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Abstract— In this paper, we present a robust H∞ observer
for a class of nonlinear and uncertain time-delayed systems. To
design the proposed observer, the time delay does not have to be
exactly known. With knowledge about upper and lower bound
of the delay term, we can design an H∞ observer that guarantees
asymptotic stability of the estimation error dynamics and is
robust against time-varying parametric uncertainties. We show
that the described problem can be solved in terms of linear
matrix inequalities (LMIs). In addition, the admissible Lipschitz
constant of the system is maximized and the disturbance
attenuation level is minimized through convex multi-objective
optimization. Finally, the proposed observer is illustrated with
an example.

I. INTRODUCTION

Nonlinear observer design for uncertain systems is a re-

search field in control theory that has attracted much attention

in recent decades and has been investigated in many aspects

[1]–[5]. But, what is the story about nonlinear time-delay

systems including uncertainty?

The analysis of nonlinear systems with time-delays, are

generally more complicated compared to systems without

time delays [6], [7]. Although various aspects of the ob-

servability problem for linear time-delay systems have been

established in the literature [8]–[10], there are few reports

related to nonlinear systems [11]–[13].

Regarding discrete domain, there are some results [14]

where the authors propose a Riccati equation approach to

design a robust nonlinear H∞ observer. In [15], they propose

to use LMI to design a robust H∞ observer for a class

of Lipschitz nonlinear uncertain systems. In [16], authors

converted the robust H∞ observer problem for uncertain

nonlinear systems to a multi-objective problem where finding

maximum Lipschitz constant was one of the objectives.

However, to the authors’ best knowledge, the problem of

multi-objective robust H∞ nonlinear observer design for Lips-

chitz time-delay systems including time-varying uncertainties

has not been fully investigated yet. So, the main contributions

of this paper are summarized as follows. First, we try to

design a robust H∞ observer for a class of uncertain systems

with an uncertain time-varying time-delay. Upper and lower

bounds for the time-delay is needed to design an observer.

Second, we reformulate the problem of robust H∞ observer

design to a multi-objective optimization problem where we,

simultaneously, try to find the largest Lipschitz constant and
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smallest disturbance tuning level. To achieve this goal, we

use Pareto multi-objective optimization method [17].
The rest of this paper is organized as follows. In Section 2,

we introduce the class of Lipschitz time-delay systems

including time-varying uncertainties and a few preliminaries

that are relevant for this study. In Section 3, we propose a

new method to design a robust H∞ observer for the consid-

ered systems under study. To do this, based on Lyapunov-

Krasovskii functional, a sufficient condition in terms of a

set of linear matrix inequalities to make error dynamics

asymptotically stable will be proposed. Then, we reformu-

late the obtained robust H∞ observer to the multi-objective

optimization problem. The proposed observer is illustrated

with an example in Section 4, followed by conclusions in

Section 5.
Notation. Throughout this paper,

xk ≡ x(k),

xk−τ(k) ≡ x(k− τ(k)) (1)

II. PRELIMINARIES AND PROBLEM STATEMENT

Consider the class of discrete-time nonlinear uncertain

delay systems:

(Σd1
) : xk+1 =(A+ΔA(k))xk +(Ad +ΔAd(k))xk−τ(k)

+ f (xk)+Bωk, (2a)

yk =(C+ΔC(k))xk +Dωk (2b)

where x ∈ Rn, y ∈ Rp and ωk ∈ L2[0,∞) are the state vector,

output vector and an unknown exogenous disturbance of the

system, respectively. Matrices A, Ad , B, C, and D are real

and with appropriate dimensions and τ(k) is a time-varying

delay which satisfies the following assumption,

τ1 ≤ τ(k)≤ τ2 (3)

The function f : Rn → Rn is nonlinear, differentiable, and

verifies the Lipschitz constraint as follows:

‖ f (xk)− f (x̂k)‖ ≤ γ‖xk − x̂k‖ ∀x, x̂ ∈ Ω (4)

where γ > 0 is the Lipschitz constant. Moreover, ΔA, ΔAd
and ΔC are unknown matrices representing time-varying

parameter uncertainties and are assumed to be of the form:⎡
⎣ ΔA(k)

