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Abstract— This paper presents a dual layer approach for
robust fault tolerant estimation of nonlinear processes using a
combined adaptive extended Kalman filter and fault detection
and filter reconfiguration. From the one hand, the filter is made
robust in face of environment uncertainty using adaptive filter-
ing. To this end, the filter identifies the measurement covariance
by means of recursive estimation, upon which the adaptation
relies, to suppress the effect of sporadic variations in the quality
of measurements as well as compensates for incipient sensor
faults. From the other hand, fault monitoring is continuously
applied to the filter’s innovation in an attempt to initiate filter
reconfiguration when the adaptation mechanism alone is not
able to overcome the failure situation. The discussion of the
results is embedded in the application framework of state
estimation of a batch distillation process.

I. INTRODUCTION

An impressive number of references in the literature has

been devoted to state and parameter estimation techniques for

linear and nonlinear systems. When selecting from the range

of feasible estimation methods to the solution of a particular

estimation problem, at least two fundamental properties of

the dynamical system at hand have to be properly appreci-

ated. They are the phenomena of modeling uncertainty and

the nature of the exogenous disturbances. These properties, in

the most cases, may determine whether one can formulate the

estimation problem in linear or nonlinear and in deterministic

or stochastic settings. Different approaches provide different

answers to the treatment of the problems.

Based on the simplifying assumptions that (i) modeling

uncertainty can be safely disregarded and (ii) the disturbance

statistics of the system is reliably known (i.e., it can be

modeled as a Gaussian random process with known mean

and covariance), for state estimation in linear systems the

traditional Kalman filter (KF) has been unrivaled for decades.

This is because of its optimality and robustness and the

relatively simple model of implementation that makes it a

feasible solution on many platforms.

When it came to state estimation for nonlinear systems, the

corresponding nonlinear filter is obtained by straightforward

extension of the linear solution, resulting in the formulation

of the extended Kalman filter (EKF) [1], [2]. Beyond doubts,

in spite of its varying performance in terms of estimation

accuracy, ease of implementation, robustness, and computa-

tional burden, the EKF still dominates the nonlinear state and
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parameter estimation techniques [3]. There are two discerned

application domains where EKF attracts distinguished atten-

tion. Process control and chemical engineering are motivated

by the simple implementation and the favoring behavior

of EKF in the presence of smooth nonlinear dynamics.

Localization and mapping, including dynamic map building

technologies, to estimate the state vector containing both

the pose (position and orientation) of a mobile unit and

the landmark locations of the infrastructure, is another area

where EKF has become ultimately popular in the past years,

see [4], [5], [6], [7].

Quite interestingly, the most successful applications of the

above characterized target fields reveal that the EKF solu-

tions are unsustainable in certain areas. EKF approximates

the state distribution as Gaussian random variable (GRV) and

can handle only a limited amount of nonlinearity. This is one

of the well-known limitations of the traditional EKF that it

linearizes the nonlinear model in a way that the traditional

linear KF can be applied. The linearization is based on first-

order Taylor method, which approximate, at every time step,

the nonlinear state transition and observation equations about

the estimated state trajectory, with a linear time varying

(LTV) system. This approach is problematic from not a single

point of view. First, the linearization tends to introduce large

errors and even cause instability of the filter.

Not paying attention to rudimentary system variations,

moreover, stability issues may potentially happen when the

noise covariances increase and/or change, as compared to the

dynamics of the system. Sporadically changing intensity of

measurement noise due to communication nonperformance

of the sensor network, e.g., is an issue both in advanced

process control and localization applications [7], which are

increasingly implemented as distributed operations.

Another distinctive attribute is that the filter is required

to converge to the actual state even when it is initialized

with partially known initial conditions. This is an important

feature (both in process control and localization), because

the filter’s operation, more or less frequently, is subject to

reset and resume, regularly. Reset mode, sometimes, is an

inherent feature of the operational strategy of the filters [7].

This is to be done in a process environment where the initial

conditions are rarely known. In these situations traditional

EKF is difficult to tune, its convergence time may be varied,

the resetting conditions and the Jacobian can be hard to

derive.

