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Practical dwell time approach for stability analysis of hybrid systems

Ewelina Seroka and Lestaw Socha

Abstract— The problem of the practical p-th mean stability
of a class of stochastic nonlinear and time dependent linear
hybrid systems with practically p-mean stable and unstable
structures is considered. Sufficient conditions for the practical
p-th mean stability under the stabilizing switching signal using
Lyapunov techniques, the practical average dwell time and
the practical dwell time approach, are derived. Three cases
including the existence of the single Lyapunov function, the
multiple Lyapunov function and the single practical Lyapunov—
like function, for the practical p-th mean stability are discussed.
The obtained results are illustrated by an example.

I. INTRODUCTION

The stability of stochastic dynamic systems is one of the
basic fields in the control theory. Several stability definitions
and groups of methods were developed since last 60 years.
Mainly the authors were used the Lyapunov definitions and
methods modified for stochastic dynamic systems. Since the
Lyapunov definitions are sometimes not useful for stability
analysis of real physical systems La Salle and Lefschetz
[1] proposed for deterministic systems so called practical
stability. A modification of this idea, namely finite time sta-
bility, was first proposed for stochastic systems by Kushner
[2]. Both ideas were developed by many authors since last
40 years for both deterministic and stochastic systems. The
obtained results were successively reported in survey papers
and monographs, for instance in [3], [4].

In the case of stochastic dynamic systems usually the
practical stability in probability and the practical p-th mean
stability were considered, see for instance, [10], [8], [9], [7].

Some authors in their studies [10], [8], [9], used the
methodology of comparison principle, i.e. they considered
parallel with the discussed nonlinear stochastic differential
equation an auxiliary nonlinear scalar deterministic differ-
ential equation. They formulated sufficient conditions of the
practical stability using parameters of the auxiliary system
in such a way that from the practical stability of the null
solution of the auxiliary system it follows the corresponding
practical stability of the null solution of considered stochastic
system.

Another approach was proposed by Michel and Hou [7],
who considered linear stochastic differential equation. The
authors found the corresponding differential equations for
first and second moments and next applied the standard
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criteria of the practical stability for deterministic linear
differential equations.

Recently the analysis of the practical stability was also
developed for switched or hybrid systems. In the case of
deterministic systems it was done, for instance by Xu and
Zhai [5], Xu, He and G. Zhai [6], while for stochastic
systems by Yin, Zhang and Zhu [11], Sathananthan and Keel
[12].

In this paper, the problem of the practical p-th mean
stability of a class of stochastic nonlinear and time dependent
linear hybrid systems with stable and unstable structures is
considered. Sufficient conditions for the p-th mean prac-
tical stability under the stabilizing switching signal, using
Lyapunov techniques, the practical average dwell time and
the practical dwell time approach are derived. Three cases
including the existence of the single Lyapunov, the multiple
Lyapunov and the single practical Lyapunov-like functions
for the practical p-th mean stability are discussed.

II. MATHEMATICAL PRELIMINARIES

Throughout this paper we use the following notation. Let
|| be the Euclidean norm. By A(A) we denote the eigenvalue
of the matrix A, Apin(A) and Apax(A) denotes the smallest
and the biggest eigenvalue of the matrix A, respectively. We
denote by A7 the transposition of matrix A. We mark T =
[to,0), to > 0. Let = = (Q, F, {Fi}+>0,P) be a complete
probability space with a filtration {F;};>o satisfying usual
conditions. Let w(t) = [wi(t),...,wn(t)]T, t > 0, be
the m - dimensional standard Wiener process defined on
the probability space =. Let o(x(¢)) : R® — S be the
stochastic state-dependent switching rule, S = {1,..., N}
is the set of states. We denote switching times as ¢y, ¢, .. ..
We also assume that there is a finite number of switches on
every finite time interval. Processes wy(t) and o(x(t)) are
both {F;};>0 adapted. We say that a proper function V' :
R™ xS — R, twice differentiable with respect to x € R", is
a Lyapunov function if V(0,1) =0 and V(x,]) >0V x # 0
for [ € S. We also use a Lyapunov function V : R" — R, if
V(x,1) = V(x) VI € S. For simplicity of notation, instead
of o(x(t)) we write o(x).

We consider the nonlinear hybrid system with multi-
plicative excitations described by the vector Itd differential
equation

dx(t) = £(x(t),t, 0(x))dt + 37511 Gr(x(t), 0(x))dwi(t),

X(to) = X0, O’(Xo) =0y,

(D
where x e R", t e T,f: R"XTxS - R*, G, : R*" xS —
R™ k=1,...,m, Xg € R" and oy € S are initial values.
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We assume that the solution x(¢) exists and is almost
surely continuous.

