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Abstract— In nonlinear control theory, multilayer minimum
projection method is proposed for Control Lyapunov Function
(CLF) design. The method generates a global control Lyapunov
function from local control Lyapunov functions. However,
the automatic generation method from local functions is not
developed. In this paper, we consider the control problem
including learning from exploring space. The learning from
exploring is defined in discrete space, however the control
problem is defined in continuous space. Thus, we need to relate
the discrete space to the continuous space.
This paper focuses on the CLF design including learning from

exploring by Q-learning. Our goal is to develop a CLF design
method.

I. INTRODUCTION

In nonlinear control theory, the multilayer minimum pro-

jection method is available for designing global Control

Lyapunov Functions (global CLFs).

The paper considers a control problem including learning

from exploration. Reinforcement learning is used for system

defined in a discrete space. However the control problem in

the paper is defined in continuous space. This implies that

we need to relate the discrete space to the continuous space.

In this paper, we propose a global CLF design method with

the multilayer minimum projection method and Q-learning.

The advantages of the proposed methods are confirmed by

an example.

II. PRELIMINARIES

In this paper, we use the Q-learning and multilayer

minimum projection methods to design a global CLF. In

this section, we introduce Q-learning, multilayer minimum

projection method, and control design with CLFs.

A. Finite Markov decision process[1]

If conditional provability on the future states depends only

on the current state in a stochastic process, the property is

called Markov property. If a reinforcement learning task has

Markov property, the task is called Markov Decision Process

(MDP). If state and action spaces are finite, the task is called

finite Markov Decision Process (finite MDP).

B. Action-value function[1]

We can evaluate value of states and action by an action-

value function in reinforcement learning.

The method to decide the probability of selection of the

action and to select the action is called policy.
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Let the state after time step t be st and the action after time

step t be at. Then, the expected return under the policy π is

updated by the following equation:

Qπ(s, a) = Eπ

{

∞
∑

k=0

γkrt+k+1

∣

∣

∣
st = s, at = a

}

, (1)

where γ satisfying 0≤ γ ≤1 is a parameter called a discount

rate.

C. Q-learning [1] [2]

In Q-learning, we evaluate the effectiveness of an action

a in a state s by action-value function Q(s, a).
Consider an agent with the state st at time step t. When the

agent takes the action at and moves to state st+1, Q(st, at)
is expressed by the following equation[1] :

Q(st, at)← (1− α)Q(st, at) + α

[

rt+1 + γ max
a

Q(st+1, a)

]

, (2)

where ← denotes updating and α satisfying 0 ≤ α ≤ 1 is

a constant called a learning rate. The learning rate weights

past rewards and determine learning speed.

The procedure of Q-learning is summarized below.

1) Initialing all Q and time step t = 0.

2) Agent observes the state st.

3) The agent selects and takes the action at according to

the policy π.

4) The agent observes the next state st+1.

5) The agent obtains the reward rt+1.

6) Q(st, at) is updated by (2).

7) Set t = t+ 1, and go to 2.

In this paper, the agent employs the ǫ-greedy method for the

policy. We introduce the ǫ-greedy method in the following

subsection.

D. ǫ-greedy method

In ǫ-greedy, parameter ǫ represents a possibility satisfying

0 ≤ ǫ ≤ 1. Selecting the action by ǫ-greedy is accomplished

as follows.

• The agent randomly selects an available action in the

present state s with probability ǫ.

• The agent selects the best action in the present state s
with probability 1− ǫ. The best action in the state s is

the action having maxaQ(s, a) .
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1) Convergence condition of Q-learning: We assume that

the learning rate α satisfies the following two equations

regarding time t and the agent performs all actions at all

states by a certain policy:

∞
∑

t=0

α(t)→∞,
∞
∑

t=0

α(t)2 <∞. (3)

Then , Q(st, at) converges to the optimal Q(st, at) in

all states with possibility 1. When we achieve the optimal

Q(st, at), we can solve the reinforcement learning problem

by greedy policy with ǫ = 0.

E. Differentiable manifolds

In this paper, we consider the following nonlinear system

on a two-dimensional arc connected C1 differentiable man-

ifold X:

ẋ = f(x, u), (4)

where x ∈ X,u ∈ U ⊂ F (R,R2); t 7→ u(t) ∈ U ⊂ R
2,

where F (R,R2) denotes a set of mappings from R to R
2.

The mapping f : X × U → TxX is satisfied f(0, 0) = 0.

