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Time-delay Extended State Estimation and Control of a Quadrotor
Helicopter

Laszlo Kis and Bela Lantos

Abstract— The sensory system of an indoor quadrotor he-
licopter usually includes several types of sensors. This paper
focuses on the case, where the helicopter has onboard inertial
measurement unit (IMU) and a vision system on the ground.
The vision system uses low-cost webcameras, therefore the
image acquisition time implies a delay in the measurement,
which should be handled during the state estimation. The
dynamic model of the helicopter is also introduced. Based
on this model, a non-linear control algorithm is used on the
helicopter. Because of the unmodelled components of the system,
additional trimmer parameters are added to the control. The
results of real maneuvers show the effectiveness of the solution.

I. INTRODUCTION

The quadrotor control design has been in the focus of re-
searchers in recent years. Many studies have been examined
the helicopters with simulation [1],[2] and in real-time as
well [3],[4]. The leading researches concentrate on the high
level controls, like formation control. A common property
of the realizations is the fast, precise and expensive vision
system for position and orientation estimation. This paper
presents the control theory aspect of an indoor quadrotor
helicopter design. Our realization uses a low-cost sensor
system, therefore the paper focuses on the upcoming issues,
like time delay, motor dynamics and unmodelled behavior.

In the next section the dynamic model is introduced. Then
the state estimation is presented in section III. The time delay
of the vision system is handled in section IV. The control
design is shown in section V. Finally the results of real-time
tests are presented in section VI.

II. DYNAMIC MODEL

The scheme of the helicopter can be seen in Fig. 1.
Q,; refers to the actual revolution of the rotors. The rotor
generated lift forces are noticed with F;. The helicopter
dynamics can be derived from this model. The connection
between the lift force and the rotor revolution is

F,=bQy,;, (1)

where b is a propeller constant. Each motor generates an axis

parallel torque, which is
T =dQy}, )

where d is a constant referring to the torque of the propeller.
If the frame of the helicopter is defined as in Fig. 1, the
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torques around the axes are

T =1b (Q2, — Q2)) 3
Ty =1b (93,3 - Qil) )
T.=d(Q2 - Q2 +0Q%-02), Q)

where [ is the distance between the motors and the mass
centre point.
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Fig. 1. Forces of the helicopter

A. Movement dynamic

Based on the Newton-Euler equations including the gyro-
scopic and the rotor inertia effect, the helicopter dynamics
is

(6)
)

where a is the acceleration, F; is the gravitational force, @ is
the angular velocity, 6 is the matrix of inertia, T = (7, 7, ‘L‘Z)T
and 7, = (00 6,Q,)7. 6, is the inertia of the rotor and Q, =
Q1 — Q5+ Q,3—Q,4. Every variable is described in the
helicopter frame.

1
a:%ZF}_Fg7
0=17T—0x (0w)— o x 7,

B. Motor dynamic

The second part of the helicopter dynamics is the motor
model. The structure of the system can be seen on Fig. 2. The
rotation speed is controlled by a low-level controller, which
has its own dynamics. After a closed-loop identification, the
motor dynamics is a first order system:

Qr,i =

(Qai— Q) (8

1
Ty
where Q,; is the desired speed of rotation calculated by the
main-level control and 7;, is a motor time constant.

As the connection between €,; and F; or 7; in (1) and (2)
is pure quadratic, the main-level control should deal with the
dynamics of Qii. This is in the non-linear form of

d 2

- (@) = = (QiQui — Q7).

T T ©)
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Structure of the whole system

Fig. 2.