ΔAd(k)
ΔC(k)

⎤
⎦ =

⎡
⎣M1

M2

M3

⎤
⎦F(k)N (5)

where M1, M2, M3 and N are known real constant matrices

and F (k) is an unknown real-valued time-varying matrix

satisfying,

∀k, FT (k)F(k)≤ I (6)
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Now, consider a nonlinear observer as follows,

x̂k+1 = Ax̂k + f (x̂k)+L(yk −Cx̂k) (7)

where x̂ is the observer state and L is the observer gain matrix

that should be designed under a few conditions. By defining

the observer error as ek = xk− x̂k, the error dynamics become,

ek+1 =(A−LC)ek +(ΔA−LΔC)xk

+(Ad +ΔAd)xk−τ(k) + f (xk)− f (x̂k)

(B−LD)ωk (8)

Suppose the controlled output for the error state is as

follows,

zk = Hek (9)

where H is a known matrix. We need to design (7) such that

the following objectives can be achieved:

1 - The observer error dynamics are asymptotically stable.

2 - Under the zero initial state condition and for arbitrary

ωk ∈ L2[0,∞), zk satisfies ‖zk‖2 ≤ η‖ωk‖2.

3 - Maximum Lipschitz constant γ and minimum H∞-norm

bound η , simultaneously

If the above conditions can be satisfied, then the observer

error dynamics (8) are said to be asymptotically stable with

maximum Lipschitz constant γ∗ and minimum H∞-norm η∗.

Before ending this section, we present three lemmas which

will be used in the proof of our main theorems.

Lemma 1 [15]. For any x,y ∈ Rn and any positive-definite
matrix Γ ∈ Rn×n, we have

2xT y ≤ xT Γx+ yT Γ−1y (10)

Lemma 2 [18]. Let A, D, E, F and Γ be real matrices of
appropriate dimensions with Γ> 0 and F satisfying FT F ≤ I.
Then for any scalar ε > 0 satisfying Γ−1 −ε−1DDT > 0, we
have

(A+DFE)T Γ(A+DFE)≤ AT (Γ−1 −ε−1DDT )−1A+εET E
(11)

Lemma 3 (Matrix Inversion Lemma) Let A, B, C and D
be matrices of appropriate dimensions, we have

(A+BCD)−1 = A−1 −A−1B(C−1 +DA−1B)−1DA−1 (12)

if and only if A, C and C−1 +DA−1B are nonsingular.

III. MAIN RESULTS

Assume,

ξk =
[
eT

k xT
k

]T
(13)

then, the augmented system dynamics are

(Σd2
) : ξk+1 =(Ã+ΔÃ)ξk +(Ãd +ΔÃd)ξk−τ(k)

+ f̃ (xk, x̂k)+ B̃ωk (14a)

zk =H̃ξk (14b)

where,

Ã =

[
A−LC 0

0 A

]
, Ãd =

[
0 Ad
0 Ad

]
,

ΔÃ =

[
0 ΔA−LΔC
0 ΔA

]
=

[
0 M1FN −LM3FN
0 M1FN

]

=

[
M1 −LM3

M1

]
F
[
0 N

]≡ M̃1FÑ,

ΔÃd =

[
0 ΔAd
0 ΔAd

]
=

[
0 M2FN
0 M2FN

]

=

[
M2

M2

]
F
[
0 N

]≡ M̃2FÑ,

B̃ =

[
B−LD

B

]
, H̃ =

[
H 0

]
,

f̃ (xk, x̂k) =

[
f (xk)− f (x̂k)

f (xk)

]
, ‖ f̃ (xk, x̂k)‖ ≤ γ‖ξk‖ (15)

Theorem 1 Consider the system (2) together with the non-
linear observer (7) and let τ0 = τ2 − τ1 + 1. Assume that
there exist matrices P1 > 0, P2 > 0 and ϒ, and also scalars
ε1 > 0, ε2 > 0, η > 0, and α > 0 such that the following LMI
optimization problem has a feasible solution:

min. (α + ε1)

s.t.
[

Ψ1 Ω
∗ Ψ2

]
< 0, Ψ3 < 0 (16)

where Ψ1, Ψ2, Ψ3 and Ω are as in (17). Then, with L=P−1
1 ϒ

the observer error dynamics (8) are asymptotically stable
with maximized admissible Lipschitz constant γ∗ = 1√

α(1+ε1)

and disturbance tuning parameter η .

