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Abstract

Since their discovery, fermentation processes have gone along
not only with the industrial beverages production and brew-
eries but since the times of Alexander Fleming they have be-
come a crucial part of the health care due to antibiotics pro-
duction (from which the overwhelming majority of 90% is
produced during a fermentation process). However, compli-
cated dynamics and strong nonlinearities cause that the pro-
duction with the use of linear control methods achieves only
suboptimal yields. From the variety of nonlinear approaches,
gradient method has proved the ability to handle these issues
- nevertheless, its potential in the field of fermentation pro-
cesses has not been revealed completely. In this paper, two
fresh control strategies are introduced and compared - both
of them are based on a double-input optimization approach,
yet a successful reduction to a single-input optimization task
is proposed. To accomplish this, model structure used in the
previous work has been modified so that it corresponds with
the new optimization strategies which together with the model
stands for the main contribution of this paper.

Key words
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1 Introduction

Rapid increase of the industrial productivity of antibiotics that
might be witnessed during the last few decades is basically
owed to a massive improvement of production technologies
rather than to sophisticated control background. As a con-
sequence, only suboptimal operation manners have been in-
volved with final product concentrations deep below maxi-
mum reachable values. The important next step is to consider
and carefully analyze all advantages and disadvantages of the
used control strategy. A wide variety of ways how to operate
the input feed flow (which influences the formation of the fi-
nal product especially by the amount of the substrate nutrient
supplied to system through it) has been discussed in literature
so far. As an initial attempt, one can consider indirect feed-
back methods for nutrient feeding based on pH or dissolved
oxygen measurements [ 1] - the substrate concentration is then
maintained at predetermined setpoint by either a simple open
loop controller [2] or an on/off [3] or a PID type controller,
followed by fuzzy approaches which appeared in the 1990s
[4] and have been revitalized at the beginning of the millen-
nium [5]. However, the most impressive results have been
reached using model predictive control (MPC) approach [6].
The main drawback of this method is the fact that it is usually
performed either with an approximately or exactly linearized
mathematical model of the controlled process. Approximate
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linearization performed at certain operating point can be in-
valid for operating points far away from the original one (and
it is known that the operating points range varies a lot during
the cultivation) and each-step approximate linearization can
be prohibitively time consuming. Moreover, no stability as-
sumptions can be made for the approximate models obtained
at each step and even one unstable model obtained by approx-
imate linearization can degrade the MPC performance vastly.
Exact linearization blows all these problems away - unfortu-
nately, in the area of fermentation processes, the existence of
exact linearization is rather rare and occasional. Therefore, a
proper alternative is needed - gradient descent method which
has already proved encouraging results in various research ar-
eas [7], [8], [9] is a strong candidate as it can handle even a
nonlinear process model very effectively. The crucial point for
this model based method is the availability of a mathematical
model describing the biochemical process and determining an
adequate cost functional to be optimized. The aim of this pa-
per is to continue previous efforts of authors in [10] where
they considered the simplified model structure reducing num-
ber of relevant inputs. The current paper considers two inputs
instead of one and presents two approaches how to use such
an extra freedom. To keep simplicity of the optimization task,
correspondingly two alternative methods how to reduce dou-
ble input problem into a single input one are presented. Such
an approach results into enhanced optimization strategies giv-
ing promising outcome suitable for use in industrial practice.

The paper is organized as follows: Section 2 introduces
nonlinear dynamical model of the fermentation process which
is used for the optimization purposes. The penicillin cultiva-
tion is chosen to represent the fermentation processes, modi-
fication of the previously used model (which is crucial for the
use of new control strategy introduced later in this paper) is
explained. In Section 3, the optimization issues of the final
product concentration maximization including the constraints
specification are formulated. The gradient method is intro-
duced, its theoretical background is clarified and having done
the necessary problem order reduction, fresh control strategies
are proposed. In Section 4, results of constant volume strategy
and constant vaporization strategy are presented, compared to
those obtained using strategy presented earlier and discussed.
Section 5 concludes the paper.