As a special case we consider the linear hybrid system
with multiplicative excitations described by the vector Itd
stochastic differential equation

dx(t) = A(t,o(x))x(t)dt + Z Gr(o(x))x(t)dwg (1),
k=1

x(to) = X0, 0(%0) =00, (2)

where x e R*", t € T, A:TxS — R*"", Gy : S — R"*",
k=1,...,m, xg € R" and oy € S are initial values.

For any twice continuously differentiable function ¢(-,1)
the [-th process of the hybrid system (1) has a generator EEI)
(Ito6 operator for the [-th subsystem of the system (1)) given
by

LV d(x,1) = 7 (x(t),t,1) Vo (x,1) +

%Ztr(Gk(l,x)Gk(l,x)Tv%(x,l)), les, @)

k=1

where V and V2 denote the gradient and Hessian, respec-
tively. For simplicity we use the notation x(t,o(x(t))) =
x(t).

In particular case for the linear hybrid system (2) the
generator 42) (Itd operator for the [-th subsystem of the
system (2)) is given by

LPo(x,1) = xTAt, )T vp(x,1) +

1 m
3 D tr(Gr(l)xx"Gr()TV?é(x,1)), 1€S. (4)
k=1
We use the following definitions of the p-th mean expo-
nential and the practical stability.
Definition 1: The trivial solution x = O of the hybrid
system (1) is said to be p-th mean exponentially stable

if there exists a pair of positive scalars «,c such that
V(xp,t0) € R™ x Ry

E[|x(t, X0, t0)|?] < cE[jxo[Ple ")t >, (5)

In the case of p = 2 it is called mean-square exponentially
stable.

Definition 2: [7] The stochastic process x(¢, o (x)) satis-
fying equation (1) is said to be practically p—th mean stable
(p > 0) with respect to subsets (A1, Ag,t9,T), Ay C Ay if
there exists a pair of positive real parameters (4,7), § < 7y
such that for any initial data (xg,00) € R™ x S satisfying
xp € Ap = {x: |x|P < o7}

ju%)E [[x(t,0(x))P] € Ag = {x: |x|P < ~+P}. (6)

€
The process that is not practically p-th mean stable is said
to be practically p-th mean unstable.

Definition 3: The Lyapunov function V' (x) satisfying

LPV(x) < —kV(x), VIES 7

for a constant x > 0 is a common Lyapunov function for the
hybrid system (2).

978-1-4673-2529-5/12/$31.00 ©2012 |IEEE

Definition 4: The Lyapunov function V' (x) satisfying
LPV(x) < =KV (x) ®)

for a constant £ > 0 and some switching rule o is a single
Lyapunov function for the hybrid system (2).
Definition 5: The Lyapunov function V(x, o) satisfying

LOV(x,0) < —kV(x,0) )

for a constant £ > 0 and some switching rule o is a multiple

Lyapunov function for the hybrid system (2).

We formulate sufficient conditions of the practical p-mean

stability for the stochastic nonlinear systems using for the

l — th subsystem the Lyapunov function in the following

form i
Vi(x, 1) = [x"H(l)x]*,

€S, (10)

where H(!) are real valued symmetric positive-definite nxn
constant matrices. Let us denote

(Pmax(H(D)\ 2
"= (Ammm(z») (b
and .
5 </\M'AX>2 7 (12)
AMIN

AMAX = W;LE(ISZ'/\WL(;@(H(Z))’ AMIN = %gAmin(H(l))' In

the case, when V (x,1) = V(x) = [x"Hx| % forall [ €S,

we denote .
U= )\max(H) 2 )
)\min(H)

Theorem 1: [14] [ — th subystem of (1) is practically p-
mean stable with respect to (A1, Az, t9,T), A1 C Ay, if there
exists the Lyapunov function defined by (10) and a Lebesgue
integrable function x;(t) on T, satisfying conditions

(i) LPV() <kt)V(x), ¥eT, x€ A,
(1) 0Py, exp{jz) m(s)ds} < AP, Vt €T, where y
is given by (11).
Proof: For V(x,1) = (xTH(I)x)%, p > 0, we have

(13)