This formula can be linearized around the operating point
Q0 ~ Qg ;o resulting in the linearized dynamics

d 1
2 (0%) = - (03, 93)

C. Full dynamic

The first approximation has already done with the lin-
earization in the motor model. An other one is also useful.
The 0 inertial matrix can be approximated with a diagonal
one, where the diagonal elements are 6,6y,6,. This approach
is comes from the symmetry of the helicopter body and
benefits in the complexity of the control. Finally, the full
dynamic model described in the helicopter frame is

d

(10)

1
(Q@)::if(gji—gﬁg i=1.4 (11)

=)

—

a

12)

(o2 02 6y—6;
o, o (24— Q) + 75

5 — b (2 2 0.—6 0
o, | = o (53— )+ ~5, 00+ G—;waV
wZ

dt
ay b 0
ay p (@R +Q% + Q75+ Q) —Fy
6
( Oy 0; — 5- Q)

d (o2 2 2 2 0:—6,
A (Qr,l - Qr,Z + Qr,3 - Qr,4) + 0,

0, 0,
(13)

ITI. STATE ESTIMATION

Until this point all the variables were described in the
helicopter frame. The only variable in (11)-(13) which is not
known or cannot be measured directly is F,. This value is
known relative to the Earth. Therefore the actual state of the
helicopter frame relative to the Earth should be known. This
attitude is the first goal of the state estimation. The second
one is to estimate the actual position and velocity which are
needed for the position control.

Three frames will be used in this section. Their geometry
can be seen in Fig. 3. Ky is the World coordinate system
fixed to the Earth. In this frame the gravity vectoris (00 g)”,
where g is the gravitational acceleration. Ky is the helicopter
frame, same as in Fig. 1. The position of the origin of Ky in
Ky is described by p and the orientation is represented by the
quaternion denoted with g. These two values are measured
by the vision system.
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Frames of the state estimation

Fig. 3.

K is the sensor coordinate system. The onboard sensors
are a 3D accelerometer and a 3D angular velocity sensor.
Their measurements are known in Kg. It is assumed, that
the axes of Ky and Ky are parallel, but their origin is not
the same. The position vector between the two origin is pg
known in Ky.

For state estimation two level filters are used.

A. Orientation estimation

First part of the state estimation is the orientation esti-
mation based on the measurements of the angular velocity
sensor and the data provided by the vision system. In this
section it is assumed that the measurements are available
immediately. This assumption is not correct, but it will be
handled in the next section by introducing time delay.

The orientation between Ky and Ky is described with
quaternion. The quaternion vector g = (g1 g2 g3 q4)T is de-

fined as in [5],
[ tsin(a/2)
7= cos(ot/2)
where ¢ is the unit vector of the rotation axis, ¢ is the angle
of rotation and the quaternion derivate by the time[5] is

(14)

q4  —493 q2 o
Ll g3 @ -—q * 15
== o
=2 -0 @1 4 (15)
a)z
—q1 —92 —q3
r

The following error model for the measurement of the
angular velocity sensor is introduced:

Wy = O+ W + Wy, (16)

where @, is the real value of the angular velocity, w,, is the

measured angular velocity, which is the output of the sensor,

wy, is an additional bias, @, is a zero mean white noise.
The state estimation is based on the kinematic model of

the moving body. Its orientation part is:
q:F(wm+wb+wzz)7 (17)

where @, is unknown and hard to measure, therefore it
should also be estimated based on the dynamics:

Wy = Wy s (18)
where @y, is a zero mean white noise.
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B. Estimator realization

The state estimation is performed on the MPC555 micro-
controller in discrete time, hence (17) and (18), should be
discretized with Ty sampling time:

x = (qf of)" (19)
Up = Wy, (20)
I o,
w={& ] 1)
1 T T
xk+1=|:0 Slk]xk+Ts|: Ok]uk+TSvk:
= f (o, uk, vie), (22)

where [ is the identity matrix, x; is the state vector, uy is
the input of the kinematic model, v is a zero mean white
noise and f(xg,ug,vx) is a non-linear function of the state
variables.

For the state estimation the output of the measured kine-
matic model is also needed. In this case this measurement
is the orientation from the vision system, denoted with g,,.
The image processing system measures slower than the IMU,
despite the state estimation runs as fast as the IMU, but
the correction based on the vision system is slower. This
measurement can be connected to previous description with
the formula:

(23)
(24)

Yk =¢qm~+ 2k
ye = [I Olxx + z,

where y; is the measured kinematic model output and z; is
the zero mean white measurement noise of the vision system.