Proof. Consider a Lyapunov-Krasovskii functional candidate

as,

Vk = ξ T
k Pξk +V̂k +Ṽk (18)

where,

P =

[
P1 0

0 P2

]
; P1 > 0, P2 > 0,

V̂k =
k−1

∑
i=k−τ(k)

ξ T (i)Rξ (i); R > 0,

Ṽk =
−τ1+1

∑
j=−τ2+2

k−1

∑
q=k+ j−1

ξ T (q)Rξ (q) (19)

Then,

V̂k+1 −V̂k =
k

∑
i=k−τ(k+1)

ξ T
i Rξi −

k−1

∑
i=k−τ(k)

ξ T
i Rξi

=
k−τ1

∑
i=k+1−τ(k+1)

ξ T
i Rξi +

k−1

∑
k+1−τ1

ξ T
i Rξi

+ξ T
k Rξk −ξ T

k−τ(k)Rξk−τ(k)−
k−1

∑
k+1−τ(k)

ξ T
i Rξi (20)
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Ψ1 =

⎡
⎣−P1 +HT H 0 I

∗ (ε2 + τ0ε3)NT N −P2 0

∗ ∗ −αI

⎤
⎦< 0,

Ψ2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1
3 P1 0 1

3 P1 0 P1M1 −ϒM3 0 0 0

0 − 1
3 P2 0 1

3 P2 P2M1 0 0 0

∗ ∗ 5
3 P1 − ε1I 0 0 0 0 0

∗ ∗ ∗ 5
3 P2 − ε1I 0 0 0 0

∗ ∗ ∗ ∗ −εI 0 0 0

∗ ∗ ∗ ∗ ∗ −1
3 τ−1

0 P1 0 P1M3

∗ ∗ ∗ ∗ ∗ ∗ −1
3 τ−1

0 P2 P2M3

∗ ∗ ∗ ∗ ∗ ∗ ∗ −ε3τ0I

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
< 0,

Ω =

⎡
⎣AT P1 −CT ϒT 0 0 0 0 0 0 0

∗ AT P2 0 0 0 AT
d P1 AT

d P2 0

0 0 0 0 0 0 0 0

⎤
⎦< 0,

Ψ3 =

⎡
⎢⎢⎢⎢⎣

−η2I BT P1 −DT ϒT BT P2 BT P1 −DT ϒT BT P2

∗ − 1
3 P1 0 0 0

∗ ∗ − 1
3 P2 0 0

∗ ∗ ∗ −I 0

∗ ∗ ∗ ∗ −I

⎤
⎥⎥⎥⎥⎦< 0 (17)

since τ(k)≥ τ1, we have

k−1

∑
k+1−τ1

ξ T
i Rξi −

k−1

∑
k+1−τ(k)

ξ T
i Rξi ≤ 0 (21)

so,

V̂k+1 −V̂k ≤
k−τ1

∑
i=k+1−τ(k+1)

ξ T
i Rξi +ξ T

k Rξk −ξ T
k−τ(k)Rξk−τ(k)

(22)

Regarding Ṽk, after some calculations,

Ṽk+1 −Ṽk ≤
−τ1+1

∑
j=−τ2+2

[ξ T
k Rξk +

k−1

∑
q=k+ j

ξ T
q Rξq −

k−1

∑
q=k+ j−1

ξ T
q Rξq]

= (τ2 − τ1)ξ T
k Rξk −

k−τ1

∑
i=k+1−τ2

ξ T
i Rξi (23)

From (22) and (23),

V̂k+1 +Ṽk+1−V̂k −Ṽk ≤ (τ2 − τ1 +1)ξ T
k Rξk −ξ T

k−τk
Rξk−τk

+
k−τ1

∑
i=k+1−τ(k+1)

ξ T
i Rξi −

k−τ1

∑
i=k+1−τ2

ξ T
i Rξi (24)

and τ(k)≤ τ2,

k−τ1

∑
i=k+1−τ(k+1)