N

P HD)XP < V() < MaxHO)xP. (14
From assumption (i) it follows
d
ZEV ] < m(OEV (). (15)
Then
t
E[V(x)] < E[V(x0)] exp {/ Hl(s)ds} . (16)
to
From (14) and (16) follows that
Arnax(H(l)) 5 ftto Kki(s)ds
Bx(0P] < Elxl] (220 ) o an
Hence from (17) and assumption (ii) it follows, that
E{lx(®)[P] <~ (18)
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It means the solution x(¢) of the nonlinear [ — th subsystem
(1) is practically p-th mean stable. O

Following the methodology, introduced in [16], for de-
terministic hybrid systems we assume that the hybrid state
space is partioned into regions €2;,/ € S, and | J;cc 4 = R
In each region €;,] € S, a scalar function V'(x,[) in form
(10) is used.

Now, we introduce definitions and theorem which will be
useful in the study of practical p-mean stability of stochastic
linear hybrid systems.

For non-hybrid systems, given as follows

x(t)dt + Y Grx(t)dwy(t),

dx(t) = A(t) x(to) = X0,
k=1
(19)
where x € R™, t € T, A, G, are n X n matrices, k =
1,...,m, xo € R™ is an initial value, the following theorem

holds.

Theorem 2: Let us assume that there exist a symmetric
positive-definite n x n constant matrix H, a Lebesgue inte-
grable function a1 () < 0 for all t € T and positive constants
ag,ag, such that for (x,t) € {R™ x T} the following
inequalities hold

m

1
(i) xTHA (t)x + 5 > x"GIHG:x < oy (t)x"Hx, (20)
k=1
(i4) asxTHx < XTHZ Gix| < asx"Hx. (21)
k=1

t
(#i1)  oPv exp{—/ ﬁ(s)ds} <A~P, VteT (22)
to

where

o[ plll- (2 -
® {p|a1<t>| 2
(23)

and v is defined by (13). Then the solution of the system
(19) is p-th mean practically stable for p defined in (23).
The proof of this theorem follows from the proof of Theorem
1 and considerations given in [14] (Corollary 4.6, p.131). O

Corollary 1: In particular, when we assume that v§? <
~P and the Lebesgue integrable function aj(t) < 0 is
bounded by a constant &; < 0 ie. @ < aj(t) < 0, then
k(t) defined by (23) is also a constant

2 <p< 242l

1) a3] (a3)?
O0<p<2

L pllel = (5-1)a3] 20 for2<p<2+20fy
plar] >0 for0 <p<2
(24)

and the hybrid system (2) is p-th mean practically stable.
To stabilize hybrid systems in the case of multiple Lyapunov
functions, some authors have introduced a special case of
switching rule so called the switching with the average dwell
time T4pr [13], [15].

We modify this approach to the case of practical switch-
ings with the limited average dwell times.

Wi
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Definition 6: We assume that the intervals between
switchings are bounded by a practical interval tp.qc > 0

called practical dwell time, i.e.
1=1,2,... (25)

Let NE™%¢(s,t) be the practical switching number of o on
the interval [s, t), then

tiv1 — i 2 tprac,

t—s

Ng’ruc (S, t) S (26)

prac

Definition 7: For a given t,,,. > 0 and any given o, t >

s > tg, let NP™*¢(s,t) be the practical switching number of

o on interval [s,t). For any given Ny, 0 < Ny < Nyq, and
TADT praec > 0 set S[TADTp,aLaNO] = {0‘ Nm'ac(s t)

,Vs,t € T, t > s}. Then Tapr,,,. and Ng

are called the practlcal average dwell time and the chatter

bound of S[TapT,,,., No), respectively. For a given oP"%¢ €
S[TaApT,,005 No), the constant 7,y determined by

7—leT,DmC = maz {tprac; TApr} 27
is called the practical average dwell time of oP"“¢, where
1 NEPrec(s, t) — N,
—— = sup sup sup M. (28)
TADT  s>to t>s NE™°(s,t)>No t—s

Remark 1: In fact, for any given 0 < Ny < N4z, the
average dwell time 74p7 > 0 in Definition 7 is the infimum
of the average dwell time 7%, of all o € S[Tapr, No] and

we obtain
— s

NPrec(s,t) < Ny + (29)
TADT

III. MAIN RESULTS

Now we discuss three approaches of the determination
of sufficient conditions for the p-th mean practical stability,
using Lyapunov techniques, the practical average dwell time
and the practical dwell time approach. In particular we
consider three cases including the existence of the single
Lyapunov, the multiple Lyapunov and the single practical
Lyapunov-like functions.