There have been a few innovations of the EKF in the past

decade. Though particle filters (PFs), (i.e., another nonlinear

derivative of the KF), can handle arbitrary distributions and
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Fig. 2. Temperature measurements available at individual column trays

provide analytically redundant set of measurements.

the use of state estimators, which are based on secondary

temperature measurements.

Batch distillation, as well as continuous distillation, is

a complex, high-order nonlinear process, whose dynamics

varies over time. There have been deterministic [15] and

probabilistic modeling approaches [13], [16] used to state

estimator design for batch columns.

A. Formulation of the filtering problem

The batch distillation process and its sensory system, in

their nominal representations, are modeled as a nonlinear dy-

namical system described by ordinary differential equations

ẋ(t) = φ(x(t), u(t)), (1)

ϕ(t) = h(x(t)). (2)

For a special case this can be written in state space form by

means of the set of state and observation equations affected

by additive noise

ẋ =

m
∑

i=1

gi(x)ui + wi, (3)

ϕi = hi(x) + vi, 1 ≤ i ≤ p, (4)

where x ∈ R
n, u ∈ R

m, ϕ ∈ R
p denote the state, the input

and the output of the system. The noise w(t) and v(t), which

affect the system and measurement equations, respectively,

are considered zero-mean Gaussian white noise independent

of each other as well as of x(0). Let Qi and Ri denote the

covariance matrix of vi and wi for all i, respectively,

Qi = E{vkv
T
k }, Ri = E{wkw

T
k }. (5)

Our objective is to construct a statistical filter, which is robust

to the variations and changes of vi(t), in an attempt to give

an estimate x̂ of the state x, which is a GRV of (3), assuming

the process is observable by all, or by some combination of

the available measurements.

B. Column models and model validation

High definition nonlinear models for batch distillation

processes have been available in the literature from many

sources for years, see e.g., [17]. They typically consist of

a large number of coupled nonlinear differential equations

describing the variation of compositions along individual

column trays based on the tray’s thermodynamics and hy-

draulics, and models of the condenser and the reboiler be-

haviour by taking energy and material balances, liquid hold-

ups, vapor and liquid flow-rates etc. into consideration. High

definition models are indispensable tools for the analysis,

however, they are overly complicated for controller and filter

synthesis because of the implied computational complexity

of the implementation. Therefore, filter design necessitates

a simpler representation, which still captures the essential

parts of the dynamics of (3).

Though, a high definition model, similar to the one pub-

lished in [17] was used for validation purposes, a simple

representation of (3) for two components mixtures of batch

distillation was developed for filter synthesis. In the follow-

ing part the simplified model is given, the more complex

high definition model is not detailed. The interested reader

is directed to [17].

The state variables are the liquid compositions of the

individual stages (stills and trays), i.e., xi = cℓi. Since,

for a system of nc components
∑nc

i cℓi = 1, it suffices

to consider nc − 1 state variables at each stage, because the

composition of the nth
c component can always be obtained

by simple subtraction. In modeling we relies on the following

simplifying assumptions.

The process is driven by the reflux rate as input, which is

given as

u =

[

L

V

]

,

where L and V are the liquid and the vapor flow rates,

respectively. We consider equimolal overflow (i.e., Lj = L

for 1 ≤ j ≤ n and Vj = V for 2 ≤ j ≤ n) and theoretical

stages with negligible vapor and constant liquid hold-up Mj

for 1 ≤ j ≤ n−1, moreover, constant pressure and negligible

drum reflux hold-up.

Then, the simplified nonlinear state space representation

of (3) with x ∈ R
n and nc = 2 subject to noise is written as
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(6)

where the section index j = 1 stands for the condenser,

j = n for the reboiler and (j = 2 . . . n−1), for the column

trays dynamics.

The mole fraction (composition) of component ci in the

liquid and vapor of stage j is denoted by xj and yj ,

respectively. The system state is not directly observable.

