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Position funnel control for rigid revolute joint robotic
manipulators with known inertia matrix

C. M. Hackl* and R.M. Kennel*

Abstract— This paper presents funnel control for position
control of rigid, revolute joint, n-degree-of-freedom (DOF)
robotic manipulators with known inertia matrix. The multi-
input multi-output (MIMO) funnel controller assures reference
tracking with ‘prescribed transient accuracy’, i.e., for each
joint, the absolute value of position and speed tracking error
(difference between reference and actual value) is bounded by
a prescribed, positive (possibly non-increasing) function of time
(the ‘funnel boundary’), respectively.

I. INTRODUCTION

In this paper, funnel control — developed by Ilchmann et
al. (see e.g. [11], [2], [3] and references therein) for systems
with (asymptotically) stable zero-dynamics', known relative
degree’ and known sign of the high-frequency gain® — is
applied for position control of rigid, revolute joint robotic
manipulators. The presented result is a direct consequence
and extension of ‘funnel control for systems with relative
degree two’ (see [3]) and its application for position control
of stiff one-mass and elastic two-mass systems (see [6]).

This far, for controller implementation, the inertia matrix
of the robotic manipulator must be known, whereas cen-
trifugal and Coriolis forces, friction, external disturbances
(load torques) and gravitational effects may be (completely)
unknown and, hence, are not compensated for. Due to
‘Computer Aided Design’ (CAD) of the mechanical parts of
robotic manipulators, nowadays the structure of the inertia
matrix and its parameters are usually available by the CAD
software (see e.g. [7]).

Although funnel control may also work in the presence of
saturated actuators (see e.g. [8], [3]) or for position control of
elastic systems (see e.g. [9], [6]), in this paper, actuator satu-
ration and elasticity in the joints (or the links) are neglected.
The proposed MIMO funnel controller assures tracking with
‘prescribed transient accuracy’, i.e. position and speed track-
ing errors (differences between references and actual values)
of each joint of the considered robotic manipulators evolve
within a prescribed ‘performance funnel’. Hence, for each
joint, the control designer is a priori able to guarantee
a desired minimum position and speed tracking accuracy
by adequate design of the ‘funnel boundary’. To illustrate
the proposed MIMO funnel controller, it is implemented
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IFor a detailed discussion of zero-dynamics, see [4, Sec. 4.3].

>The relative degree r > 0 of a system indicates which time derivative
of the system’s output is affected by the control action, see e.g. [4, p. 137].

3The ‘high-frequency gain’ describes the ‘directional’ effect of the control
action on the r-th derivative of the system’s output [5, p. 334].
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for position control of a planar (elbow-like) two degree-of-
freedom (DOF) robotic manipulator and simulation results
are shown. The following notation will be used:

N,R,C natural, real and complex numbers

[a,b) interval from a to b (excluded)

R := [0, 00) set of positive real numbers with zero

[lv]I := Vv Tw, Euclidean norm of v =
(v1,...,v,) €ER", neEN

[|M]| i= MaX||y|=1 ||Mv]|, induced matrix
norm of M € R™*™, n,m €N

det(M) determinant of matrix M € R™**"

diag(ai,...,an) diagonal matrix in R™*", n € N

I, e R™*" := diag(1,..., 1), the identity matrix

C(IL;Y) space of n-times continuously differ-

entiable functions mapping [ — Y
space of measurable, (locally) essen-
tially bounded functions with norm:

ﬁ?l%c)(f; Y)

1 ec — essesupyy |L£(0)]

WFE2(1,Y) space of bounded locally absolutely
continuous functions with essentially
bounded derivatives £ € £(I;Y)
for all ¢ € {1,...,k} with norm:

[ £l co = Z il

II. FUNNEL CONTROL (WITH DERIVATIVE FEEDBACK)

The idea of tracking with ‘prescribed transient accuracy’
for systems with asymptotically stable zero-dynamics, known
relative degree and known sign of the high-frequency gain
was initially presented in [10] utilizing a high-gain based
switching controller which ‘provides an arbitrarily good
transient and steady-state response’. However, this controller
invokes non-decreasing gains and switching, both is not
desirable for mechatronic application.