2 Model of the fermentation process

Let us consider a penicillin cultivation [10], [11], [6] de-
scribed by the following model:

% =u— vm“’% —1),
%I(M—KD)C)(—%/C%, 0
% =7Cx — KyCp — CL—YCVP.
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Here V (1) refers to cultivation broth volume, Cx (g1~ ') rep-
resents biomass concentration, C's (gl~ ') stands for the limit-
ing substrate concentration (let us consider carbon to be the
limiting substrate) and Cp (g1~ ') represents the final prod-
uct (penicillin) concentration. The substrate feed flow rate
u (Ih™1) is considered to be the operated input to the model.

Parameters A (h~!), and w (—) are specific vaporization
constants, Toper (K) represents empirically obtained opera-
tional temperature Topt (K) [12], and Ty (K) and T, (K) refer
to the freezing temperature and the boiling temperature of the
broth, respectively, which are considered to be the same as
those of the water [6].

A simple constant term K (h~!) models biomass death
kinetics while the total of specific biomass growth rate 1 (h=1)
and the specific production rate 7 (ggpw ~'h~!) weighted by
biomass on substrate yield coefficient Yx /g and the product
on substrate yield coefficient Yp,5 gives specific substrate

consumption rate o (ggpw  “h™1) = Yy /151“ +Yp, /157r. In this
paper, Contois kinetics of the biomass growth [13] and Hal-
dane kinetics [14] of the product formation are considered,
which results in the following expressions for the p and 7:
Cs
KxCx +Cs’
Cs
Kp+Cs+C2/K;’

" = Umax

2

T = Tmax

where pmaz (ggpw ~Th 1), Tmaz (ggpw ~th™!) are the max-
imum specific growth and production rates, K x (ggpw ~!) is

the Contois saturation constant, K p (g1~ ') is product forma-
tion saturation constant and K7 (g1~ ') is product formation
inhibition constant for product formation.

Input substrate concentration C'g ;y, (g171) reflects the ef-
fect of the input flow u on the substrate concentration Cg. Fi-
nally, penicillin hydrolysis is modeled by a degradation con-
stant Kz (h~1). At this point, more interested readers are re-
ferred to [11] and [6] where the model is described in more
details.

Now, let us assume, that the cultivation volume V can
not only be increased by exogenous input w, but a volume
withdrawal can be performed as well. This requires a new in-
put variable to be introduced and the volume differential equa-
tion changes into:

d Toper—Ts

v _ up — V)\(ew Tp =Ty

i —1) - uz, 3)

where wu; corresponds with the old input variable and
us (Ih™1) stands for volume withdrawal.

This little change of volume differential, however, ef-
fects the differential equations of other state variables as well.
Let us remind that the state variables are in form of concen-
tration which cannot be increased nor decreased by volume
withdrawal. Therefore, terms including volume differential
should be modified as follows: dV/dt — dV/dt + us.

For the needs of optimization and in order to follow the
conventional notation, let us rewrite the enhanced model 1
into the ordinary form using zT = [V, Cx,Cg,Cp] and uT =
[u1 s uﬂ:
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3 Optimal control design

In [10], an optimal feeding strategy coming out of a gradi-
ent projection method has been introduced. Theoretical com-
plication given by the state dependence of the input satura-
tion has been successfully addressed and assumption on suffi-
ciently large cultivation tank volume has been made. How-
ever, in industrial application, the cultivation tank may be
filled up with a such large initial volume that applying com-
puted input feed flow rate leads to tank overflow in short hori-
zon. A perspective offering solution to this problem has been
tackled in the previous section. Here, we propose two new
control strategies operating the second input and bringing in-
teresting results improvement.