TxX is a vector space called the tangent space to X at x.

We assume a chart (W, η) for X , where W ⊂ X , η :
W → Ξ ⊂ R

2. Then η(x) is called the local coordinate

representation of x with the chart (W,η).
Consider the function V : X → R and (W, η). The function

VW : Ξ→ R is defined by VW (x) = V ◦η−1. Note that VW
is defined on the subset of R2.

A function V : X → R is called locally Lipschitz at x ∈ X
if there exist K > 0 and a neighborhood Ω of x such that

|VW (η(x))− VW (η(y))| ≤ K‖η(x)− η(y)‖ (5)

for all x ∈ X and y ∈ Ω ⊂W with local chart (W, η).
Local semiconcavity is defined as follows: a continuous

function V is called locally semiconcave at x ∈ X if there

exist C > 0 and a neighborhood Ω of x such that

V (x)+V (y)−2VW

(

1

2
(η(x) + η(y))

)

≤ C‖η(x)−η(y)‖2

(6)

for all y ∈ Ω ⊂ W . When the function V is locally

semiconcave, V is called locally semiconcave function on

X .

In this paper, we use s-stability defined as follows, for the

definition of stability in section V-B.

Definition 1: (Partition)[5][6][9] The infinite sequence

π = {ti ∈ R≥0}i∈Z≥0 satisfied 0 = t0 < t1 < t2 < · · ·
and limi→+∞ ti = +∞ is called partition, and d(π) :=
supi∈Z≥0(ti+1 − ti) is called the diameter of partition.

Definition 2: (Sample-hold solution)[5][6][9] Let u =
k(x) be feedback, π partition and x ∈ X an initial state.

Then, sample-hold solution ψ (t, x, k(x)) : R≥0×X ×U →
X is the continuous mapping obtained by repeatedly solving

the following equation from the initial time ti to the terminal

time si:

ẋ(t) = f(x(t), k(x(ti))), (7)

where x(0) = x, and the terminal time si is defined by the

following equation:

si = max{ti, sup{s ∈ [ti, ti+1]|x(·) is defined on [ti, s)}}.
(8)

Definition 3: (S-stability)[5][6][9] Consider the system

(4). A feedback control low k : X → U is said to stabilize

the origin if the following conditions are satisfied with R1,

R2 ∈ P such that R1 ⊂ R2. P denotes the set of all open

precompact subset of X containing the origin.

(1) There exists the set M⊂ X depending only upon R2,

the positive constant Ω depending on R1 and R2, and

T > 0 exis. The sample-hold solution is satisfied the

following conditions for an arbitrary initial value x ∈
R2 and any partition π whose diameter is smaller than

Ω.

(c1) For all t ≥ T , ψ (t, x, l(x)) ∈ R1.

(c2) For all t ≥ 0, ψ (t, x, l(x)) ∈M.

(2) For each O ∈ P there exists a set P ∈ P such that if

R2 ⊂ P , M in (1) can be chosen satisfying M⊂ O.

F. Locally semiconcave practical control Lyapunov

function[5][6]

Rifford introduced the semiconcave strict CLF for discon-

tinuous feedback controller design.

However, strict CLFs are not appropriate for noncompact

U . Hence, Nakamura introduced the locally semiconcave

practical control Lyapunov function as follows[5][6]:

Definition 4: (Locally semiconcave practical control Lya-

punov function) A Locally semiconcave practical control

Lyapunov function for system (4) is a locally semiconcave

function V : X → R such that(a1), (a2) and the following

condition hold.

(a1) V is proper; that is the set {x ∈ X|V (x) ≤ L} is

compact for arbitrary L.

(a2) V is positive define; that is , V (0) = 0 and V (x) > 0
∀x ∈ X\{0}.

(a3) the compact set Ū ⊂ U satisfies the following equation,

Q > 0, and the local chart (W , η) exist for arbitrary

sets R1, R2 ∈ R>0, where R2 > R1 > 0.

min
u∈Ū

DVW (η(x); fW (η(x), u)) < −Q (9)

∀x ∈ {x|R1 ≤ V (x) ≤ R2} (10)

where the mapping fW = f ◦ η−1, the directional

subderivative DVW is defined as follows:

DVW (η(x); v) = lim
t→0

VW (η(x) + tv)− V (x)

t
. (11)