The observed process variables are the tray temperatures
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(ϕi = Ti). The measurement system, similarly to (7), is

modeled as the function h(x) of the state vector corrupted

by measurement noise, i.e.,

T = h(x) + v. (7)

The nonlinear relationship h(x) between temperature and

composition can be obtained from the vapor-liquid equilib-

rium (VLE) equations. Since the system pressure and the a

priori composition estimates are known, this can be given by

solving the bubble-point temperature problem for each stage

in the following way. The mole fractions xj , yj of component

ci in stage j, in equilibrium, can be represented by the

thermodynamic model described by the modified Rault’s law

yj = γj xj

(

pVj

p

)

, (8)

where γj are the activity coefficients calculated from the

Wilson equation, see [18], and p is the column pressure

which is assumed constant in our case (i.e., atmospheric

distillation). The tray vapor pressure pVj is defined by the

Antoine vapor-pressure correlation equation Tj = ψ pVj ,

see [18]. Realize that the thermodynamics of (8), together

with the VLE condition
∑nc

i=1
yi = 1, give the equilibrium

temperatures in (7) as the function h(x) for every tray. The

accuracy of process model (6) was validated against the high

definition model.

C. Filter synthesis

The process, depicted on Fig. 1, consists of ten separate

distillation stages, i.e., 8 column trays plus the reboiler

and a total condenser as usual. Trays are identified by the

parameter NT, which has the value 1 . . . n. The control-input

is the reflux of liquid flow rate which acts on the plant.

The sensor outputs used for control and estimation purposes

are the temperature data of the column trays. There is one

temperature measurement available for each tray.

The instrumentation includes temperature sensors of vary-

ing quality. The reliability of individual sensors is frequently

inadequate to satisfy the reliability requirements of this

type of industrial processes. Due to the coupled nature of

the nonlinear dynamics, however, these sensors provide a

redundant set of measurements upon which the estimation

and control of the process can be based. It is known from

the literature that the n-component distillation process is

considered observable if at least n temperature measurements

along column trays are available for filter synthesis. For

the proof of this condition, see [19]. In cases when more

than n measurements may be used, the performance of the

estimator may improve. In this paper the case of using the

minimum necessary number of measurements is taken into

consideration, i.e., two of the 10 available temperature mea-

surements are used for filter synthesis. Due to the availability

of redundant sensors, the estimation of a particular state of

the global state vector of the system can be accomplished

relying on various different measurements.

In the following part of the paper the core filtering

algorithm is considered as the extension of the standard linear

(Kalman) filter, which can be characterized briefly as follows.

Let the estimate and its covariance provided by the filter be

represented with x̂ and P . Since the system is not linear, the

Riccati matrices that attempt to approximate the a priori and

the a posteriori covariances are defined, respectively, as

Pk|k−1 ≈ E{ek|k−1 e
T
k|k−1}, and Pk|k ≈ E{ek|k e

T
k|k}.

The filter is initialized with xo|o = xo and Po|o = Po, and

then operated recursively performing a single cycle each time

a new set of measurements becomes available. Each iteration

propagates the estimate from the time the last measurement

was obtained to the current time. The propagation process

consists of two stages: update and prediction as usual. The

update equations are responsible for the feedback, i.e., for in-

corporating a new measurement set into the a priori estimate

to obtain an improved a posteriori estimate. The a posteriori

state estimate x̂k|k is computed as a linear combination of an

a priori estimate x̂k|k−1 and a weighted difference between

an actual measurement ϕk and a measurement prediction:

x̂k|k = x̂k|k−1 +Kk

[

ϕk − h̄(x̂k|k−1)
]

, (9)

Kk = Pk|k−1H̄
T
k

(

H̄kPk|k−1H̄
T
k +Rk

)−1
, (10)

where H̄k is the Jacobian matrix of partial derivatives of

h(x) with respect to x. The covariance matrix is updated by

Pk|k = (I −KkH̄k)Pk|k−1. (11)

The prediction equations are responsible for projecting the

current state and error covariance estimates forward to obtain

a priori estimates for the next time step. The state and

covariance matrix in the next sampling instant are estimated

by

x̂k+1|k = f̄(x̂k|k, uk), (12)

Pk|k+1 = F̄kPk|kF̄
T
k +Qk,

where F̄k is the Jacobian matrix of partial derivatives of f̄(x)
w.r.t. x.

