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Abstract— This paper addresses the problem of
designing a nonlinear observer for a general class of
nonlinear systems in the presence of disturbances.
Two criteria are combined in this approach : the
modified H∞ criterion and the modified mean value
theorem. The first criterion is used to solve the prob-
lem of nonlinear observer design in the presence of
disturbances. While the second allows to express the
nonlinear error dynamics as a convex combination of
known matrices with time varying coefficients. The
sufficient conditions are derived and given in terms
of linear matrix inequality. The advantage of the pro-
posed method is that it can be applied to a wider class
of nonlinear systems. Performances of the proposed
approach are shown through the application to a diesel
engine model.

Index Terms— Diesel engine, LPV, H∞, Nonlinear
observers, LMI.

I. Introduction

The problem of designing nonlinear observers has
received great attention in literature. This problem
is motivated by certain applications such as fault
diagnosis and control system design. The challenge in
the observer design is to construct an observer such
that it can estimate the states of the considered systems
asymptotically despite the presence of perturbations.
In the continuous-time case, various state observation
methods for nonlinear Lipschitz systems have been
proposed, see for example [1], [2], [3], [4], [5], [6],
[7], to name only a few. Other methods dedicated to
the discrete-time case are presented in ([8], [9], [10],
[11], [12]). In all these approaches, a small value of
the Lipschitz constant of nonlinearities is required for
ensuring the convergence of the observer. Otherwise, no
observer gain exists. To overcome this problem, in [13]
and [14] the authors have proposed a novel observation
strategy for nonlinear systems whose nonlinearities
have positives growths. In [15], the mean value theorem
(MVT) is used to deal with the problem of nonlinear
system having large Lipschitz constant. In [16], this
result is extended to a more general nonlinear systems.
However, this method is computationally demanding
since the number of LMIs that should be solved depends

The authors are with Hautes Etudes d’Ingénieur, 13, rue de
Toul, 59046, Lille, France and Automatic Control Laboratory :
LAGIS, e-mail : bboulkro@hei.fr, issam.djemili@hei.fr,
abdel.aitouche@hei.fr

† Lille 1 University, Rue Paul Langevin, 59655, Villeneuve
d’Ascq, France, Automatic Control Laboratory : LAGIS, e-mail :
vincent.cocquempot@univ-lille1.fr

on the number of nonlinearities and the dimension of
the system. Recently, a solution is proposed in [17] for
reducing the number of LMIs to be solved. This solution
is based on the modified mean value theorem (MMVT)
which is used to express the nonlinear error dynamics
as a convex combination of known matrices with time
varying coefficients.

Most of the proposed works in the observer design
problem for a turbo-charged diesel engine with an
Exhaust Gas Recirculation (EGR) and Variable Nozzle
Turbine (VNT) were in the diagnosis framework.
Model-based diagnosis of automotive engines has been
considered in earlier papers (see e.g. [18] and [19]).
However, the engines investigated in these works were
all gasoline-fuelled and did not include EGR and VNT.
Both these components make the diagnosis problem
significantly more difficult since the air flow through
the EGR-valve, and also the exhaust side of the engine
have to be taken into account. An interesting approach
to model-based air-path faults detection for an engine
which includes EGR and VNT can be found in [20] and
[21]. In [21] the authors propose an extended adaptive
Kalman filter to find which faulty model best matches
with measured data, then a structured hypothesis allows
going back to the faults. Other approaches to detect
intake leakages in diesel engines based on adaptive
observers are proposed in [22] and [23] and recently
in [24]. However, few results are addressed in the
observation framework ([25], [26], [27], [28]). Indeed,
most of them are based on the linearized model knowing
that this model is a stiff system. Therefore, the obtained
linearized model’s A-matrix of this kind of systems is
often ill-conditioned. In [29], an adaptive air charge
observer is proposed for a turbocharged diesel engines
using intake manifold pressure, temperature and engine
speed measurements. These results are applied only with
diesel engines without EGR. Two observers to estimate
both the EGR flow and the burned gas rate (BGR) are
proposed in [30]. Both observers are based on the output
injection technique.