G. Multilayer minimum projection method

We can generate a global control Lyapunov function from

local control Lyapunov functions by multilayer minimum

projection method proposed by Nakamura[3][4]. We define

the multilayered space coproduct of mappings as follows.
Definition 5: (Multilayered space) Consider a disjoint

family of minifolds {X̃i}i∈L, manifold X and a family of

mappings {φi|φi : X̃i → X}i∈L, where {X̃i}i∈L and X
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are arc-connected manifolds. Then, the following manifold
is said to be the coproduct of manifolds associated with the
family of mappings{φi}i∈L :

X̃ =

l
∐

i=1

X̃i, (12)

where
∐

denotes a disjoint union of sets. In this paper, the

coproduct manifold X̃ is said to be a multilayered space and

each submanifold X̃i is called layer.
Definition 6: (Coproduct of mappings) Consider a disjoint

family of minifolds {X̃i}i∈L and manifold X . We assume

there exists a family of mappings φi : X̃i → X Then, the
following mapping from the coproduct of manifolds φi :
X̃i → X is said to be the coproduct of {φi}i ∈ L:

φ(x̃) =











φ1(x̃) (x̃ ∈ X̃1)
...

φl(x̃) (x̃ ∈ X̃l)

(13)

If X = R, the coproduct of mappings φ is said to be a

coproduct of functions.

The multilayer minimum projection method is summarized

as follows:

(b1) Choose local diffeomorphisms {φi|φ : X̃i → X}
satisfying the following conditions on finite layers

{X̃i}, where X̃i is simple-structured two-dimensional

C1 differentiable manifold.

(1) Continuous mapping φi∗ : Tx̃i
X̃i → Tφ(x̃i)X is

bijection for x̃i ∈ X̃ .

(2) 0i ∈ X̃ such as φi(0i) = 0 exist.

(b2) Choose L = {1, · · · , l} such as the coproduct of the

family of mappings {φi}i∈L is surjection

(b3) Design a CLF Ṽi on each X̃i for globally asymptotic

stabilization at the origin 0i of ˙̃xi = f̃i(x̃i, u).
(b4) The following function is the CLF for asymptotic sta-

bilization at the origin of X:

V (x) = min
x̃∈φ−1(x)

Ṽ (x̃), (14)

where Ṽ : X̃ → R is the coproduct of mappings

{Ṽi{i∈L}}.
Furthermore, the following theorem of multilayer mini-

mum projection method holds.

Theorem 1: Consider finitely many layers X̃1, · · · , X̃l

defined diffeomorphism and satisfied following conditions.

(1) For all i ∈ L := {1, 2, · · · , l} and x̃i ∈ X̃i, continuous

mappingsφi∗ : Tx̃i
X̃i → Tφi(x̃i)X are bijections.

(2) 01 ∈ X̃1 satisfied φ1(01) = 0 exist.

(3) The coproduct of mapping φ : X̃ → X̃ associated

{φi}i∈L is surjection.

(4) Consider X̃i existed k ∈ {1, · · · , i − 1} satisfied

φi(0i) ∈ Im(φk). 0i ∈ X̃i exist for all i ∈ L\{1}.
Consider the family of CLF for asymptotic stabilization at

the origin 0i ∈ X̃ and following functions.

V̂1 = Ṽ1 (15)

V̂i = Ṽi + ci(i ∈ L\{1}) (16)

where offset ci is defined below.

ci > min
1,··· ,i−1

min
x̃k∈φk

−1(φi(0i))
V̂k(x̃k) (17)

Then, the following function V (x) is the CLF on X:

V (x) = min
x̃∈φ−1(x)

V̂ (x̃), (18)

where V̂ is the coproduct of family of functions.

H. CLF design with multilayer minimum projection

method and local semiconcave practical control Lyapunov

function[6]

Consider the following discontinuous state feed back con-

trol with locally semiconcave control Lyapunov function V
designed by the multilayer minimum projection method:

ui =



























− 〈p,f〉+
√
〈p,f〉2+(

∑

2
i=1
〈p,gi〉2)2

∑

2
i=1
〈p,gi〉2

〈p, gi〉
(

∑2
i=1〈p, gi〉2 6= 0

)

0
(

∑2
i=1〈p, gi〉2 = 0

)

,

(19)

where p : X → T ∗xX is a discontinuous mapping such

that p(x) ∈ D̃V (x) for all x ∈ X . Then, the input (19) s-

stabilizes the origin of (4). D̃V (x) is called the disassembled

differential defined as follows:

Definition 7: (Disassembled differential) Consider a local

semiconcave function on an two-dimensional C1 differen-

tiable manifold X .