ξ T
i Rξi −

k−τ1

∑
i=k+1−τ2

ξ T
i Rξi < 0 (25)

Therefore, (24) can be rewritten as,

V̂k+1 +Ṽk+1−V̂k −Ṽk ≤ τ0ξ T
k Rξk −ξ T

k−τ(k)Rξk−τ(k) (26)

where τ0 = τ2 − τ1 +1. By using (26) and for ωk = 0 ,

ΔV =Vk+1 −Vk

≤ξ T
k+1Pξk+1 −ξ T

k Pξk + τ0ξ T
k Rξk −ξ T

k−τ(k)Rξk−τ(k)

=ξ T
k (Ã+ΔÃ)T P(Ã+ΔÃ)ξk

+ξ T
k−τ(k)(Ãd +ΔÃd)

T P(Ãd +ΔÃd)ξk−τ(k)

+2ξ T
k−τ(k)(Ãd +ΔÃd)

T P f̃ +2ξ T
k (Ã+ΔÃ)T P f̃

+2ξ T
k (Ã+ΔÃ)T P(Ãd +ΔÃd)ξk−τ(k) + f̃ T P f̃

−ξ T
k Pξk + τ0ξ T

k Rξk −ξ T
k−τ(k)Rξk−τ(k) (27)

Based on Lemma 1,

2ξ T
k−τ(k)(Ãd +ΔÃd)

T P f̃ ≤ ξ T
k−τ(k)(Ãd +ΔÃd)

T P

× (Ãd +ΔÃd)ξk−τ(k) + f̃ T P f̃ (28)

from (28) and Assumption 1,

2ξ T
k (Ã+ΔÃ)T P f̃ +2 f̃ T P f̃ =2ξ T

k (Ã+ΔÃ)T P f̃ − f̃ T Q f̃

+ ε1 f̃ T f̃

≤ ξ T
k (Ã+ΔÃ)T PQ−1P(Ã+ΔÃ)ξk + ε1γ2ξ T

k ξk (29)

where Q = ε1 −2P > 0, thus

ξ T
k (Ã+ΔÃ)T P(Ã+ΔÃ)ξk +2ξ T (Ã+ΔÃ)T P f̃

+2ξ T
k−τ(k)(Ãd +ΔÃd)

T P f + f̃ T P f̃

+ τ0ξ T
k Rξk −ξ T

k−τ(k)Rξk−τ(k)

≤ ξ T
k [(PÃ+PΔÃ)T (P−1 +Q−1)(PÃ+PΔÃ)

−P+ τ0R+ ε1γ2]ξk

+ξ T
k−τ(k)[(Ãd +ΔÃd)

T P(Ãd +ΔÃd)−R]ξk−τ(k) (30)
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In addition,

2ξ T
k (Ã+ΔÃ)T P(Ãd +ΔÃd)ξk−τ(k) ≤ ξ T

k [(PÃ+PΔÃ)T

×P−1(PÃd +PΔÃd)]ξk +ξ T
k−τ(k)(PÃd +PΔÃd)

T

×P−1(PÃd +PΔÃd)ξk−τ(k) (31)

So, from (30) and (31),

ΔV ≤ ξ T
k Ω1ξk +ξ T

k−τ(k)Ω2ξk−τ(k) (32)

where,

Ω1 = (PÃ+PM̃1FÑ)T (2P−1 +Q−1)(PÃ+PM̃1FÑ)

−P+ τ0R+ ε1γ2

Ω2 = (PÃd +PM̃2FÑ)T (
1

2
P)−1(PÃd +PM̃2FÑ)−R (33)

It is obvious that if Ω1 and Ω2 are negative definite then the

observer error dynamics (8) are asymptotically stable. Now,

we want to show that the observer error dynamics (8) are

asymptotically stable with a minimum H∞ -norm bound η∗
and maximum Lipschitz constant γ∗. To this end, the index

function J is defined as,

J =
∞

∑
k=1

[zT
k zk −η2ωT

k ωk] (34)

For the zero initial condition and for any ω �= 0, the following

equation can be obtained,

J ≤
∞

∑
k=1

[zT
k zk −η2ωT

k ωk +ΔV ]