This work deals with the problem of nonlinear ob-
server design for a general class of nonlinear systems.
The considered class contains a linear parameter-varying
(LPV) part and a nonlinear part having large Lips-
chitz constant. In order to solve the problem of ob-
server design in the presence of disturbances, the known
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H∞ criterion is used. Besides, the modified mean value
theorem (MMVT) presented in [17] is used to express
the nonlinear error dynamics as a convex combination
of known matrices with time varying coefficients. The
sufficient conditions are formulated in terms of linear
matrix inequalities. Indeed, using the MMVT approach
will drastically reduce the number of LMIs that should
be solved. The proposed method is applicable to a wide
class of class of nonlinear systems.

The notations used in this paper are quite standard.
Let ℜ denotes the set of real numbers. The set of p by q
real matrices is denoted as ℜp×q. AT and A−1 represent
the transpose of A and its left inverse (assuming A has
full column rank), respectively. Ir represents the identity
matrix of dimension r. (?) is used for the blocks induced
by symmetry. ‖.‖ represents the usual Euclidean norm.

II. Nonlinear observer design

In this section, inspired by [17] we will present a
nonlinear observer (NO) design for the class of Lipschitz
nonlinear systems given by (1). Indeed, the considered
system represents a large class of nonlinear systems with
a large or small Lipschitz constant. It is well known
that most of the existing nonlinear observer design
approaches for this class of systems fail to provide a
solution when the Lipschitz constant is large. Recently,
in [17] the authors have proposed an approach to
overcome this problem based on a MMVT. The observer
gain matrices are formulated in terms of LMIs.

Let us consider a general class of nonlinear systems
described by the following equations

ẋ =
nρ

∑
j=1

ρ jA jx+Bgg(υ ,y,u)+B f f (x,u)+Bww (1a)

y = Cx + Dww (1b)

where x ∈ ℜnx is the state vector, u ∈ ℜnu is the control
input vector, y ∈ ℜny is the output vector, w ∈ ℜnw is
the vector of disturbances and υ ∈ ℜnυ is the vector of
measurable signals. A j, with j = 1, · · · ,nρ , Bg, B f , Bw,
Dw and C are constant matrices with appropriate dimen-
sions. The functions g(υ ,y,u) and f (x,u) are nonlinear.
The function f (x,u) is assumed to be differentiable. The
weighting functions ρ j are assumed known and depend
on measurable variables, and verify

nρ

∑
j=1

ρ j = 1,ρ j ≥ 0, ∀ j ∈ {1, · · · ,nρ} (2a)

The aim is to design a nonlinear observer which can
reconstruct the state behavior despite the presence of
the disturbances.

The considered observer for the system (1) is given by:

˙̂x = A(ρ)x̂+Bgg(υ ,y,u)+B f f (x̂,u)+L(ρ)(y− ŷ)(3a)

ŷ = Cx̂ (3b)

with

A(ρ) =
nρ

∑
j=1

ρ jA j, L(ρ) =
nρ

∑
j=1

ρ jL j (4)

x̂ represents the state estimation vector of x. The
matrices L(ρ) are the observer gains which must be
determined such that x̂ converges asymptotically to x.
Notice that the index ρ is omitted where not necessary
in order to keep the notation clear and easy to read.

By defining the state estimation error as e(t) = x̂(t)−
x(t), the error dynamics can be expressed as

ė = (A−LC)e + B f f̃ +(LDw−Bw)w (5)

with f̃ = f (x̂,u)− f (x,u).

In order to minimize the effect of perturbations on
the observer error, the H∞ performance is used. Indeed,
for nonlinear systems, the L2-norm can be used since it
is considered as an extension of the H∞-norm of linear
systems.

The H∞ estimation problem consists to compute the
gain matrices L such that

lim
t→∞

e(t) = 0 for w(t) = 0 (6a)

‖e‖2 ≤ γ‖w‖2 for w(t) 6= 0; e(0) = 0 (6b)

where γ = sup
w(t)∈L2

‖e‖2
‖w‖2

.