3.1 A constant volume strategy

By applying another exogenous input uz, one can avoid tank
overflow, yet another problem occurs. A thoroughful reader
has surely already noticed that having introduced two input

978-1-4673-2529-5/12/$31.00 ©2012 |IEEE

variables, the first differential equation of mathematical de-
scription of the system does not comply with physical laws.
It can be shown that at certain finite time point the volume
can reach zero value and further withdrawal can theoretically
cause negative volume, which is physically impossible. One
way of avoiding this is to set a dynamical constraint on the
second input uz which ensures that at the point of zero vol-
ume V the withdrawal does not exceed the inlet flow. How-
ever, looking at the issue from the engineering point of view, it
is not either convenient to decrease the volume below certain
too low value as the final product amount equals to product
concentration C'p multiplied by the volume V.

Let us introduce an idea leading to a strategy solving
the sketched negative volume difficulty. It consists in an
assumption that the second input wus is used to compensate
the effect of the first input u; on the volume V. In other
words, we require the second input to be able to hold the
volume constant - from the first differential equation of the
model 4 which should be equal to zero, the second input us
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can be calculated directly as uo = u; — KuapVp, Where 1
is the initial state and Kqp is the overall vaporization con-
stant, Kyap = Aexp(w%}fn — 1). As the first differential

equation is identically equal to zero and the second input us

effects only the first state equation, the system gets simpli-
fied into the following three-state model with state variables
T = [Cx,Cg,Cp] and one optimization variable v corre-
sponding with w; in model 4:

: &2 _ o &
&1 = <,umaac 4KX€1 & KD) &1 ('U KvapVO) Vo'

Tmax

52 _ (Mmam 52
Yx/s Kx& +&2

&2
Kp+6&+E&/Kp

53 = Tmax

Yp/s Kp+& +E&/K;

&1 — Kp&s — (v — KvapVo) :

CS,in'U . . 572
> 51 + VO (’U Kvapvo) VO7 (5)

S8
Vo

Model 5 supplemented by the corresponding model pa-
rameters (Tab. 1) provides an engineer with a tool to design
the optimal control minimizing a properly chosen criterion.
Let us remark that V; is a parameter that can be specified in-
dividually.

Table 1. Model parameters.

3.2 A constant vaporization strategy

Although not spoken directly, the constant volume strategy re-
quires except of input constraints yet another restricting con-
dition - it is the fact, that the volume differential V/ equals to
zero. Although working well, in some cases this restriction
can be too conservative and liberalizing it, slightly better re-
sults can be expected.

Parameter Value | Parameter Value The liberalization consists in the idea that not the vol-
limaz 0.11 Yp/s 1.9 ume but its relatlv'e chan'ge is re.qulred to be constant and (in
Tmas 0.004 | Csin 500 order to keep the issue simple) in absolute va}lue equal to the
K 01 K. 6.23 x 10—4 vaporization constant. Expressed mathematically, dV/dt =
YP 0'47 Kwp 0'1 —KuyapV. This implies an input constraint us = w1 and al-
KX/ o ' I . though the optimization model returns to a more involved
D 0.0136 | Toper 298 ) R o .
K 0.06 T 973 four-state form with ¢ = [V,Cx,Cg,Cp], it still stays with
KX 0' o1 Tf 373 the only optimization variable © (corresponding to the inlet
H i b flow u1). Let us resume the optimized plant description (the
parameter values match with those given in Tab. 1):
'{1 = _Kvapglv
- €3 > F (- -\ &2
= — 2 K - (6-K 22

£2 (Mma:v KX§2 T 53 D 52 ( vapgl) 51

= Hmaz 53 Tmax ) = C(S,inq7 _ = 6_3 (6)

3=— = = o+ —F— — (U — Kyapb1) =,

(YX/S Kx&+&  Yps Kp+8&+E&/Kp &1 ( varé1) &1
: G e
= Tmar ———————E& — K — (v — K =.
& max Kp+ &+ §§/K1 &2 aéa ( vapgl) &

3.3 Optimization task formulation

From the optimization point of view, penicillin production op-
timization can be viewed as fixed initial state, free time inter-
val and free final state issue. Without any loss of generality
and due to upper cultivation duration constraint, let us now
consider multiple optimization routines with fixed time inter-
vals of length ¢; ..,q € {200, 300,400,500} where j denotes
certain optimization routine. This helps us to simplify the op-
timization procedure and avoid difficulties with general time
interval solution.