≤
∞

∑
k=1

[ξ T
k H̃T H̃ξk −η2ωT

k ωk +ξ T
k Ω1ξk +ξ T

k−τ(k)Ω2ξk−τ(k)

+2ξ T
k (Ã+ΔÃ)T PB̃ω +2ξ T

k−τ(k)(Ãd +ΔÃd)
T PB̃ω

+2 f̃ T PB̃ω +ωT B̃T PB̃ω] (35)

Similarly, using Lemma 1

2ξ T
k (Ã+ΔÃ)T PB̃ω +2ξ T

k−τ(k)(Ãd +ΔÃd)
T PB̃ω +2 f̃ T PB̃ω

+ωT B̃T PB̃ω ≤ ξ T
k (Ã+ M̃1FÑ)T P(Ã+ M̃1FÑ)ξk

+ξ T
k−τ(k)(Ãd + M̃2FÑ)T P(Ãd + M̃2FÑ)

×ξ T
k−τ(k) + γ2ξ T ξ +ωT B̃T PPB̃ω

+3ωT B̃T PB̃ω (36)

from (33), (36), and also using Lemma 2, a sufficient

condition for J < 0 is as follows,

ξ T
k [ÃT P[(3P−1 +Q−1)−1 − ε−1

2 M̃1M̃T
1 ]

−1PÃ+ ε2ÑT Ñ

−P+ τ0R+(1+ ε1)γ2 + H̃T H̃]ξk

+ξ T
k−τ(k)[Ã

T
d P(

1

3
P− ε−1

3 M̃2M̃T
2 )

−1PÃd + ε3ÑT Ñ

−R]ξk−τ(k) +ωT
k [B̃

T PPB̃+3B̃T PB̃−η2I]ωk ≤ 0 (37)

Since we try to maximize γ , we define a new variable α
as,

α ≡ 1

(1+ ε1)γ2
⇒ γ =

1√
α(1+ ε1)

(38)

Maximization of γ can be done by minimization of α and

ε1 at the same time. In fact, by combining the two objec-

tive functions, we will minimize the scalar linear objective

function α + ε1. On the other hand, by using Lemma 3,

(3P−1 +Q−1)−1 = [(
1

3
P)−1 + IQ−1I]−1

=
1

3
P− 1

3
P(ε1I − 5

3
P)−1 1

3
P (39)

now, let

R = ÃT
d P(

1

3
P− ε−1

3 M̃2M̃T
2 )

−1PÃd + ε3ÑT Ñ (40)

from (39), and also substituting (40) into (37) yields,

J ≤ ξ T
k Π1ξk +ωT

k Π2ωk < 0 (41)

where,

Π1 = ÃT P[
1

3
P− 1

3
P(ε1I − 5

3
P)−1 1

3
P− ε−1

2 M̃1M̃T
1 ]

−1PÃ

+(ε2 + τ0ε3)ÑT Ñ −P+α−1I + H̃T H̃

+ τ0ÃT
d P(

1

3
P− ε−1

3 M̃2M̃T
2 )

−1PÃd

Π2 = B̃T PPB̃+3B̃T PB̃−η2I (42)

we also have,

(ε2 + τ0ε3)ÑT Ñ =

[
0 0

0 (ε2 + τ0ε3)NT N

]
,

PM̃1 =

[
P1M1 −ϒM3

P2M1

]
, PM̃2 =

[
P1M2

P2M2

]
,

ÃT P =

[
AT P1 −CT ϒT 0

0 AT P2

]
, ÃT

d P =

[
0 AT

d P1

0 AT
d P2

]
,

PB̃ =

[
P1B−ϒD

P2B

]
, H̃T H̃ =

[
HT H 0

0 0

]
(43)

substituting (43) into (42), and also using Schur comple-

ments, the LMIs in Theorem 1 are achievable. �
Now, we want to reformulate the problem of robust

H∞ observer design in Theorem 1 to the multi-objective

optimization problem where finding the maximum Lipschitz

constant and also minimum disturbance tuning level are

objectives. As we mentioned before, in order to achieve

this goal, we use Pareto multi-objective optimization, i.e.

optimization of a linear combination of several optimality

criteria [17] resulting in a trade-off between these.