Then to satisfy (6a)-(6b), it is sufficient to propose a
Lyapunov function ϒ, where Γ holds

Γ = ϒ̇ + eT e− γ
2wT w < 0 (7)

where ϒ = eT Pe with P is a positive definite symmetric
matrix. From (5), Γ is given by

Γ=eT((A−LC)T P+P(A−LC)
)

e+eT PB f f̃+(B f f̃ )T Pe

+eT P(LDw−Bw)w + wT (LDw−Bw)T Pe−eT e−γ
2wT w

(8)

Before introducing our main result, let us present the
MMVT [17] for a vector function :

Theorem 1: [17] Let the canonical basis of the vectorial
spase ℜs for all s≥ 1 be defined by

Es = {es(i) | es(i) =
(

0, ...,0,

i th︷︸︸︷
1 ,0, ...,0︸ ︷︷ ︸

s components

)T
, i = 1 · · ·s}

(9)

Let f (x) : ℜn → ℜn be a vector function continuous on
[a, b] ∈ ℜn and differentiable on convex hull of the set
(a, b). For s1, s2 ∈ [a, b], there exist δ max

i j and δ min
i j for

i = 1 · · ·n and j = 1 · · ·n such that

f (s2)− f (s1)=

[(
n,n

∑
i, j=1

Hmax
i j δ

max
i j

)
+

(
n,n

∑
i, j=1

Hmin
i j δ

min
i j

)]
(s2−s1)

δ
max
i j , δ

min
i j ≥ 0,δ max

i j + δ
min
i j = 1 (10)
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where

• hmax
i j ≥max( ∂ fi

∂x j
) and hmin

i j ≤min( ∂ fi
∂x j

)

• Hmax
i j = en(i)eT

n ( j)hmax
i j and Hmin

i j = en(i)eT
n ( j)hmin

i j .

�
The proof of this theorem is given in [17].

In our case, the nonlinear function f depends on the
state vector x and also on the known input u. Although
the previous theorem is applicable in our case without
changes or modifications since u is bounded.

The following theorem gives sufficient conditions for
the existence of matrices L.

Theorem 2: The observer error e(t) converges asymp-
totically towards zero if there exists matrices L̄k, with
k = 1, · · · ,nρ , a positive definite symmetric matrix P and a
positif scalar µ such that the following LMIs are satisfied

P > 0 (11a)[
Ξmax

i jk L̄kDw−PBw
(∗) −µI

]
< 0 (11b)[

Ξmin
i jk L̄kDw−PBw

(∗) −µI

]
< 0 (11c)

∀i = 1, · · · ,n, j = 1, · · · ,n and k = 1, · · · ,nρ , where

Ξ
max
i jk =

(
Ak + B f H̄max

i j

)T
P+P

(
Ak ++B f H̄max

i j

)
−CT L̄T

k −L̄kC + I

Ξ
min
i jk =

(
Ak ++B f H̄min

i j

)T
P+P

(
Ak ++B f H̄min

i j

)
−CT L̄T

k −L̄kC + I

H̄max
i j =ZHHmax

i j , H̄min
i j =ZHHmin

i j

with ZH = n×n. Solving LMIs (11a) -(11c) leads to determi-
nate matrices P and L̄k. The matrices Lk, with k = 1, · · · ,nρ ,
can be obtained from Lk = P−1L̄k.

�
Proof: Using theorem 1, the nonlinear term f̃ can

be written as

f̃ =

[(
n,n

∑
i, j=1

Hmax
i j δ

max
i j

)
+

(
n,n

∑
i, j=1

Hmin
i j δ

min
i j

)]
e (12)

δ
max
i j , δ

min
i j ≥ 0,δ max

i j + δ
min
i j = 1 (13)

To simplify the form of the final result as in [17], the

term
n,n
∑

i=1
(δ max

i j + δ min
i j ) must be scaled to one. If all the

terms in ∂ fi
∂x j

are not zero, then the scaling factor ZH can

be computed by

n,n

∑
i=1

(
δ

max
i j + δ

min
i j

)
= n×n = ZH ,

n,n
∑

i=1

(
δ max

i j + δ min
i j

)
ZH

= 1

Then, (12) is rewritten as

f̃ =

[(
n,n

∑
i, j=1

H̄max
i j δ̄

max
i j

)
+

(
n,n

∑
i, j=1

H̄min
i j δ̄

min
i j

)]
e (14)

δ̄
max
i j , δ̄

min
i j ≥ 0, δ̄ max

i j + δ̄
min
i j =

1
ZH

,
n,n

∑
i=1

(
δ̄

max
i j + δ̄

min
i j

)
= 1

where

• H̄max
i j = ZHHmax

i j and H̄min
i j = ZHHmin

i j ;

• δ̄ max
i j = δ max

i j /ZH and δ̄ min
i j = δ min

i j /ZH .

