf > 0 € R™" such that (29) holds. It follows
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from lemma 1 that |arg(spec(
(P()N + NTP()) sin 6
(PoN — NTPy) cos 6

{ PyAsind —PyAcosf
= Sym

N))| > aF
—(PyN — NTPy) cos
(P0N+NTP0) sin 6

}

XBcosb

is equivalent to

PyAcosd PyAsinf

—XBsinf
+ Sym < 0 (30)
—XBcosf —XBsinf
where Z = XP;!

and 0 = 7 — aF. Inequality (30) is
equivalent to (29). This ends the proof. [ ]
Theorem 2: Under conditions (18) and (27), there exists
an asymptotically stable observer of the form (10) where
0<a<1, if and only if there are matrices @ € IR"*" and
Py=P{ >0 R"™" such that
2

Z Sym{Tl';; @ (AT Py)} — Sym{T;; ® (BTQ)}>

(€29
where I';1 (¢ = 1, 2) satisfy (7) and the stabilizing gain matrix
7 is given by Z = P; Q7. O

Proof: From lemmas 3 and 27, one can see that the
necessary condition that condition i) of proposition 1 is
satisfied, by using (22), that the pair (B, A) is detectable.

Suppose that there exist matrices @ € R™*™ and Py =
PT >0 € IR™™" such that (31) holds. It follows from lemma
2 that |arg(spec(NN))| > a7 is equivalent to

2 2
YD sym{ly ® (NTP;)} <0
i=1 j=1

where N = A — ZB and I';;(4,j = 1,2) satisfy (7). By

setting P1y = Po; = Py, Pia = Py = 0 in (32), one can

conclude that if
Sym{T'11 @ (N Py)} + Sym{T21 ® (N Py)} <0 (33)
Ne(t) where 0< <1

(32)

the fractional-order system D%e(t) =
is asymptotically stable.
Substitute N = A — ZB into (33) and set Z = Po_lQT,

we obtain
2

> (Sym{Tu@(ATPy)} — Sym{T ®(BTQ)}) <0 (34)
i=1
Inequality (34) is equivalent to (31). This completes the
proof. [ ]

IV. NUMERICAL EXAMPLES

In this section, we provide two numerical examples to
illustrate the applicability of the proposed method.

a=1.76

Consider the linear fractional-order system (9) with the
following matrices

A. Example 1 :

-1 0 0 0 1 0
1 -2 1 0 1

A= ., F=||, B=]],
0o 1 -3 0 0
0 0 0 —4 0 1
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B [1 000 0]
o100 0]
One can see that conditions (18) and (27) are satisfied.
From the results of section III, we obtain
A = —2.2857

,L:{o 0 1 0} and G —

and

T
B={0.1429 01429 —0.2857 0 —0.1429} .

A feasible solution of LMI (29) where o« = 1.76 is as
follows

Py = 4.9402 x 108,

X =107 x [3.0876 3.0876 —6.1752 0 —3.0876}.

Then, the asymptotically stabilizing state-feedback gain is
obtained as

Z=XPy'= 00625 00625 —0.1250 0 —0.0625].

Using the algorithm in section III, we obtain all the following
functional observer parameters

N = -23482, K — [0.6518 —0.3036} :
E= [0 —0.6518} . J= [0.6518 1.2270} :

Pz[o 0.6518 1 0} and H — 0.6518.

Finally, the estimate Z(¢) is given by the following ob-
server

Den(t) = —2.3482n(t)+ [0.6518 1.2270] y(t) + 0.6518u(t)
Z(t) =n(t) — 0.6518y»(t)

with o = 1.76.
Figures 1 and 2 show the performances of the functional
observer presented in this paper for a« = 1.76 with the

unknown input vector d(t) = 0.5sin(607t).

B. Example 2 : o =0.77

Consider the linear fractional-order system (9) with the
following matrices

5 0 0 o0 1 1

3 -8 1 0 0 1
A= L F = . B = ,

0 -1 —-10 0 2 0

0o 0 0 -7 1 1

(1 0 0 0 0
C = : L:[o 01 o}, a=11.

0 200 0

It can easy to see that conditions (18) and (27) are satisfied.
From the results of section III, we obtain

A= —10.8381
and

T

IB%:[().0381 —0.1143 —0.1524 0 —0.0190} .