An arbitrary compact set S ⊂ R
n and an indexed family of

C2 function (Ṽs)s∈S satisfy the following function for an

arbitrary compact set on the local chart (W, η):

V (x) = min
s∈S

Ṽs(x), ∀x ∈M. (20)

Then the set-valued mapping D̃V : X → 2TxX defined by
the following function is called disassembled differential of
V .

D̃V (x) =
{

dṼs(x)|s ∈ {s ∈ S|V (x) = Ṽs(x)}
}

=
{

∂ṼsW

∂ξ
(η(x))dξ|s ∈ {s ∈ S|V (x) = Ṽs(x)}

}

(21)

We can easily calculate the inner product 〈p, f〉, 〈p, gi〉 in

(19) as follows:

〈p, f〉 = Lf̃ Ṽ (x) =
∂Ṽ

∂x
f̃(x), (22)

〈p, gi〉 = Lg̃i Ṽ (x) =
∂Ṽ

∂x
g̃i(x). (23)

III. PROBLEM STATEMENT

We consider a problem that a holonomic mobile robot

autonomously moves to an unknown goal in a maze; the

robot needs to explore the space, and learn the optimal path

to the destination. In this paper, a lattice maze defined on

a two-dimensional arc connected C1 differentiable manifold

X ⊂ R
2 is considered.

The objective of the paper is to design the global CLF on

the continuous space obtained by Q-learning in the discrete

space.
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Fig. 1. Defined lattice maze Fig. 2. Lattice Maze

A. Agent

Consider the holonomic mobile robot (agent) modeled by

the following equation:

ẋ = u, (24)

where x ∈ X ⊂ R
2 is the state and u ∈ U ⊂ R

2 is the

input.

B. Maze definition

The maze is composed with some square l on a side

sections (Fig.1). The n×m lattice maze composed n sections

in column and m sections in row; the maze has sufficiently

thin walls and the walls are set along each side of any

square section. Assume the agent never touch the walls,

then the lattice maze defined above is a two-dimensional C1

differentiable manifold. The agent can know the movable

direction by sensing the walls and knows only the initial

state where the agent start to explore the lattice maze.

C. Q-learning setting

To apply Q-learning, we need to relate the lattice maze in

the continuous space to the set S in the discrete space. Relate

each section of the lattice maze in the continuous space to

state sij ∈ S, and the lattice maze can be modeled as follows

in the discrete space:

S := {sij |i ∈ {1, · · · , n}, j ∈ {1, · · · ,m}} (25)

The discrete space representing the lattice maze has Markov

property and is a finite space. Let a set Asij be a set of

selectable actions at state sij . The set Asij consists of all of

the motions to the neighboring lattices (up, down, right and

left).

We suppose that an initial value of Q = 0 for all states, we

do not update the value of Q at the goal state. If the agent

selects the action to move toward the wall, the agent obtains

the reward r = −1. If the agent reaches the goal, a trial is

finished, and the agent goes back to the initial state. After

the exploring, we use the goal reward rg as the value of Q
at the goal.

IV. LOCALLY SEMICONCAVE CONTROL LYAPUNOV

FUNCTION DESIGN WITH Q(s, a)

In this section, we design a locally semiconcave control

Lyapunov function with the value of Q. We set the locally

semiconcave control Lyapunov function that the value of the

Fig. 3. Two lattices maze

CLF at the middle of the each section of the lattice maze is

Vq(sij) used maxaQ(sij , a).

A. Use of the value of Q

The converged value of Q has the following relation

according to (2):

max
a

Q(sij , a) = Rt =
d−1
∑

k=0

γkrt+k+1, (26)

where d is the number of the states that are including the

shortest path from the initial state to the goal state; that is,

if the agent is at the goal state, d = 1. If the agent is at the

neighbor state of the goal, d = 2. maxaQ(sij , a) of the each

state sij can be calculated from the discount return Rt. To

simplify the discussion, the agent earns the positive rewards

at the only goal state. Let the reward when the agent selects

the action to reach the goal state be γrg. Then, the value of

Q is represented by the following equation with d defined

above:

max
a

Q(sij , a) = rgγ
d−1. (27)

To design the global CLF with Vq(sij), the CLF need to

have an unique equilibrium at the goal and Vq(sij) = 0 at

the goal. Vq(sij) is set so that the value of the global CLF

at the middle of the each section of the lattice maze changes

as a quadratic function, and Vq(sij) is defined as follows:

Vq(sij) = (logmax
a

Q(sij , a))− log rg)
2 (28)

= {(d− 1) log γ}2, (29)

where log is a natural logarithm.