For the purpose of the optimization using the two intro-
duced strategies, the objective functionals reflecting the op-
timization effort needs to be formulated. As the main goal

978-1-4673-2529-5/12/$31.00 ©2012 |IEEE

is to maximize the final product concentration, the following
criteria in the Mayer form are formulated:

J = _53 (tend)7

J= 754(2&@7”1)7 @

where 7 denotes the criterion for the constant volume

strategy and J refers to the constant vaporization strategy cri-
terion.

Regarding state optimization constraints, it can be
shown that the new models 5 and 6 satisfy physical constraints
(state variables nonnegativity) and no further attention is nec-
essary to pay to low state constraints. Moreover, both strate-
gies eliminate the need for upper volume constraint handling.
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Thus, input saturation constraint 0 < v,0 < Umae and in-
put piecewise constant character dv/dt = 0, do/dt = 0 for
ml <t < (m+1), m=0,1,... (accomplished by sampling
of the inputs v, © with sampling period | = 4 h) are the only
static constraints related to these optimization tasks.

Having properly defined the system equations, the in-
put constraints and the objective functionals, the optimization
problems for ¢ € [tg, teng] (Without any loss of generality, let
us consider ty = 0h) can be summarized:

v*(t) = arg min.J (&),
o) = argmin 7 ((1) ®)
such that the following constraints hold:

E(t) = f(E(),v(t)),
£t ( (1), 0(1)),

)
£(to)
£(to)

0

E
v

IN

(1), 0(t) < Umaa- 9)
Here, f(£(t),v(t)) and f(£(t),v(t)) refer to the models 5 and

6, respectively. The values of &y, &y and Up,q, are summarized
in tab. 2.

Table 2. Optimization constraints.

Parameter Value

&0 to be specified
§1,0. €20 1.5

£,0,§30 6

£3,05 §4,0 0

Unmaz 0.05

3.4 Nonlinear gradient method

This method belongs to family of the optimal control meth-

ods [15]. For the problems stated by 8 and the constraints

given in the form of 9, the optimal inputs v*, ©* are searched

iteratively. First of all, the initial input vectors vg, Ug are esti-

mated (in our case, zero vectors have been chosen). Then, the
following procedure is applied:

* _ * _ 87\7

Vk4+1 = Vi « v’

oJ

Dpyp1 = 0p — «
where £ = 0,1,2,... is the number of the iteration and « is
the search step parameter. Here it should be noted that direct
calculation of 0.7 /dv, 8.7 /90 is quite complicated due to the
fact, that &3 depends on v (¢4 depends on ©) via a differential
equation. Therefore, let us rather introduce Hamiltonians H,
H in the following form:

H=p f,
H=p']. (11)

Here, f, f refer to the models 5, 6 and p, ;5 are the adjoint state
vectors solved back in time. To compute the gradients of 7
with respect to v(t) and ©(t), set first:

978-1-4673-2529-5/12/$31.00 ©2012 |IEEE

-~ (aehero)
dé— tend )
ﬁ(tend) (%‘t tﬁnd) )

where ¢, ¢ are the terminal terms of the optimization criteria.
In our case, ¢ = —£3(teng) and ¢ = —&4(tenq) from which it
follows p(tenq) = [0,0,1]T, ptena) = [0,0,0,1]T. It can be
shown (mathematically rigorous proof is beyond the scope of
this paper) that 07 /0v = —9H /v, T /00 = —0H /00 and
thus, gradients 9H/0v and 9H /90 can be used in iterative
procedure 10, which changes into:

(12)

OH
Uk+1 = Uk + Ot%
OH

55 (13)

Uk+ 1= Uk +oa—=
Due to the overall nonconvexity of the problem, a constant
search step parameter has been chosen o = 0.002. Input sat-
uration constraints are handled by mapping the iterated input
vectors vy1 and U1 on an admissible input sets Y gpmiss =
{v,0 € v < Umaz}> Tadmiss = 10,0 < 0 < Upmag } by a sim-
ple saturation. Requirement of piecewise constant nature of
the inputs v, v is satisfied by sampling with sampling period
l=4h.