Based on (14), the function Γ becomes

Γ=

[
eT

wT

][
Λ P(LDw−Bw)

(∗) −µI

][
eT

wT

]
where µ = γ2 and

Λ =
n,n

∑
i=1

δ̄
max
i j

((
A−LC + B f H̄max

i j
)T P + P

(
A−LC + B f H̄max

i j
)

+ I
)

+
n,n

∑
i=1

δ̄
min
i j

((
A−LC + B f H̄min

i j

)T
P + P

(
A−LC + B f H̄min

i j

)
+ I
)

the negativity of Γ is ensured if

n,n

∑
i, j=1

δ̄
max
i j

[
Ξmax

i j P(LDw−Bw)

(∗) −µI

]
︸ ︷︷ ︸

Mmax
i j

+
n,n

∑
i, j=1

δ̄
min
i j

[
Ξmin

i j P(LDw−Bw)

(∗) −µI

]
︸ ︷︷ ︸

Mmin
i j

< 0 (15)

where

Ξ
max
i j =

(
A−LC+B f H̄max

i j
)T P+P

(
A−LC + B f H̄max

i j
)
+I

Ξ
min
i j =

(
A−LC+B f H̄min

i j

)T
P+P

(
A−LC + B f H̄min

i j

)
+I

Since we have δ̄ max
i j , δ̄ min

i j ≥ 0, the previous equation is
equivalent to

Mmax
i j < 0 and Mmin

i j < 0 (16)

By substituting the matrices A and L by their expres-
sions, (16) can be written as follows

nρ

∑
k=1

ρkMmax
i jk < 0 and

nρ

∑
k=1

ρkMmin
i jk < 0 (17)

where

Mmax
i jk =

[
Ξmax

i jk P(LkDw−Bw)

(∗) −µI

]
Mmin

i jk =

[
Ξmin

i jk P(LkDw−Bw)

(∗) −µI

]
with

Ξ
max
i jk =

(
Ak−LkC+B f H̄max

i j
)TP+P

(
Ak−LkC + B f H̄max

i j
)

+I

Ξ
min
i jk =

(
Ak−LkC+B f H̄min

i j

)T
P+P

(
Ak−LkC + B f H̄min

i j

)
+I

Since ρk > 0, ∀k = 1, · · · ,nρ , the condition (17) holds if

Mmax
i jk < 0 and Mmin

i jk < 0 (18)

∀i = 1, · · · ,n, j = 1, · · · ,n and k = 1, · · · ,nρ .
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For obtaining the LMIs (11a)-(11c), it is sufficient to
take L̄k = PLk, and this ends the proof.

Notice that if there exist terms of ∂ fi
∂x j

= 0, then the scal-

ing factor
n,n
∑

i=1
(δ max

i j + δ min
i j ) is less than 1. Consequently,

the scaling factor Z̄H must be redefined as follows

Z̄H =
n,n

∑
i=1

(
δ

max
i j + δ

min
i j

)
= n×n−n0,

n,n
∑

i=1

(
δ max

i j + δ min
i j

)
Z̄H

= 1

where n0 is number of terms in ∂ fi
∂x j

that equals zero.

III. Engine description

The diesel engine considered in this paper is a
four-cylinder engine with a high-pressure exhaust gas
recirculation circuit (EGR) and a Variable Geometry
Turbocharger (VGT) as described in [31]. A principle
illustration scheme is shown in Fig .1. The air path

Fig. 1. A schematic picture of air-intake system

system consists of two parts : The turbocharger and
Exhaust Gas Recirculation (EGR). The turbocharger is
a turbine driven by the exhaust gas and connected via a
common shaft to the compressor, which compresses the
air in the intake. The exhaust gas recirculation (EGR)
allows to recirculating gas from the exhaust manifold to
the intake manifold. The recirculation of the exhaust gas
through an EGR valve into the intake manifold where it
dilutes the incoming fresh air is a well-established and
efficient means of reducing in-cylinder NOx emissions.

The mean value engine modelling approach is the
most considered approach in the literature [32]. It uses
temporal and spatial averages of relevant temperatures,
pressures and mass flow rates. In this work, the used
model is based on principles described in ([33], [19]).
Since the mass-flow and the temperature after the CAC
are already known variables because they are measured
by the production sensors, it is not necessary to include
the compressor and the CAC in the model as shown

in [19].