B. Lyapunov function design by the minimum projection

method

In this subsection, we design a local Lyapunov function

for two neighboring and movable sections of the lattice maze

for the agent. Then, we design a global Lyapunov function

by the minimum projection method.

Consider the rectangle D := (−l/2,−l/2) (−l/2, l/2)
(3l/2,−l/2) (3l/2, l/2) that is combined the two sections

of the l on-a-side lattice maze. (Fig. 3) Let two maxQ of

the sections be QH and QL(QH > QL), and consider the

mapping φ : R2 → D:

φ :











x1 =

{

l
π
tan−1( 3

Vq1
x̃1) (x̃1 < 0)

3l
π
tan−1( 1

Vq1
x̃1) (x̃1 ≥ 0)

x2 = l
π
tan−1( 1

Vq1
x̃2),

(30)
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where x̃1, x̃2 ∈ X̃ = R
2 and a constant Vq1 is defined as

follows:

Vq1 =
log γ

tan 3
π

. (31)

Then, the following function is a control Lyapunov function

on X̃ = R
2.

Ṽ (x̃1, x̃2) = x̃21 + x̃22 (32)

Proof: Let the function X̃ = x̃21 + x̃22 be a CLF

candidate. Ṽ is proper and positive definite. The system (4)
on X can uniquely determine the corresponding system on

X̃ as follows[8]:

˙̃x =

(

∂φ

∂x̃

)

−1

f (φ(x̃), u) . (33)

Then,

˙̃x1 =
πVq

l

{

1 +

(

x̃2

Vq

)2
}

u1 (34)

˙̃x2 =















πVq

3l

{

1 +
(

3x̃1

Vq

)2
}

u2 (x̃1 < 0),

πVq

3l

{

1 +
(

x̃1

Vq

)2
}

u2 (0 ≤ x̃1).
(35)

Consider the following input obtained by (19):

[

u1

u2

]

=













































−
4πV 2

q1

9l

sin 2π
l

x1

(1+cos 2π
l

x1)2

−
4πV 2

q1

l

sin 2π
l

x2

(1+cos 2π
l

x2)2






(− l

2
≤ x1 < 0),







−
4πV 2

q1

3l

sin 2π
3l

x1

(1+cos 2π
3l

x1)2

−
4πV 2

q1

l

sin 2π
l

x2

(1+cos 2π
l

x2)2






(0 ≤ x1 ≤

3l
2
).

(36)

Then,

dṼ

dt
= 2x̃1

˙̃x1 + 2x̃2
˙̃x2 < 0. (37)

Therefore, Ṽ = x̃21 + x̃22 is a CLF on X̃ .

We design a local Lyapunov function on D by substituting

(30) into (32) as follows:

Ṽ (φ−1(x1, x2)) =















V 2
q1

9
tan2(π

l
x1) + V 2

q1 tan
2(π

l
x2)

(x1 < 0)
V 2
q1 tan

2( π
3l
x1) + V 2

q1 tan
2(π

l
x2)

(x1 ≥ 0).

(38)

We extend the discussion from the neighboring, movable

two lattice sections to the defined maze. We design the local

Lyapunov functions among the each neighboring, movable

two sections; then, we design the offset cs for the each local

Lyapunov function as follows:

cs = (logQL − log rg)
2 − (log γ)2. (39)

The global Lyapunov function is designed as the following

equation by the multilayer minimum projection method:

V (x) = min
x̃∈φ−1(x)

V̂ (x̃) . (40)

C. Confirmation of the validity of the offset cs for the maze

having one goal state

In this subsection, we confirm that the offset cs satisfies
condition (17).
The offset cs is given by (39). Note that the difference of a
local control Lyapunov function between the middle of two
lattice sections is (log γ)2. Then, to satisfy (17), cs should
satisfy the following inequality:

cs − Vq > 0. (41)

(41) is calculated as follows:

cs − Vq = (logQL − log rg)
2 − (log γ)2 − {(p− 1) log γ}2

= {(q − 1)2 − 1− (p− 1)2)}(log γ)2, (42)

where p, q is the number of the states that are included in

the shortest path from the state having QH , QL to the goal

state, q ≥ p + 1 and p ≥ 2. Then, cs satisfies (41) by (42).

Thus, the offset cs satisfies the condition (17).