As the function f(xy,u,vk) is non-linear the state esti-
mation is performed with extended Kalman filter (EKF). Its
algorithm is the modified form of the one in [6]

o f (Rk—1,ur—1,0) _ O f (Xk—1,ux—1,0)

A1 = e By 3 (25)
Ce=110] (26)
X = f(&x—1,ux—1,0) 27

My = Ag 1 Zx 1ALy +BioiRvB i (28)
Gy = MiCl (GMCL +R;) ™! (29)
Y = My — GCiM;, (30)
R = X + G (v — Cike)» (31)

where R, and R are the covariance matrices of Tgv; and zi
respectively and & is one if the vision system produced new
measurement at time k and zero otherwise.

C. Position estimation
According to [5] the rotation matrix between Ky and Ky
is
Ryw =
Q+a -8
2(4192 + 434a)
2(4193 — 424a)

2(4143 + G244)
2(4243 — 4144)
B+ -4 =43
(32)

2(4142 — 4344)
B+e4—a— 4
2(4243 +4144)
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where §; is the actual /" component of the quaternion in £
in EKF of the orientation estimation. Position and velocity
estimation are performed in a KF assuming the results of
EKEF for orientation estimation are already available.

The IMU input of the orientation estimation is in Kj.
Assuming that the axes of Ky and Ky are parallel and the
body of the helicopter is rigid, the results are valid in Kg and
Ky as well.

The position subsystem is also use the kinematic model
of a moving body. In this case measured acceleration from
the IMU is in Kg. According to [6] its transformation to Ky
requires the angular acceleration, which is hard to estimate
precisely. Therefore the state estimation is performed in Kg,
hence the vision system should measure the position of the
origin of K. In this case the kinematic model is:

Vg = —a)xVS—|—am’S—RITJ,W(OOg)T—Fah—Fan (33)
dy = ap, (34)
Pw = RuwVH + Vn, (35)

where a refers to acceleration, v to velocity, p to sensor
position, indices b to bias, n to noise. Notations S and W
mean that the values are in Kg and Ky respectively.

Similarly to the orientation estimation the discrete time
model can be evolved using the Euler method beside the
following choice:

T
U = dm,S k

(36)

Xk = (VST,k aZ,k Pv{/,k)T Vi = (az{,k ag,n,k VnT,k)

In this case the discrete time kinematic model will be
linear in the state variables, therefore only (26)-(31) should
be executed.

The dynamic model is described for the mass center
of the helicopter. For a proper control, its position and
velocity should be estimated. Therefore every value should
be transform to Ky :

Yw =Ruw (Vs + (@0n — @p) X ps) 37
Pw = Pw — Ruwps., (38)

where ¥ and p are the velocity and position component of
position estimation’s result.

IV. TIME-DELAY HANDLING

In section III it was assumed that the data from the vision
system is available immediately. This assumption need to be
checked. Let us introduce an other approach. The IMU is
on the board of the helicopter, it has direct connection to the
main processing unit. The communication can be fast enough
and according to [7] the IMU need no time-consuming signal
processing. Therefore these measurements can be considered
immediately available.

The position and orientation can be estimated by the
numeric integration of the IMU data. This approach has the
disadvantage that the result will drift because of the bias
error of the measurement. But according to [7] after the start
of integration, the drift error is small enough to use in the
following test.
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The first data of Fig. 4 is the measurement from the
camera. The second one is from the numeric integration of
the angular velocity based on:

Qi1 = G+ TsTay, (39)

. Qr+1

Jit1 = 2 (40)
Gkl

~ - camera measurement
——integrated ang. vel.

quaternion component [dimensionless]

3 4
time [s]

Fig. 4. Time delay of the vision system

For the sake of distinctness only the third element of
the quaternion is shown in Fig. 4. It can be seen that the
vision-loop (helicopter movement-camera-vision processing-
RF communication-onboard processing) has significant de-
lay. Its amount is comparable to the time constant of the
motor dynamic hence this problem should be handled.