The engine is equipped with sensors measuring
in-flowing air WHFM, the temperature after CAC TCAC,
inlet-manifold pressure PInlet , exhaust-pressure PExh and
exhaust-temperature TExh. The control inputs are the
injected fuel WFuel , the turbine vane position XV NT ,
and the EGR-valve position determining the valve
opening-area AEGR. Notice that the following variables :
TCAC, WHFM, NEng and TExh are considered as measurable
signals.

The considered model is expressed as follows:

ṖInlet =
1

VInlet

(
RAircp,Air

cv,Air
WHFMTCAC

+
RExhcp,Exh

cv,Exh
WEGRTEGR

−
RInletcp,Inlet

cv,Inlet
WInletTInlet

)
(19)

ṁAir = WHFM−
mAir

mAir + mEGR
WInlet (20)

ṁEGR = WEGR−
mEGR

mAir + mEGR
WInlet (21)

ṁExh = WExh−WTurb−WEGR (22)

with

WEGR =
AEGRPExh√

RExhTExh
ΨκExh

(
PInlet

PExh

)
(23)

Ψ

(
p1

p0

)
=



√
2κ

κ−1

{((
p1
p0

) 2
κ −

(
p1
p0

) κ+1
κ

)}
i f
(

p1
p0

)
≥
( 2

κ+1

) κ
κ−1√

κ
( 2

κ+1

) κ+1
κ−1 otherwise,

(24)

WInlet = fvol

(
Neng,

PInlet

TInletRInlet

)
NengPInlet

TInletRInlet

VEng

120
(25)

TInlet =
PInletVInlet

(mAir + mEGR)RInlet
(26)

TEGR =

(
PInlet

PExh

) κExh−1
κExh

TExh (27)

WExh = WInlet +WFuel (28)

TExh = TInlet +
QLHV h(WFuel ,NEng)

cp,Exh (WInlet +WFuel)
(29)

PExh =
mExhTExh

VExh
(30)

WTurb =
PExh√
TExh

τ

(
PExh

PAtm
,XV NT

)
(31)

RInlet =
RAirmAir + RExhmEGR

mAir + mEGR
(32)

cv,Inlet =
cv,AirmAir + cv,ExhmEGR

mAir + mEGR
(33)

cp,Inlet = cv,Inlet + RInlet (34)

where, PInlet is the pressure in intake manifold. mAir and
mEGR are respectively the mass of air and EGR−gaz in
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intake manifold. mExh represents the mass of exhaust gas
in exhaust manifold. The other variables and parameters
used in this model are listed in Table I in the appendix.
The temperature TEGR is assumed to be constant and
equal to 329.436K. The static functions : fvol , h and τ

are represented as interpolation in lookup tables.

The system (19)-(22) can be written in state space
form as (1), where the state, known input and output
vectors and the variables ρ and υ are defined as

x =
[

PInlet mAir mEGR mExh
]T

(35)

u =
[

AEGR XV NT WFuel
]T

(36)

y =
[

PInlet PExh
]T

(37)

ρ = NEng (38)

υ =
[

TCAC WHFM
]T

(39)

The matrices A1 and A2 are given by :

A1=


− fvolNEngVEng

120VInlet
0 0 0

0 − fvolNEngVEng
120VInlet

0 0

0 0 − fvolNEngVEng
120VInlet

0

0
fvolNEngVEng

120VInlet

fvolNengVEng
120VInlet

0



A2=


− fvolNEngVEng

120VInlet
0 0 0

0 − fvolNEngVEng
120VInlet

0 0

0 0 − fvolNEngVEng
120VInlet

0

0 fvolNEngVEng
120VInlet

fvolNengVEng
120VInlet

0


where NEng and NEng are, respectively, the minimum and
maximum value of the measurable variable NEng. ρ1 and
ρ2 are defined as :

ρ1 =
NEng−NEng

NEng−NEng
and ρ2 =

NEng−NEng

NEng−NEng
(40)

The matrices Bg, B f , Bw and C are expressed as :

Bg=


RAircp,Air
cv,AirVInlet

0
0 1
0 0
0 0

,B f =


− fvolVEngNEng

120VInlet

R2
ExhTEGRcp,Exh

VInlet cv,ExhVExh
0

0 0 0
0 RExh

VExh
0

0 −RExh
VExh

1


(41)

Bw=
[

0 0 0 0
]T

, C=

[
1 0 0 0

0 0 0 RExhT moy
Exh

VExh

]
(42)

with T moy
Exh is the mean value of measurable variable TExh.