Theorem 2 Consider the system (2) together with the non-
linear observer (7) and let τ0 = τ2−τ1+1. Assume that there
exist matrices P1 > 0, P2 > 0 and ϒ, and also scalars ε1 > 0,
ε2 > 0, α > 0, ρ > 0, and 0 ≤ λ ≤ 1 such that the following
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LMI optimization problem has a feasible solution:

min. [λ (α + ε1)+(1−λ ) ρ]

s.t.
[

Ψ1 Ω
∗ Ψ2

]
< 0,

⎡
⎢⎢⎢⎢⎣

−ρI BT P1 −DT ϒT BT P2 BT P1 −DT ϒT BT P2

∗ − 1
3 P1 0 0 0

∗ ∗ − 1
3 P2 0 0

∗ ∗ ∗ −I 0

∗ ∗ ∗ ∗ −I

⎤
⎥⎥⎥⎥⎦< 0

(44)

where Ψ1, Ψ2, and Ω are as in (17). Then, with L = P−1
1 ϒ

the observer error dynamics (8) are asymptotically stable
with maximized admissible Lipschitz constant γ∗ = 1√

α(1+ε1)

and minimized disturbance tuning parameter η∗ =
√ρ ,

simultaneously.

Proof. First assume ρ = η2. In order to optimize two

parameters γ and η simultaneously, a scalarization method

including two optimality criteria is used. According to [17],

since each of these optimization problems is convex, the

scalarized problem is also convex. The rest of the proof is

the same as the proof of Theorem 1. �

IV. EXAMPLE

Assume that the parameters of a system (2) are given by,

A =

[−0.1 0.2
−0.3 −0.1

]
, Ad =

[−0.1 0.1
−0.2 −0.1

]
,

B =

[
1

1

]
, C =

[
0.1 0.1

]
, D = 0.7,

M1 =
[
0.1 −0.1

]T
, M2 =

[
0.1 0.2

]T
, M3 = 0.1,

N =
[
0.1 0.1

]
, f (x1,x2) =

[
0.3sin(x2(k))
0.2cos(x1(k))

]
(45)

and also assume,

H = 0.15I2, 0 ≤ τ(k)≤ 2,

F(k) = sin(k), ω(k) =
1

k+1
(46)

Now, using the Matlab LMI toolbox, we can solve the LMIs

defined in Theorem 2 for ε2 = 0.1, ε3 = 0.1, and λ = 0.9.

One feasible solution is found as follows,

γ∗ = 0.335, η∗ = 2.379,

P1 =

[
0.38613 −0.025

−0.025 0.309

]
, P2 =

[
0.468 0.019

0.019 0.277

]
,

ϒ =

[
0.408

−0.334

]
, L =

[
1

−1

]
(47)

To validate the designed observer, simulation results are

presented in Fig. 1 and Fig. 2. Fig. 1 shows the real and

estimated states simultaneously for initial conditions given

by, x(0) = (2,2)T and x̂(0) = (0,0)T . Fig. 2 shows the

error dynamics for the same initial conditions. Based on

these simulations, one can see that the observer performs

as expected and the state estimation errors for the initial

values do tend to zero asymptotically with an H∞-norm

bound η∗ = 2.379. Fig. 3 shows the values of γ∗ and η∗,

and the optimal trade-off curve between them over the range

of λ .
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Fig. 2. Estimation Error Dynamics

V. CONCLUSIONS

In this note, we present a new approach of robust H∞
observers for a class of nonlinear uncertain time-delayed

systems. There are three main contributions that could be

highlighted as follows. First, in the proposed structure for the

observer, the designer doesn’t need to have exact knowledge

about the delay but only of some upper and lower bound.

Second, we derive a sufficient condition in terms of LMIs

for existence of the proposed nonlinear observer so that

the error dynamics are asymptotically stable with an H∞-

norm bound η and maximum Lipschitz constant γ∗. Third,

we convert the observer structure under study to a multi-

objective optimization problem where we maximize γ and

minimize η , simultaneously. We finally illustrate with a

numerical example how we can calculate the gain matrices

of the proposed observer.
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