A feasible solution of LMI (31) where @ = 0.77 is as
follows

Py = 2.4398 x 107,

T
Q:105x[0.8576 _92.5738 —3.4303 0 —0.4288] .
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Then, the asymptotically stabilizing state-feedback gain is
obtained as

Z:PngT=[0.0035 ~0.0105 —0.0141 0 70.0018}.

Using the algorithm in section III, we obtain all the
following functional observer parameters

N = —10.8416, K — [—7.4752 2.8664] ,
E— [—2 0.4208} . J= [14.2080 —1.6957} ,

P:[—2 —0.8416 1 0] and H = —2.8416.

Finally, the estimate z(t) is given by the following ob-
server

D“n(t):—10.841677(26)—1—[14.2()80 —1.6957}y(t)—2.8416u(t)
2(t) = n(t) + [—2 0.4208} y(t)

where o = 0.77.
Figures 3 and 4 show the performances of the functional
observer presented in this paper for & = 0.77 with the

unknown input vector d(t) = 0.5sin(607t).

V. CONCLUSION

In this paper, we have presented a simple method to design
a functional observer for linear fractional-order systems.
This method reduces the design procedure to one of full-
order system. The conditions for the existence of these
observers are given, sufficient conditions for their stability
are derived in terms of linear matrix inequalities formulation
with fractional-order « belonging to 0 < «a < 2. Two
illustrative examples have shown the effectiveness of our

results.
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Fig. 1. State response z and this estimate Z in example IV-A with fractional

order a = 1.76.

REFERENCES

[1]1 L. Dai, Singular Control Systems, vol. 118 of Lecture Notes in Control
and Information Sciences. New York: Springer-Verlag, 1989.

[2] M. Darouach, M. Zasadzinski, and M. Hayar, “Reduced-order observer
design for descriptor systems with unknown inputs,” IEEE Trans. Aut.
Contr., vol. 41, pp. 1068-1072, 1996.

[3] M. Darouach and L. Boutat-Baddas, “Observers for a class of nonlin-
ear singular systems,” IEEE Trans. Aut. Contr., vol. 53, pp. 2627-2633,
2008.

[4] M. Darouach and M. Zasadzinski, “Data reconciliation in generalized
linear dynamic systems,” AICHE Journal, vol. 37, pp. 193-201, 1991.

79



800

700 -

600 B

500~ T

=
£
5 400 B
300~ 1
200 q
100~ 1
00 é 1‘0 1‘5 20 25 3‘0 C;S 4‘0 4‘5 50
time [s]
Fig. 2. Error function of functional observer in example IV-A with
fractional order o = 1.76.
2500
2000 e == g
”’ state z
’ = = = estimate zobs
’
’
4
1500 - ’ 4
,
’
’
’
’
1000 ,' . : 1
1
500 9
O0 1‘0 2‘0 5;0 4‘0 5‘0 5‘0 7‘0 80
time [s]
Fig. 3. State response z and this estimate z in example IV-B with fractional
order a = 0.77.
[5] M. Boutayeb, M. Darouach, and H. Rafaralahy, “Generalized state-

[6]
[7]
[8]
[9]
[10]

(1]

[12]
[13]

[14]

[15]

[16]

space observers for chaotic synchronization and secure communica-
tion,” IEEE Trans. Circ. Syst. 1 : Fund. Theory & Appli., vol. 49,
pp. 345-349, 2002.

D. Luenberger, “Observers for multivariable systems,” IEEE Trans.
Aut. Contr., vol. 11, pp. 190-197, 1966.

C. Tsui, “A new algorithm for the design of multifunctional observers,”
IEEE Trans. Aut. Contr., vol. 30, pp. 89-93, 1985.

P. van Dooren, “Reduced-order observers : a new algorithm and proof,”
Syst. & Contr. Letters, vol. 4, pp. 243-251, 1984.

M. Darouach, “Existence and design of functional observers for linear
systems,” IEEE Trans. Aut. Contr., vol. 45, pp. 940-943, 2000.

J. Watson and K. Grigoriadis, “Optimal unbiased filtering via linear
matrix inequalities,” Syst. & Contr. Letters, vol. 35, pp. 111-118, 1998.
M. Darouach, M. Zasadzinski, and S. Xu, “Full-order observers for
linear systems with unknown inputs,” IEEE Trans. Aut. Contr., vol. 39,
pp. 606-609, 1994.