A. Orientation handling

In this solution it will be assumed that the amount of time
delay is the integer multiple of the sampling time, denoted
with d. Now in the k" sampling point, the most relevant
known coherent measurement pairs are from the (k — §)™"
sampling point. Therefore the EKF in (25)-(31) should be
calculated using the following choice:

%= (G5 Opig) = Op—s) Ye=qms (41

The first four element of X; is the estimated orientation
of the (k— &)™ sampling time. At time k the measurement
between k — 0 and k sampling points are available only
from the IMU. Therefore a useful approximation may be
the integration of the IMU data. In the case of orientation

Giv1 = G + TsT (@i + Dy g—5) (42)

R Jit1

Jit1 = ot (43)
1Gis1l]

can be repeated for d times. The result will be the coherent
approximation of the orientation of the k" sampling point.

The result of this method can be seen on Fig. 5. In
this test, the reference is the numeric integration of the
angular velocity. The estimations were performed for the
same set of data with the estimator in Section III and
with the estimator with time-delay handling. The rare vision
measurement is also shown. For every orientation estimation
and measurement the o value in (14) is calculated and the
difference from the reference is shown.

It can be seen that estimation with time-delay handling
performs better than the normal extended Kalman filter. The

978-1-4673-2529-5/12/$31.00 ©2012 |IEEE

= EKF with delay handling
20| —— EKF without delay handling
©+ pure camera

time(s)

Fig. 5. The error of the different estimators

remaining error is mainly because of the fact that the time-
delay is not exactly integer multiple of the sampling time.

B. Position handling

The time-delay handling in the case of position estimation
is similar to the orientation. The Kalman filter should be used
with the (k — &) sample, then the velocity and position
should be numerically integrated from the IMU measure-
ment. Therefore the following choice is suggested:

T
T T T

X = (Vs,(k—a) ap (k—5) Pw,(k—a)) (44)
Uk = 5, (k—5) (45)
Yk = Pmk (46)

The recursive integration is:
Vs,i1 = Vs, + Ts(ami+app—5—Riyw(008)") (47
Pw,iv1 = Ppw,i+TsVsit1, (48)

where Ry w; is the rotation matrix based on §;

Finally, transformation (37)-(38) between Kg and Kp is
used.

The full structure of the state estimation can be seen in
Fig. 6.

c L Time delay handling fh
5 e
2 Py - A for position A
@ N
o P st e Grdicion) [
ER . o a,
e s —
A
Orientation estimation |9 Time delay handling

for orientation

From IMU
100 Hz

(sensor fusion) Wyg
(prediction)

W,
——

Fig. 6. The structure of the state estimation

V. CONTROL DESIGN

For the control the dynamic model is separated into four
part. The control design is performed in force-torque space
and the desired force and torque are transformed to the
desired revolution of the rotors based on the inverse of (1)
and (3)-(5). Fig. 7 shows the scheme of the control.

An approximation is applied in the control design. Let
(¢ ¥ w)T denote the roll-pitch-yaw (Euler) angles calculated
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Fig. 7. Structure of the control

from RZI.W. For movements satisfying ¢ ~ 0 and ¥ = 0, it
was assumed that

(9 3 v =0 o o) (49)
The trim values appearing in our control algorithms play
similar role like V. in [1]. Unfortunately the proof of theorem
1 in [1] has errors for Case 2 hence the results are not
comparable.

A. Horizontal orientation subsystem

During the development process, different types of control
methods were tested on the helicopter like in [2], [6] and [8].
Based on the experiments it can be said that the precision
of this part of control is the key of the successful control. In
our tests the following control produced the best results.