V. EXPLORING SIMULATION IN 8×8 LATTICE MAZE

A. Lyapunov function design for 8×8 lattice maze having

one goal state by minimum projection method

In this subsection, we show the effectiveness of the pro-

posed method by computer simulation with an 8×8 lattice

maze with l = 2(Fig. 2). Consider the following holonomic

moving robot:
{

ẋ = u1
ẏ = u2

, (43)

where (x, y) ∈ R
2 is a state, (u1, u2) ∈ R

2 is an input.

The parameters needed for updating the action-value func-

tion is collected as below.

• Learning rate α: 0.1

• Discount rateγ: 0.9

• Policy: ǫ-greedy (ǫ: 0.7)
The purpose of this subsection is to design the CLF affected
by the learning result of Q-learning. First, we relate each
lattice section in the 8×8 lattice maze to a state in the discrete
space as Fig.2. Then, we apply the Q-learning as follows; the
agent start to explore at the initial state s11(x = −14, y =
14), the goal state is s88(x = 0, y = 0), and the goal reward
rg = 30. Then, we obtained maxQ as follows:

Qij =





















5.559 6.177 6.863 7.626 8.473 7.626 8.473 9.414
5.003 5.559 6.177 6.863 9.414 8.473 9.414 10.46
5.559 6.177 6.863 6.177 10.46 11.62 12.91 11.62
5.003 6.863 7.626 8.473 9.414 15.94 14.35 12.91
5.559 7.626 8.473 7.626 15.94 17.72 15.94 11.62
6.177 6.863 9.414 12.91 14.35 19.68 17.72 10.46
6.863 7.626 10.46 11.62 19.68 21.87 24.30 27.00
6.177 8.473 9.414 15.94 17.72 19.68 21.87 30.00





















Note that there exists no positive reward without the goal
state. Then, the value of the Lyapunov function at each
section of the lattice maze is as follows:

Vsij =





















2.842 2.498 2.176 1.876 1.599 1.876 1.599 1.343
3.208 2.842 2.498 2.176 1.343 1.599 1.343 1.110
2.842 2.498 2.176 2.498 1.110 0.899 0.711 0.899
3.208 2.176 1.876 1.599 1.343 0.400 0.544 0.711
2.842 1.876 1.599 1.876 0.400 0.278 0.400 0.899
2.498 2.176 1.343 0.711 0.544 0.178 0.278 1.110
2.176 1.876 1.110 0.899 0.178 0.100 0.044 0.011
2.498 1.599 1.343 0.400 0.278 0.178 0.100 0





















.

The Lyapunov function for the lattice maze is designed as

Fig.4.
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Fig. 4. Lyapunov Function

Fig. 5. Simulation

B. Determining the control input and the simulation result

In this subsection, we design the control input for s-

stability at the goal state with the local semiconcave control

Lyapunov function designed with the value of Q, and show

the result of the simulation. The agent is modeled by (24).

The control input for s-stabilization at the goal state is

obtained as the following equation by (19):

u =







−〈p, gi〉
(

∑2
i=1〈p, gi〉2 6= 0

)

0
(

∑2
i=1〈p, gi〉2 = 0

)

,
(44)

where gi is a unit matrix E ∈ R
2×2, p is randomly selected

in disassemble differentiable D̃V .

The simulation result with the control input (44) and the

initial state (-14,14) is Fig.5.

The proposed method navigates the agent smoothly with-

out hitting a wall from the start state to the goal state. The

path of the simulation coincides with the path selected by

the learning result with Q-learning. Thus, we can confirm

that the learning result in the discrete space reflects the CLF

in the continuous space.

In this paper, the agent does not obtain any positive reward

without the goal state. The reason is no equilibrium except

at the goal state as the discussion of the subsection IV-C.

VI. CONCLUSION

In this paper, we proposed the CLF design method with the

learning result applying Q-learning on-line for the problem

of the exploring a lattice maze. We confirm that it is possible

to design the global CLF based on the learning result in the

discrete space by multilayer minimum projection method.

The learning result is included in the optimal path and goal

selected by the agent with Q-learning.

Furthermore, we apply Q-learning on-line in this paper.

However, convergence of Q is very slow. Thus, it is difficult

to apply the proposed method on-line at present.

In the proposed method, there is not a positive reward

without the goal state. It is because there is a possibility of

stationary points on the path from the start state to the goal

state if we consider the some rewards. we can not discuss

the problem in this paper. If we solve that problem, we will

be able to design the global CLF that is affected by more

complex decision by the agent.
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