Funnel control (see e.g. [1], [2], [3]) is also high-gain
based but allows for gain decrease as well. Measurement
noise is tolerated. From e.g. the root locus method, it is
well known that systems with relative degree two might
not be stabilizable by simple high-gain output feedback [3].
For systems with relative degree larger than or equal to
two, a funnel controller must be used in conjunction with
a compensator yielding a complex controller structure (due
to backstepping) and gains occurring with k()7 (huge noise
amplification) [2]. Both is not reasonable for industrial
application. In [11], another result in the spirit of funnel
control has been introduced for systems with arbitrary-but-
known relative degree. It does not rely on backstepping
but requires partial-state feedback. In [12], it has been
successfully applied for force/position control of unknown
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robotic manipulators. However, the proposed controller is
still complex (not ‘simple’): it is recursively designed and
relies on error transformations (complicating physical intu-
ition). Moreover, the performance bounds are restricted to
smooth, strictly decreasing functions.

In [3] and [6] it has been shown that funnel control may be
extended to the relative-degree-two case retaining a ‘simple’
controller if derivative feedback is admissible (justified for
position control).

A ‘simple’ funnel controller with derivative feedback
for single-input single-output (SISO), relative degree two
systems is given by (see e.g. [6, Theorem 3.3])

u(t) = ko(t)? e(t) + ko(t) k1(t) é(t), with
e0) = (1) = (1), () € W BB
Gi(t .

and k;(t) := N OBSECIO] for i € {0,1}
where ¢;(-) € WH®(Rx;[;,00)), ¢; > 0, i € {0,1} are
scaling functions which allow for more degrees of freedom
in controller design (e.g. a minimal gain may be fixed).
Controller (1) utilizes two ‘limiting functions’ to(-) and
1(+) for tracking error e(-) and for error derivative é(-),
respectively (see Fig. 1). In [6, Theorem 3.3] it has been
shown that gains ko(-), k1(-), error e(-), derivative é(-) and
control input u(-) stay bounded.

Gain ‘adaptation’ in (1) is as follows: gain ko(-) (or k1 (+))
increases, if error e(+) (or é(+)) draws close to 1o (-) (or 91 (+))
(more aggressive control) and decreases, if error e(+) (or é(-))
becomes small (more relaxed control).

(D

The functions ¥ (-) and 1 (+) are chosen from the set

(i) Vie {0, 1} de¢; > 0: wz() c Wl’N(RZ(L [Ci,OO)) 2
(i) 36 > 0 for a.a. ¢ > 0: by (t) > — < aho(t) +6 - @)

If |e(0)] < 10(0) and |é(0)| < %1(0) (initial errors ‘start’
inside the funnel), for systems with stable zero-dynamics,
relative degree two and known sign of the high-frequency
gain, controller (1) assures tracking with ‘prescribed transient
accuracy’: error e(-) and its derivative é(-) evolve within the
prescribed ‘performance funnel’ (see Fig. 1)

By = {(Tbo,l/fl)l Rso — R?

:{(t,eo,el)ERZ()XRX]R ‘
‘€0| < wo(t) and |€1| < ll}l(t) } 3)

Flwpo,p1)
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Performance funnel F(,,, .,y for error e(- ) and derivative é(-) with

\/TIME t [s]

Fig. 2. Planar two DOF rigid revolute joint
robotic manipulator.

(e. (t,e(t),é(t)) € Frypo,p,) for all £ > 0) with funnel
boundary’ OF (4.0, (t) = (Yo(t),21(t)) for all £ > 0.
Condition (i) in (2) implies that both limiting functions
1o(-) and 1)1 (+) are (absolutely) continuous and differentiable
almost everywhere (with essentially bounded derivative). The
asymptotic accuracies of the limiting functions (see Fig. 1)
are given by

Ao = liminf o () and Ay = liminf ¢y (t).