The iterative procedures described by 13 terminate at the
moment when negatively taken value of the decrease between
the k-th and the k + 1-st criterion value is less than a chosen
tolerance.

4 Optimization results

In this section, results obtained by the proposed strategies are
presented and compared to those obtained by the original one-
input gradient method optimization (CG) presented in [10].
The optimization results have been simulated with the peni-
cillin cultivation model in MATLAB environment.

4.1 Strategy results comparison

First, both the constant volume (CVol) strategy and the con-
stant vaporization (CVap) strategy has been tested on simula-
tions with initial volume V; = 71. Figure 1 shows very sat-
isfactory cultivation results and reveals a slight superiority of
the CVap strategy. It is due to the fact, that the effect of in-
put feed flow is inversely proportional to the actual amount of
broth in tank. While the effect of the input feed flow is always
the same with the constant volume strategy, with the constant
vaporization its positive influence improves as the volume de-
creases with time. Next, from the picture, it is obvious that the
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cultivation period that contributes to the final product concen-
tration C'p(t.,q) the most takes approximately the last 75 h.
A rapid product concentration increase can be observed dur-
ing this period, however, the biomass concentration decreases
badly. This has a simple biological explanation - as can be
seen from the characters of both 1 and 7 (see Eq. 2), increas-
ing one of them, the second one decreases, which corresponds
to the fact that either the biomass population growth or the
penicillin production is being preferred at the very same time.

8 100
R N \\
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<
o
5 0
0 100 200 300 400 0 100 200 300 400
t (h) t(h)
60 5
. 2
T 40 T3
C) C) y
& 20 P !
|
0 0
0 100 200 300 400 0 100 200 300 400

t(h) t(h)

Figure 1. State profiles - comparison (CVol - dashdot, CVap - full).

4.2 Volume dependency

Next in this paper, the strategies have been tested on multi-
ple simulations with various initial volume Vj. Initial volume
conditions have been chosen as linearly increasing, Vy(l) =
7+ 3k, k € {0,1,...,10}. Looking at the Figure 2, it can

5

-1
Cp @™
N w

Figure 2. Volume-dependency of Cp and P profiles (CVol - blue
full, CVap - red dashed).

be seen that with increasing Vj, product concentration Cp
over the cultivation horizon decreases for both of the strate-
gies which can be (once again) explained as the consequence
of the inverse proportional effect of the actual volume. On the
other hand, the total amount of product P increases with ini-
tial volume Vj increase. This is due to the fact that the total
product amount P is proportional not only to product concen-
tration C'p but also to broth volume, P = CpV. From this
point of view, the constant volume strategy is able to obtain
better results as the volume is held constant - with the constant
vaporization, the volume decreases steadily and thus, the total
amount of product at ¢, 4 is lower than with the CVol strategy.

Yet, another interesting tendency is to be observed from
Figure 3 - it is a convergency of input profiles to a high-
saturation-valued vector with Vj increase. From technological
point of view, this is caused by the increase of Vp/Umas ratio

- the higher the volume is, the more feed is needed to keep the
whole system developing and the higher the Vi /U ratio is,

978-1-4673-2529-5/12/$31.00 ©2012 |IEEE

the longer a high-saturated input must be applied. In order
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Figure 3. Volume-dependency of input profiles (CVol - blue full,
CVap - red dashed).

to inspect the effect of various V4 in more details, another set
of simulations has been performed, however, with a constant
ratio Vo /Umaez = 7/0.05. The initial volume V{, has been set
linearly growing as in the previous simulation set. Figure 4