I. Podlubny, Fractional Differential Equations. New York: Academic,
1999.

R. Hilfer, Applications of Fractional Calculus in Physics. Singapore:
World Scientific Publishing, 2001.

A. Kilbas, H. Srivastava, and J. Trujillo, Theory and Applications of
Fractional Differential Equations, vol. 204 of North-Holland Mathe-
matics Studies. Amsterdam: Elsevier, 2006.

O. Heaviside, Electromagnetic Theory. New York: Chelsea Publishing
Company, 3rd ed., 1971.

N. Engheta, “On fractional calculus and fractional multipoles in
electromagnetism,” IEEE Trans. Antennas and Propagation, vol. 44,
pp. 554-566, 1996.

WeBA.3

800

700 -} 1
600 - 1
500 *
-
5]
E
5 400 g
300~ 1
200~ 1
100 *
0 ; ; ; ‘ i
0 10 20 30 40 50 60 70 80
time [s]
Fig. 4.  Error function of functional observer in example IV-B with

fractional order o = 0.77.

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

(28]

[29]

(30]

(31]

[32]

[33]

H. Sun, A. Abdelwahad, and B. Onaral, “Linear approximation of
transfer function with a pole of fractional order,” IEEE Trans. Aut.
Contr., vol. 29, pp. 441-444, 1984.

R. Bagley and R. Calico, “Fractional order state equations for the
control of viscoelastically damped structures,” J. Guidance, Contr. &
Dynamics, vol. 14, pp. 304-311, 1991.

Y. Rossikhin and M. Shitikova, “Application of fractional derivatives to
the analysis of damped vibrations of viscoelastic single mass system,”
Acta Mechanica, vol. 120, pp. 109-125, 1997.

S. S. Delshad, M. M. Asheghan, and M. M. Beheshti, “Synchronization
of n-coupled incommensurate fractional-order chaotic systems with
ring connection,” Commun Nonlinear Sci. Numer. Simulat., vol. 16,
pp. 3815-3824, 2011.

D. Matignon, “Stability results for fractional differential equations with
applications to control processing,” in Proc. IEEE-IMACS Syst. Man
Cyber. Conf., (Lille, France), 1996.

Y. Chen, H. Ahn, and I. Podlubny, “Robust stability check of fractional
order linear time invariant systems with interval uncertainties,” Signal
Processing, vol. 86, pp. 2611-2618, 2006.

I. Petrds, Y. Chen, and B. Vinagre, Unsolved problems in the math-
ematics of systems and control, vol. 38, ch. Robust stability test
for interval fractional-order linear systems, pp. 208-210. Princeton:
Princeton University Press, 2004. Ed. V. Blondel and A. Megretski.
I. Podlubny, “Geometric and physical interpretation of fractional inte-
gration and fractional differentiation,” Fractional Calculus & Applied
Analysis, vol. 5, pp. 367-386, 2002.

D. Matignon, “Generalized fractional differential and difference equa-
tions : stability properties and modelling issues,” in Proc. Mathemati-
cal Theory of Networks and Systems Symposium, (Padova, Italy), 1998.
J. Sabatier, M. Moze, and C. Farges, “On stability of fractional order
systems,” in Proc. IFAC Workshop on Fractional Differentiation and
its Application, (Ankara, Turkey), 2008.

J. Sabatier, M. Moze, and C. Farges, “LMI conditions for fractional
order systems,” Computers & Mathematics with Applications, vol. 59,
pp. 1594-1609, 2010.

M. Chilali, P. Gahinet, and P. Apkarian, “Robust pole placement in
LMI regions,” IEEE Trans. Aut. Contr., vol. 44, pp. 2257-2270, 1999.
J. Lu and Y. Chen, “Robust stability and stabilization of fractional-
order interval systems with the fractional-order a: The 0 < a < 1
case,” IEEE Trans. Aut. Contr., vol. 55, pp. 152-158, 2010.

C. Farges, M. Moze, and J. Sabatier, “Pseudo-state feedback stabiliza-
tion of commensurate fractional order systems,” Automatica, vol. 46,
pp. 1730-1734, 2010.

D. Matignon and B. Andréa-Novel, “Some results on controllability
and observability of finite-dimensional fractional differential systems,”
in Proc. Mathematical Theory of Networks and Systems Symposium,
(Lille, France), 1996.

D. Matignon and B. Andréa-Novel, “Observer-based for fractional
differential systems,” in Proc. IEEE Conf. Decision & Contr., (San
Diego, USA), 1997.

C. Rao and S. Mitra, Generalized Inverse of Matrices and its Appli-
cations. New York: Wiley, 1971.

80