III. FAULT TOLERANT FILTER SYNTHESIS

Fault tolerant filtering in this paper is approximated in

a dual layer approach, meaning that, from the one hand,

the filter is attempted to make robust against measurement

drop-outs and excessive variations in the input signals by

means of recursive estimation of the noise covariance. To

this effect, real-time correction of the filter gain, based on

the actual characteristics of the noise, suppresses the effect

of sporadic variations in the quality of the measurements as

well as compensates for slowly worsening sensory condi-

tions and incipient sensor faults. From the other hand, fault

monitoring is continuously applied to the filter’s innovation

in an attempt to initiate a filter reconfiguration action when

the adaptation mechanism alone is not able to overcome the

failure situation.
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A. Estimation of the noise covariance

The idea of using adaptively tuned EKF to increase

estimation accuracy and robustness against system modeling

errors and variations in the driving noise by means of real-

time estimation of the covariances R and Q is not new. There

have been many different adaptation schemes developed

in the past years. The idea in a classical approach was

presented in [20] and [21], which is known as the Maximum

Likelihood Estimation (MLE) that have been used in various

forms in many applications. Another variants are the multiple

model and the covariance matching method that try to make

the elements of the online estimates of the innovation (or

residual) covariances consistent with their reference values

as calculated by the state estimator. The idea is that the

innovations (residual) covariance should correspond to its

reference form by modifying Q and R until they matches.

For further details of the adaptation techniques, see [2].

The method adopted in this work relies on the evaluation

of the residual sequence rk = ϕk − Hkx̂k|k that can be

derived from (9) in a straightforward way. One difficulty of

the residual-based approach is that positive definitiveness of

R is to be additionally ensured. One method to achieve it

is through the application of the side condition presented in

[22]. Application of a similar approach for the enhancement

of GPS-signal based navigation was reported in [23] and

[24]. Using the above considerations the estimated value of

the covariance R at time k is given as

R̂k = Ĉν̄ +HkP̂kH
T
k , (13)

where the estimated variance of the residual covariance in a

moving window of size m is calculated as

Ĉν̄ =
1

m

m
∑

i=1

rk−i r
T
k−i. (14)

Then, the estimated value of R is used in the measurement

update (9) at time k+1 by adaptively recalculating the filter

gain K according to the varying noise conditions.

B. Fault detection and filter reconfiguration

The idea of fault tolerance is based on the detection of

the abnormal signal behavior and the proper selection of the

measurement signals. In case a particular measurement gets

faulty and the fault is detected the faulty sensor is replaced

with a healthy one in real-time in an attempt to restore the

unaffected operational mode of the filter, instantaneously.

In contrast to filter adaptation, which is a residual-based

method as seen in (13)-(14), the idea of fault detection

relies on the filter’s innovation as follows. The innovation

ρk = ϕk − Hkx̂k|k−1 is known to be a white sequence if

the linear Gaussian condition for the measurement noise is

reasonably true. Detection of the abnormal (faulty) behavior

of the measurements, therefore, can be based on standard

whiteness tests carried out on the innovation ρ(t). In this

paper the Normalized Innovation Squared (NIS) statistic is

applied for this purpose that was defined in [25] in the form

Ψ = ρTk S
−1

k ρk, (15)
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Fig. 3. Dual layer fault tolerance scheme based on (i) adaptive tuning of

the filter gain and (ii) sensor fault detection and filter reconfiguration.

where the innovations covariance matrix is calculated as

Sk = Hk Pk|k−1K
T
k +R. (16)

Since the statistic of (15) generated by the white nose driven

filter’s innovation follows a χ2 distribution the test if Ψ
falls outside a confidence region for a χ2 random variable

provides an indication of a fault in the sensory system when

its value is compared to a threshold. In order to minimize

false alarm rate of the detector, on account of the overly

sensitivity to outliers and non-consistent measurement data,

the test is evaluated along a sliding window over the values of

(15) that results in the test statistic calculated in the particular

time k as

Jk =

k
∑

i=k−ℓ

Ψi

ω
with ℓ = ω − 1, (17)

where ω is the length of the moving evaluation window.

Then, the windowed variable Jk is used as a means for

triggering filter reconfiguration, i.e., for deciding whether the

current filter applied during time k should be further used

for time k + 1, or to choose an alternative filter that can be

obtained by the replacement of the erroneous measurement.