5 160
P
4
120
VD
3 —
) 2 80
o2
d e 40 =/
—
0 0
0 100 200 300 400 0 100 200 300 400
t(h) t(h)
Figure 4. Volume-dependency of Cp and P profiles, fixed

Vo/Umag ratio (Cvol - blue full, CVap - red dashed).

shows that holding the V/Unmaqz ratio fixed, Cp profiles ag-
gravation for CVol strategy is not as drastic as in the previous
case and, moreover, the C'p profile for CVap strategy does not
change at all. However, this is to be expected as with fixed
V0/Umas ratio and the same initial concentrations, the system
parameters does not change at all and the system with higher
V) is an exact scale-up of the lower V; one. The scale-up claim
is supported by the Fig. 5 where input profiles for various V,
are shown and it is obvious that the dynamical character of
the CVap input profile remains the same and the vectors are
multiplied by the Vjy/Umaz ratio.

025
o2 ¥
' 0.15F
BN

0.05

0 I I
0 40 80

Vo

. . . . . .
120 160 200 240 280 320 360 400
t(h)

Figure 5. Volume-dependency of input profile, fixed Vo /Upqo ratio
(CVol - blue full, CVap - red dashed).

4.3 Cultivation length dependency

As has already been mentioned, cultivation length is con-
sidered to be constant, yet it can be chosen from a set
{200, 300, 400,500} h. Figure 6 compares cultivation with
classical gradient method (presented in [10]) to the CVol and
CVap strategy, respectively. For every chosen cultivation
length, it is obvious that the newly proposed strategies achieve
better results than the classical one (and the slightly more lib-
eral CVap strategy even more superior) and the product con-
centrations at the final time C'p(t.,,q) are higher with the new
strategies.
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Looking at the Figure 7, convergence of input profiles to
a certain “’superprofile” can be seen. Similar kind of conver-
gence has already been mentioned in [9] as well. However,
although the profiles are stable backward in time, they do not
settle down at the same value (here, we assume settling down
in negative march of time). In negative time, CG method set-
tles down on a zero value while CVol and CVap strategies ob-
tained input profiles settle down on upper saturation. The fact
that volume is held constant (constantly decreasing, respec-
tively) by the second virtual input (virtual due to the fact that
it is not considered in optimization) and it cannot dynamically
aggravate the product concentration profile enables to deliver
more feed into cultivation tank without negative effect of vol-
ume increase and thus, with better fed biomass population, the
product concentrations obtained at the end of the cultivation
are higher.
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Figure 6. Cp profiles for various cultivation lengths, comparison
(CG - green dashdot, CVol - red dashed, CVap - blue full).
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Figure 7. Input profiles for various cultivation lengths, comparison
(CG - green dashdot, CVol - red dashed, CVap - blue full).

5 Conclusion

This paper follows the patterns suggested in [10] - a new
model of the controlled system involving the second input
variable is derived, a successful problem reduction to a single-
input optimization is suggested and thanks to this, fresh con-
stant volume and constant vaporization control strategies are
introduced. The necessary model adaptation is performed so
that it comports with the strategies requirements. Results of

the optimization routines are verified on a set of numerical
experiments and they are compared to those of previously in-

troduced classical gradient method. The comparison obtained
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by verifying the newly proposed strategies on a set of numer-
ical simulations and confronting them with the previously in-
troduced classical method can be summarized as a very en-
couraging - the new strategies achieve better results than the
old one, the less conservative constant vaporization strategy
shows even slightly more superior performance. Moreover,
as one of the former states (volume V') is required to be a
parameter in the case of constant volume strategy, result de-
pendencies on this parameter are examined and discussed. A
“superprofile” convergence (observed in earlier publications)
occurs in this case as well and this supports the claim that it
is a property of the optimization issues where the fixed time,
fixed initial condition and free terminal condition are consid-
ered.
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