In most applications non-increasing performance funnels are
desirable, however the boundary may increase as well. This
might be reasonable if, due to large reference changes or
sensor calibration/reset, error or its derivative will increase
drastically leading to unacceptably large control actions.
Condition (ii) in (2) is essential: only if an error derivative
with sign(e(t))é(t) < & wo(t) is admissible, then the error
e(t) ‘may depart’ from ‘sub-boundary’ 1 (t) (see Fig. 1).
Example 2.1: Let Ag > Ao > 0, Ty > 0 [s] and \; >
0 [s], then a proper choice of a funnel boundary is given by

(Yo, ¥1): Rx0 = (Ao, Ao] x (A1, (Ao — Xo)/TE]

(Ao — Xo)exp (=t/Tr) + Ao
b= ( 2920 exp (—t/Tg) + M > - @

Boundary (4) is positive, non-increasing, bounded and
smooth. Its asymptotic accuracies are given by (g, A1). The
boundary ‘starts” at (Ag, AOT_E’\O + A1) and its derivative is
essentially bounded by ((Ag — Xo)/TE&, (Ao — Xo)/T%). By
setting & := A; and noting that 11 (t) > —to(t) + & for
(almost) all ¢ > 0 in (4), it is easy to see that boundary (4)
is element of Bs.

Controller (1) has been successfully applied for position
control of stiff and elastic electrical drives (see [6]). It is
a slight modified version of the originally introduced funnel
controller u(t) = ko(t)? e(t) + k1 (t) é(t) in [3]. The modifi-
cation in (1) allows for a better damped closed-loop system
response (without overshoot, see [6]). A survey of feasible
applications (with measurements) of funnel control for speed
and position control of electrical drives and a comparison
with ‘standard” PI/PID controllers is given in [13].

III. POSITION FUNNEL CONTROL OF RIGID REVOLUTE
JOINT ROBOTIC MANIPULATORS

In this section, it will be shown that (SISO) funnel con-
troller (1) may be extended to the MIMO case and applied for
position control of rigid, revolute joint robotic manipulators
if the inertia matrix is known.
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A. Model of robotic manipulator

In the following, let n € N and consider a n-DOF robotic
manipulator, given by the functional differential equation
(see e.g. [14, p. 77], there without dynamic friction term)

M(y()y(t) + (Cly(t),4(t) + Cv)y(t) + (FY)(1)

_ y(0)\ _ (¥’ 2n
o) +d —u, (40) = (%) <R ©
where y(t) in [rad]” and 9(¢) in [rad/s]" represent po-
sition and speed (vector) at time ¢ > 0, respectively.
M(-) € C(R*;R™ ™) is the position dependent inertia
matrix. Matrix C(-,-) € C(R" x R™;R™"*™) is the position
and speed dependent centrifugal and Coriolis force matrix.
d(-) € L2*R>0;R™) represents an exogenous disturbance
and g(-) € C(R™;R") is the position dependent gravity
vector. The robot is actuated by joint torque vector u [Nm]"
(control input). Matrix Cvy := diag{vy, ..., v,} € R**"
with vq, ..., v, > 0 represents unbounded viscous friction
effects and operator §: C(R>o;R™) — L>®(Rx>o;R"™) al-
lows to model bounded but nonlinear and dynamic friction
effects (e.g. as covered by the LuGre friction model [15]).
In [16] and [6], it has been shown (by experiments) that this
separation into unbounded viscous part C'y ¢ and bounded
but nonlinear and dynamic part Fy is a reasonable assump-
tion for speed or position control.
The following assumptions are imposed on model (5):

(A1) the inertia matrix is uniformly bounded from above and
below (see e.g. [17]), i.e. 3¢nr,cpr > 0Vy € R™:
0< QMIH < M(y) = M(y)T < EMITL;