This approximation is chosen in order to decrease the
number of variables to be used in the observer design
for decreasing the number of LMIs to solve, which is
important from a practical point of view. Indeed, the

general case when the output equation is written by

y =

nρ̄

∑
j=1

ρ̄ jC jx

= Cx +

nρ̄

∑
j=1

ρ̄ j (C j−C)x = Cx + Dww

with Dw =
[

0 1
]T

. Hence, w is considered as
perturbation which can be rejected using H∞

performance.

The functions g and f are given by :

g =
[

WHFMTCAC WHFM
]T

f =


RInlet PInlet

cv,Inlet
AEGRmExhΨκExh TExh√

RExhTExh

WFuel−
RExhTExhmExhτ

(
PExh
PAtm

,XV NT

)
VExh
√

TExh


IV. Simulation results

The proposed approach has been tested on a four-
cylinder diesel engine model running on Mathworks
Matlabr/Simulink.

From diesel engine model simulations, we have :

hmax
11 = 0.3604,hmax

12 = 4.85×105,hmax
13 =−3.72×106,

hmax
24 = 3.5×10−5,hmax

34 =−40.5

hmin
11 = 0.3602,hmin

12 = 4.08×105, hmin
13 =−3.74×106

hmin
24 = 2.5×10−5, hmin

34 =−41. (43)

the rest of hmax
i j and hmin

i j are zeros. The scalar factor ZH is

equal to 5 (3×4−7), where 7 is the number of ∂ fi
∂x j

equal

to zero. We obtain, after solving the LMIs (11a)-(11c)
using YALMIP, a toolbox for modeling and optimization
in Matlabr, the following results :

P =


4×10−7 0 0 −3.13×10−7

0 0.439 −0.00035 −0.0046
0 −0.00035 0.4915 −2.673×10−5

−3.13×10−7 −0.0046 −2.673×10−5 9.80×10−5



L1 = L2 =


1.7019×108 0.045

12093.9 0.00013
71.14 7.56×10−7

0.0115×108 0.0122


The value of the attenuation of disturbance term is

chosen as γ = 0.1.

The initial conditions for the system and the observer
are chosen as :

x0 =
[

1.7×105 0.7×10−3 1×10−4 10−4
]T

x̂0 =
[

1.8×105 0.5×10−3 3×10−3 2×10−4
]T

The engine speed behavior is illustrated in figure 2. The
minimum and maximum value of Neng (Neng and Neng)
are : 2500 and 3500rpm respectively.
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Fig. 2. Engine speed behavior

The output estimation errors are shown in Fig.3. It is
clear that the proposed method provides good estimates
of the system outputs since the output estimation errors
reach rapidly to zero. One can also notice that the
observer is insensitive to the presence of perturbations
w.

e P
In

le
t

e P
E

xh

times (s)

Fig. 3. Output estimation errors

V. Conclusion

A nonlinear observer design of a diesel engine model is
presented in this work. This observer is developed for
a general class of nonlinear systems with a locally or
globally bounded jacobian. Sufficient conditions are given
in terms of matrix inequalities formulation. The modified
mean value theorem is used to express the nonlinear error
dynamics as a convex combination of known matrices
with time varying coefficients. The H∞ performance is

used to attenuate the disturbances. The efficiency of the
proposed approach is shown through the application to
a diesel engine model. An evaluation of the proposed
approach using a professional diesel engine simulator
AMEsim(LMS) is under work.
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cv,Inlet Specific heat at const. vol. J.(Kg.K)
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TCAC Temperature of the air after K
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TEGR Temperature of EGR gas- K
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WInlet Mass-flow into engine inlet kg.s−1
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manifold
mAir Mass of air in intake manifold Kg
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exhaust manifold
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exhaust manifold
PExh Pressure in exhaust manifold Pa
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manifold
AEGR Effective area of EGR valve m2

VEng Engine displacement m3

NEng Engine speed min−1

WFuel Mass-flow of injected fuel kg.s−1

QLHV Lower Heating Value J.kg−1
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