During measurement switching, the information, i.e., the

current state and covariance estimates contained by the

filter in the last time step is forwarded to the new filtering

setup. For measurement replacement a 2-of-the-N selection

algorithm is applied, which, quite intelligibly, prefers opting

the least neighboring healthy signal from the set of available

N redundant measurements.

IV. EXPERIMENTAL RESULTS

A. Pilot plant and experimental scenario

The laboratory equipment G.U.N.T. CE-600 distillation

column unit, used for engineering education, served for

the purposes of the pilot. Temperature measurements were

available at 10 different locations of the column, see Fig. 2

(eight at the trays and two at the condenser). The column was

equipped with pressure transducers to measure the relative

pressure between the top and the bottom of the column.

The reflux ratio was controlled by means of the actuation

of an electromagnetic valve. Two additional actuators, one

for controlling the water flow-rate at the condenser and the

other for controlling the absolute pressure, were also part of

the plant. A flow meter gave access to the water flow-rate
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Fig. 4. From top to bottom: a) Filter temperature measurements subject to

nuisance variation of the input noise cropping up at time 120. b) Residual

errors of the EKF. c) J statistic of individual filters when triggered by the

violated threshold of the residual error. d) Estimations’ accuracy. (red: EKF,

green: adaptive EKF, blue: adaptive EKF with filter reconfiguration, dotted

black: simulated fault free process behavior).

at the condenser. The plant instrumentation was connected

with a computer and controlled by a process supervision and

data acquisition software.

Distillation experiments with ethanol and water mixtures

have been performed. Relying on [19], which concluded

that the composition variables of the distillation (7) are

observable from the measurement system if the number of

temperature measurements is at least equal to nc − 1, the

two component observation matrix was composed of the

measurements T5 and T7.
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Fig. 5. From top to bottom: a) Temperature measurements of the filter,

which is subject to a measurement bias appearing at time 150. b) Residual

error of the EKF. c) J statistic of individual filters when triggered by the

violated threshold of the residual error. d) Estimations’ accuracy. (red: EKF,

green: adaptive EKF, blue: adaptive EKF with filter reconfiguration, dotted

black: simulated fault free process behavior).

B. Simulation results

Based on time series data obtained from real plant mea-

surements the filter calculations were performed in Matlab.

The filter behavior in the incidents of abnormal input signals

was investigated in various experimental scenarios. In this

paper the performance of three different filtering solutions,

namely, (i) the normal EKF, (ii) the adaptive EKF and (iii)

the fault tolerant adaptive EKF in response to two typical

sensor flaw scenarios are illustrated by the simulation results

in a comparative way. In Scenario 1 the effect of nuisance

input signal variations and incipient sensor faults is studied.

To this end, moderate increase in the measurement noise
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covariance was applied to one of the filter’s input at time 120

in the simulations. In Scenario 2 a continuous bias, as another

typical abnormality of the sensory system, was formed by

adding a constant term to the measurement, which entered

the system at time 150. Simulation results comparing the

performance characteristics of the three filtering solutions

are shown in Figs. 4 and 5. It can be seen how the

particular filtering approaches affect estimation accuracy in

the presence of the two fault scenarios. While the standard

EKF estimate fails to follow the real state almost inmediately

subsequent to the fault injection time the adaptive filter is

capable to compensate the fault effect very nicely and the

adaptive filter extended with the fault tolerant mechanism

become nearly insensitive to the introduced abnormalities.

V. CONCLUSIONS

In this paper a dual layer approach to the robust fault tol-

erant estimation of nonlinear processes is presented. The im-

plementation and performance of the standard EKF solution

in comparison with the adaptive and a fault tolerant adaptive

EKF schemes, which make up the two operational modes of

the filter in a complementary way, were comparatively stud-

ied. The filter algorithms were applied to state estimation of

a pilot plant of batch distillation process based on the column

time series data. The results confirmed convincingly that the

adaptive EKF is capable to increase robustness of the filter

against nuisance variation of the measurement signals and,

extended with a fault reconfiguration mechanism, enhance

estimation accuracy, significantly.
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