(As) the centrifugal and Coriolis force matrix is upper
bounded (see e.g. [14, Sections 4.2]) as follows

Jee > 0Vy,v,w e R™": ||Cly,v)w| < callv||||w]

(Ag) the gravity vector is uniformly bounded (see e.g. [14,
Sections 4.3]), i.e. ¢g > 0Vy e R™: ||g(y)] < cg;

(Ay) the friction operator is element of operator class* 7
and globally bounded, i.e. § € 7 and

My == sup {[(FE)D)] |12 0, £() € C(Rp, ")} < oc:

(As) the exogenous disturbance is bounded, ie. d(-) €
L (Rzo; Rn) and

(Ag) feedback of position y(-) and speed ¢(-) is admissible.
Assumptions (Aj1)-(As) are standard properties of rigid
robotic manipulators having revolute joints exclusively (see
e.g. [14, Sections 4.1-4.3]). Assumptions (A4)-(Ag) are re-
alistic for position control problems of mechatronic sys-
tems (see e.g. [6] and [18, p. 210-213 and 290-292)).

B. Position (MIMO) funnel controller
Funnel control in robotics has been introduced in [9].

Control objective is reference tracking of position reference

4Operator class 7 is defined in e.g. [6, Definition 2.1] or [1, Definition 1].
An explicit introduction of this operator class is not required for the further
mathematical analysis and therefore omitted due to space limitations.
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Yret (1) € W22 (R50; R™). In [9], it could solely been shown
that the linear combination of position and speed tracking
error will evolve within a performance funnel. Hence, as
severe drawback, either position error or speed error or
both errors may leave the prescribed region. Therefore an
extension of (SISO) funnel controller (1) with derivative
feedback to robotic manipulators of form (5) is desirable
to achieve tracking with prescribed transient accuracy for

e(-) = Yret() —y() and &() = Gpee(-) = 9 (),

separately. More precisely, for (1, (-), %, (:)) € B (with By
as in (2)), introduce the (MIMO) ‘performance funnel’

]:(1#0’1!,]) = {(t,g,’l’]) S Rzo x R" x R" ‘

Vie{l,...,n}: |&] <o) Almi| <v1,4(0)}  (6)
and find a (MIMO) funnel controller which
assures (t,e(t),&(t)) € Fy, g, for all ¢ > 0. If
inertia matrix M (-) is known, then the result directly
follows from a straightforward extension of Theorem 3.3
in [6] to the MIMO case.

Theorem 3.1: Let n € N and consider a n-th DOF
rigid, revolute joint robotic manipulator of form (5) which
satisfies assumptions (Aj)-(Ag). Then, for arbitrary posi-
tion reference y,.;(-) € W?*°(R>o,R"), funnel bound-

ary (¢(),%1(-)) € By, gain scaling <o(-), 61(-) €
W2 (R>0; [¢, 00)™), ¢ > 0 and initial value (y°, y') € R?"
satisfying Vi € {1,...,n} :

[Yret i (0) = 47| < 100,i(0) and [grer i(0) — 4| < 11,:(0), (7)
the MIMO funnel controller
u(t) = M(y(1) (Ko(t)e(t) + Ko(VK1(1e(t))  ®)
with gain matrices
K(t) = diag {ko,1(t), ..., kon(t)},
K (t) = diag {k1,1(t), ..., k1n(t)}
where Vi € {1,...,n}:

B S0,i(t) - 61,i(t)
 ho,i(t) — lei()] C Pna(t) — e
applied to (5) yields a closed-loop initial-value problem with
the properties:

kO,i (t) and kll(t)

(i) there exists a solution® (y,y) : [0,7) — R?" which
can be maximally extended and T" € (0, co];
(i) the solution (y(-),¥y(:)) does not have finite escape