In this level two parallel control is designed for two very
similar dynamic model, which is derived from (11) and (13).
The first is the control around the X axis:

_ 6 PR
Cx o vy o (%) (50)
T
P=—"+cy (51)
O
. 1
Trx = T_ (Td,x - Tr,x) (52)
The second is the control around the Y axis:
ez - ex P er .
oy = oY — 2 0, (53)
’ 6y 6y
d=T 4 (54)
0, ’
. 1
Gy = (Tay— Try) - (55)

The control synthesis is shown only for the X axis. Let e
be the control error ¢ = ¢ — @;. The behavior of the closed
loop dynamic is defined with the prescribed characteristic
equation

e k& +kaé+ kae + ks / edt =0, (56)
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where k; is control parameter.

e=0— @ (57)
e=0—¢ (53)
é':%‘f'cx_(pd (59
1
3) _ _ A )
e 0.7, (Td,x Tr.x) +Cx ol (60)

The desired torque is

Trx . .
Tdx = Trx+ OxTon ((P[(13> —é—k <6_’ +Cx> — k2 ((p - (pd) -

—k3((P_(Pd)_k4/((P_(Pd)df) (61)

In practice q)c(f) — ¢ is approximated with 0. Also based
on the experiments, an additional trimmer parameter was
introduced. Its reason is that the parameter b in (1) is not
the same for every propeller. The control law after this
modification is

Tr,x - Ttrim,x
Tdx = Trx — Urimx T 6T <_kl (67 +cx | —
X

(9= 00) k(0 0a) ks [ (9 pu)ar
(62)
B. Horizontal position subsystem

This part of the control is easier to design in Ky . Therefore
let Uy and Uy define the angles between the X-Y plane of Ky
and the X and Y axes of Ky . Let’s introduce the following
approximation

~B g h

Ux ~ F U y~ F 9

where F' is amount of the sum of the lift forces and F,, F, are

the X and Y component of the external force in Ky . Then
the dynamic model is

(63)

F F
—U, V= _Uy (64)
m m

_)'(f:

The control synthesis is similar to that of horizontal orien-
tation subsystem. The control law for U, is

Upg=" ()'c'd—kl (= ) — k(X — x4) — k3 / (x—xd)dt>

F
(65)
Finally (U, Uy)" can be transformed to Ky with
( 9 ) _ [ cos(y) —sin(y) ] < Uy ) (66)
—¢ sin(y)  cos(y) Uy )
C. Altitude control
In this subsystem the dynamic model in Ky is
)
o cos(q))n;:os( )F—g 67)
Similarly to the previous controls the control law is
m
P S k(5 — ) — oo (r— )
1= cos(@)cos(D) (8+Zq—ki(z—2q) —ka(z—zq)
—k3/(Z—Zd)df) (68)
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D. Yaw control

In the case of yaw control the following model is used:
. Tz
== 69
4 0. (69)
In our case 6, ~ 6, because of the symmetry of the helicopter
body. Hence the non-linear part in (13) can be neglected.
Based on our experiments in this part of the control it
has no significant difference whether the motor dynamic
is controlled or not. An additional trimmer parameter is
used here similarly to the horizontal orientation control. The
control law for this subsystem is

Taz = Trimz + 0:(Wa — k1 (§ — Wa) — ka(w — wig) —
- k3/(‘l/— Ya)dt)
VI. RESULTS

Experimental results from real flights are shown in this
section. In the recent state of our realization, we use only one
camera as a vision system, therefore the operation volume is
a cone with 1m radius and 2m height. The starting transient
of the integrators are too large beside this volume, therefore
they were switched off during the tests. The task of the first
test is that the helicopter should hold its position. The result
is shown in Fig. 8. The working area was too small for lateral
path follow tests.

(70)

08 —_—X
real
—_Y
real
06 —_—Z ul
real

X sesirea

position [m]

vdeswed 1
Zdes\red

Fig. 8. Position hold test

The second test is of the altitude control beside a sine
wave reference signal. The result is shown in Fig. 9.

The third test is the path follow of the yaw control. The
result is in Fig. 10.

VII. CONCLUSION

This paper presents the state estimation and control sys-
tem of an indoor quadrotor helicopter. The state estimation
performs as sensor fusion between the IMU and the vision
system using extended and linear Kalman filter methods. The
estimator handles the time delay of the vision system. The
control is based on the dynamics of the quadrotor including
the motor dynamics. The control is extended with trimmer
parameters based on experimental results. The system is
tested during real flights.
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time [s]

Fig. 9. Test of the altitude control

yaw angle [rad]

® 10
time [s]

Fig. 10. Yaw control test
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