SSolutions of functional differential equations are considered in the sense
of Carathéodory (see e.g. Section 5 in [1]): for h > 0, an open set D C R",
a causal operator ¥ element of class 7 (see Definition 1 in [1]) and a
Carathéodory function f: [—h,c0) X D x R™ — R™ (see e.g. Footnote 4
in [1]), the initial trajectory problem of the functional differential equation

@(t) = f(t, z(t),(Tx)(t), @|[_n,o = 2" € C([~h,0])

with 2°(0) € D has a solution on [—h, T), T € (0, 00, i.e. an absolutely
continuous function (-): [~h,T) — R™ with x|[_; g = 20 which
satisfies the above initial trajectory problem for almost all (a.a.) t € [0,T)
and z(t) € Dforall t € [0,T).
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time, i.e. T = oo;

(iii) the signals e(-) and é(-) are uniformly bounded away
from the boundary, ie. Vi € {1,...,n} Jeo4,€1,4 >
0Vt > 0 : ’lﬁo}i(t) — \ez(t)| > €0, and ’L/Jl’i(t) —
lé:i(t)] > 1,5

(iv) control action and gains are bounded, ie. u(-) €
£OO(R20§RH) and Ko('), Kl() c £00(R20;Rn><n).

This far, exact knowledge of inertia matrix M (-) is essential
for the proof of Theorem 3.1. Only then the basic idea of
the proof of Theorem 3.3 in [6] can be reused and allows
to extend the (SISO) funnel controller (1) with derivative
feedback to the MIMO case. Including inertia matrix M (-)
into the controller as in (8) yields a decoupled mechanical
system (5), in the sense that actual error acceleration é;(t)
of joint 7 is solely affected by

koﬂ'(t)zei(t) + ko’i(t) kl’l(t)ez(t), xS {1, . ,n},

which corresponds to SISO controller (1) (applied to each
joint ). It was not possible to extend Theorem 3.3 in [6] to
unknown or roughly known inertia matrices.

Remark 3.2 (Measurement noise): Usually, output (posi-
tion) y(-) in (5) is corrupted by measurement noise or sensor
errors () € W3 (R>(, R™) and output derivative (speed)
y(+) is approximated by numerical differentiation (e.g. Euler
method). Hence, the tracking error becomes e(-) = y,.¢(-) —
(y(-) + n(-)) and, for sufficiently accurate (high resolution)
position sensors and sufficiently fast numeric differentiation,
derivative feedback is justified and the error derivative is
given by é(-) = ¥,.¢(-) — (¥(-) + n(-)). Then Theorem 3.1
ensures merely |yreri(t) — vi(t)] < 0.:(t) + ||nillec and
|yref,i(t) - yl(t)| < wO,i(t) + ||nzHoo for all ¢ > 0 and
all i € {1,...,n}. To reduce noise sensitivity in applica-
tion, simply choose sufficiently ‘large’ asymptotic accuracies
)\072‘ > annoo and /\171' > ||’Il1||oo for all ¢ € {1, L ,’/l}.

Proof:  Step 1: Some preliminaries. It is easy to see,
that (A;) is equivalent to 3yo,5 > 0Vy € R™:
2ln <To(y) =M "'(y) =To(y)" <Foln. (O

= Y,.¢(t) — y(t), rewrite system (5) as

For error e(t)
é(t)

4t To(y,er (1) — e(t))-
2 (50) = | [Ctwu® —ew. iw —ew) + cv).
J (et (1) — () + (B (Frer — €))(2)
+9(Uper () — (1)) + d(2)]

o\ 0 wit). (€O — (Yeer(0) —9°
+(ymf<t>> (ro<ymf<t>—e(t))) . (&) = (e~ 1)

(10)

Define the constants Vi € {1,...,n}:

So,i T infy;>060,:(t) and S infy>0¢1,i(%),

)\()’Z' = inftzo 1/1()77; (t) and )\Li = il’lftz() ¢1,i(t)~
Step 2: It is shown that Assertion (i) holds true, i.e. exis-

tence of a maximally extended solution. It suffices to consider
system (5) in the form (10). For ]-'(%7,/,1) as in (6) define

Y
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the non-empty and open set

D= {(r,1,€) e RXR" xR" | (||, 1,€) € Fryp,p) } »
12)

the function

FiRsoxDxR" - RXxR"xR", (¢, (1,1,&), w) —
1
13
Lo (Urer (1) = ) [ (CWrer (1) = s Grer () = €) + Cv)-
Wrer (1) = €) + w + 9(Yrer (1) = 1) + d(D)] + Grer (1)

. 50,1 (%) so,n (t)
—d‘ag{wo,uhn—m\""’wonu = mn\} 5

50,1 (t)s1,1(¢)

— ding { T DT (FD=TED
s0,n(H)s1,n (1)

(o, n (7D — \Mn\)(dq ,L(\ - \En\)}E

and the operator T : C(Rso; R x R?") — £ (Rso; R™),
(T(r, 1, €))(t) = (F€)(t). Then, for artifact 7: R —
R, ¢t — t and extended state variable & := (7, (e, é)), the
initial-value problem (10), (8) may be expressed in standard
form

L&) = 1(t,8(0), (22)(1)), (0) = (<>) (13)

dt Yro(0) — y

Choose a compact set € C D x R™ and observe that the
following holds

Ime, Me >0V (1,1, 8), w) € €2 [[((T, 1, ), w)| < Me
N emin {Goi(IT) = lwil, vri(ir) =16l = me. (14)
Then, for d(-) € L%(R>0; R™), Y, (-) € WP (R>0; R")

and o (-),s1(-) € Wh* (R0, RZ), note that the function
f(-,+, ) has the following properties: (i) f(¢,-,-) is continu-
ous for each fixed t > 0, (ii) for each fixed ((7, p, &), w) €
D x R™ the function f(-,(7, &), w) is measurable and
(iii) for almost all ¢ > 0 and for all ((7, , &), w) € € the
following holds

(A1)—(4s5), (14

IF(t (& w)l S 1+ Me
+ 70 o (liees ()| + Me)® + masc{vn, .., v} (lifer (8|
+ Me) + Me + cg + A | + liher (1)

+ o)1l (lso(®) ] + lls1 ()]) Me/m3 = le(t)

where ZQ‘() S ,COO(RZO;RZ()) - EIOC(RZO7RZO)’ Hence
f(:,+,) is a Carathéodory function and invoking Theorem 5
in [1] yields existence of a solution & : [0,7) — R x R*"
of the initial-value problem (13) with £([0,7)) € D, T €
(0, oo]. Each solution can be extended to a maximal solution.
Moreover f(-,-,-) is essentially bounded and so, if T < oo,
then for any compact ¢ C D, there exists € [0,T) such
that & () ¢ €. In the following, let & := (7, e,¢é): [0,T) —
R x R™ x R™ be a fixed and maximally extended solution
of the initial-value problem (13). Note that (e, é) : [0,T) —
R™xR™ solves the closed-loop initial-value problem (10), (8)
for almost all ¢ € [0, 7). This shows Assertion (i).

Step 3: Some technical inequalities are introduced.
In view of Step 1, e(-) and é(-) are continuous on [0,7)
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and evolve within the funnel Fy ., as in (6). Moreover,
due to the properties of B2 in (2), it follows that Vi €
{1,...,n} Vit e [O,T) : |€Z(t)| < wo’i(t) < ||w0’i |oo and
|€i(t)] < tb1,i(t) < [[¥1,il|oc- Hence

vee0,7): le®l < ol A ()] < 1lloc (15)
Define d: Rso x R™ x R" x R" — R™; (t,p,&,w) —
Lo (Yot (1)~ 12) | (C(Wrer ()t () =E)+C) (drer(t) -

€) + W+ g(Waer(t) — 1) + ()] + Gy (1) = Alt, 1, €, w)
and the constant

M =35 e (etlo + 1) + a1,
“(retlloo + 11 lloc) + Mz + g + Hdlloo] [ Fretlloo- (16)
Invoking Assumptions (As), (As), (A4) and (Aj) yields

~ ©)
for a.a. ¢ € [0,T): Hd(t, e(t), e(t), (F(@er — €))(1)) H <

_ . . 2
76| o liner (1) = @) + M + g + 1]

) ) . (15),(16)
max{v, v () = )| | Hliherllowe - = M,

hence we have Vi € {1,...,n} foraa. t € [0,7):

‘&\’L(t7 6(t)7 €(t), (g(yref - 6))(t))| < M.
Inserting (8) into (10) and invoking (17) yields

amn

Vie{l,...,n}vVte[0,T):
- M — koﬂ' (t)z €; (t) — kO,i (t) kl,i (t) 62 (t) S 61 (t)
<M —ko,i(t)? ei(t) = koi(t) ki) éi(t). (18)
Step 4: For all i € {1,...,n} it is shown that |e;(-)]| is

uniformly bounded away from the boundary vy ;(-); more
precisely for positive

15 2
50iS5 A0,

c0i < min { Ai,i’ ¢o,i(0)2—|€¢(0)\7 : ,
Bty /B2 420762 X0 i M

%5115071-)\0‘71 } (19)
2lls1,i oo 191, oo +/4lls1, i 12 11,6 120 +262 X0, (M1 i lloo) S

) 2
with B = 25, 151 illoell1illoo i (11,1l + 1do.ill )
A0,ir Alis So.i and ST in (11), 6; = 6 as in (2)
and M as in (16), it holds that () — |e;(t)] >
€ for all i € {l,...,n} and all t € [0,T).
Choose ¢ € {1,...,n} arbitrarily and note that for &g ;
as in (19) the Steps 3a-e in the proof of Theorem 3.3
in [6] go through without changes (setting v = 1 and
€o,; = ¢€p). Hence the claim of Step 4 holds true.

Step 5: For all i € {1,...,n} it is shown that |é;(-)|
is uniformly bounded away from the boundary 11 ;(-); more
precisely for positive

€1, < min{)\l,i/2, ¥1,:(0) — |€:(0)],
%So,iil,i)‘lvisg,i

%00, llo0 (M +l991,: 100 )e2 i +I50,: 12 10, 126 }’

(20)

978-1-4673-2529-5/12/$31.00 ©2012 |IEEE

with M as in (16) and € ; as in (19), it holds that 1 ;(t) —
|€;(t)| > er i foralli e {1,...,n} and all t € [0,T). Again
choose ¢ € {1,...,n} arbitrarily and observe that identical
arguments as in Step 4 of the proof of Theorem 3.3 in [6]
(setting v = 1 and €1 ; = £1) show the claim of Step 3.
Step 6: It is shown that Assertions (ii)-(iv) hold true.
For M as in (16), €9 as in (19) and €;; as in (20), 7 €
{1,...,n} define

¢i={(t,m, &) € [0,T) x R*" | Vi€ {0,...,n}:
il < o,i(t) — 0,0 A L&l < r,i(t) — e}

Let D be as in Step 2. If T' < oo then ¢ C D and
contains the whole graph of the solution ¢ — (e(t), é(t)),
which contradicts maximality of the solution. Hence 7' = oo.
Assertion (iii) follows from Step 4 and Step 5. Moreover,
Step 4 and Step 5 with boundedness of () and <1(-) on
R imply that K(-) and K (-) are uniformly bounded on
R>q, respectively. Then, from (15), (A;) and (8), it follows
that w(-) is uniformly bounded on R>(, hence Assertion (iv)
is shown. This completes the proof. |

C. Simulation

For illustration, the MIMO funnel controller (8) with
derivative feedback is applied to the planar two DOF rigid,
revolute joint robotic manipulator depicted in Fig. 2. The
planar (elbow-like) robot has two revolute joints actuated
by w; and wg [Nm], respectively. The links are assumed
massless and have length I; and l5 [m]. Point masses m; and
my [kg] are attached to their distal ends, respectively. Control
objective is position control of joint angles y; and yo [rad]
with prescribed transient accuracy. The mathematical model
of this robot is given by (see e.g. [18, p. 2591f.])

M(y() 4(t) + Cly(0),y(1) 9(t) + g(y(t)) = u(t) 21)

with initial value (y(0),y(0)) = (0,0) and inertia matrix

M: R? 5 R?**% y s M(y) =
|:m1 lf + mo (l% + lg + 21112 cos(y2)), mg(lg + 1112 cos(y2))

ma (12 4 U112 cos(y2)), mol3

] , (22
centrifugal and Coriolis force matrix

C:R*xR? 5 R??  (y,v) = C(y,v) =
|:72m2l112 sin(yz2)vi, —malils sin(yz)vz}

—malyls sin(y2)vy, 0

and gravity vector

g: R =R yeg(y) =
<m1l1 cos(y1) + ma(l1 cos(y1) + l2 cos(y1 + y2)))
malz cos(y1 + y2)

where g = 9.81 [kgm?| is the (rounded) gravity constant. It
is easy to see that the planar robot (21) satisfies Assumptions
(A1)-(Ag). The details are omitted. For simplicity, friction,
gears, disturbances and measurement errors (e.g. noise) are
neglected. The simulation is performed in Matlab/Simulink
using solver ode45 (Dormand-Prince) with variable
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robot (21) mp = Mmyg = 1 [kg], ll = l2 =1 [m],
g =9.81 [m/s?], (y(0),(0)) = (0,0)
reference (Yrer,1(+); Yrer,2(+)) as in top of Fig. 3

initial error e(0) = (7/2, -7 /)7 [rad]®

(MIMO) funnel
controller (8)

M (y) as in (22),

(¥0.i(-), Yo.i()), i € {1,2} as in (4)
with (Ag.1, Ag2) = 5€(0) [rad]?,
(X1, Xo2) = (7/18, w/18) [rad]?,
(T, Tro) = (1.32, 1.63) [s]%,
(A1, Ai2) = (m, ) [rad/s),

So(*) = (Yo,1(), Yo,2(:)),

S1(-) =10 (¥1,1(-), ¥1,2(4))

TABLE I
ROBOT AND CONTROLLER PARAMETERS FOR SIMULATION.

step size (max. 1073 [s]). Robot and controller parameters
are collected in Tab. I. The simulation results for closed-loop
system (21), (8) are shown in Fig. 3. The funnel controller (8)
achieves tracking with prescribed transient accuracy for joint
positions y1(-) & y2(+) and joint velocities ¢1(-) & ya(:),
respectively. Both joint position errors e;(-) & es(-) and
both joint velocity errors é1(-) & éx(-) evolve within the
performance funnel. Since gears are not considered, the
simulated motor torques uq(-) & wuz(-) are seemingly large.
In ‘real world” gears (with ratios > 10) reduce the torque
on motor side.

IV. FUTURE WORK

Future work will focus on i) providing measurement
results, ii) making knowledge of the inertia matrix obsolete
and iii) including elasticity in the mathematical analysis
(i.e. extending the results to nowadays rigid link, elastic joint
robotic manipulators).
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Fig. 3. Simulation results for closed-loop system (21), (8): ——joint 1

and ——joint 2 (from top to bottom: position y1(-), y2(-); position error
e1(+), e2(+); proportional gain ko, 1(-)2, ko,2(-)?; speed error é1 (), é2(-);
derivative gain ko,1(-)k1,1(-), ko,2(-)k1,2(+) and torque w1 (-), u2(-)).
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