A. Single Lyapunov functions

In this case we use a single function V' i.e. V(x,[) =
for all [ € S.

Criterion 1: Let us assume that the following conditions
are satisfied

V(x)

(1) there exist a common symmetric positive-definite
constant matrix H, a Lebesgue integrable function
a1 (t) <0 for all ¢ € T and positive constants aa, as,

such that
xTHA(t,1)x i (DHG()x
- a1 (H)xTHx,  (30)
ax'Hx < [xTH zm: Gr(Dx| < azxHx, (31)
forkje Q, VIeS, teT,
(i) Upes i =R",
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(iii) 5pz/exp{ ft ds} < ~+P, Vt € T, where
k(t) > 0,t € T, and v are defined by (23) and (13),
respectively.

Then the control given by the stabilizing switching rule
o e ={0: (cx(t) =1) = (x(t—) € )}

together with the practical dwell time ¢,,,.,. makes the hybrid
system (2) p-th mean practically stable for p defined in (23).

Proof: For the Lyapunov function V(x) = (x”Hx)%
applying the Itd operator to the [-th subsystem one can obtain

LYV (x) =p
(xTHA(l)x + % zm: xTGg(Z)HGk(l)x>

k=1

(32)

(xTHx)2 ! x

4o (2-1) THEIRTHY xR, 69

2
k=1

where the operator EEZ)() is given by (4). Let us take 0 = o*
defined in (32). Then simple calculations gives us

E(JZQV(X)S—p(|a1()|—(f )ag)V(x), les.

(34)
Hence we obtain
d

ZEV )] < —r(OE[V ()], (35)

where k(t),t € T, is given by (23).
Further proof is similar to the proof of Theorem 1. Function
V is a single Lyapunov function for the hybrid system (2)
under the switching o* € ¥. O

Remark 2: Note that if the following condition

Q =R" (36)

is satisfied for some [ € S, then [-th subsystem of (2) is p-th
mean practically stable for corresponding p. In a particular
case when condition (36) is satisfied for all [ € § all
subsystems of (2) are practically stable for some p. Since the
switching o* € X is any switching rule and V' is a common
Lyapunov function for system (2), the hybrid system (2) is
practically stable for any switching rule for some p.
Corollary 2: In particular, when we assume that v6P <
~P and the Lebesgue integrable function a4 (t) < 0, t € T,
is bounded by a constant a3 < 0ie. a3 < ay(t) <0,t €T,
then k(t) defined by (23) is also a constant given by (24)
and the hybrid system (2) is p-th mean practically stable.

B. Multiple Lyapunov functions

Similarly to the previous case we can find the p-th mean
multiple Lyapunov function for the hybrid system (2) under
the stabilizing switching rule o*.

We can formulate the following criterion.

Criterion 2: Let us assume that the following conditions
are satisfied

(1) there exist symmetric positive-definite constant ma-
trices H(1),l € S, a real Lebesgue integrable function
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aq(t) < 0 for all ¢ € T and positive constants vz, as,
such that

xTH()A(t,1)x + % > xTGL(H1)Gr()x <
k=1
<o(t)xTH()x forxey, VIeSteT, 37)

X ZGk

< asxTH(l)x for x € , v l €S,teT, (38)

arxTH(l)x <

(i) Upes St =R
(iii) 675N min {y Torac et *H(S)ds7 1

k(t) > 0 for all t € T and v are defined by (23) and
(12), respectively.

< ~P, where

Then the control given by the stabilizing switching rule

o e ={o:(ox(t) == x{t-)eQ)} (39

together with the practical average dwell time TX}JTWQC
given by (27) makes the hybrid system (2) p-th mean
practically stable for p defined in (23).

Proof: Let us consider the Lyapunov function as follows
(x"H(0)x)*,

Vi(x, o) = (40)

which in general is not continuous in switching times ¢;. We
have the following inequality

Mwlxl? < Vo) < Mgl @

From (41) it follows that
H() <vH(j) Vi#je€S. (42)
Let us take the switching rule of the form o = o*

given by (39). When ¢t € [t;,t;+1) and o*(x(t)) = I*,
V(x,0*) = V(x,0*) in [t;,t;41) is continuous and the
following inequality holds

E[V(x(t),0" (x(1)))] <
E[V (x(t:). o (x(t:)) Jelto ~**, 43)
where k(t) is the same for all [ € S and is given by (23).

From (42) it follows that at switching times ¢, the follow-
ing inequality holds

V(x(tr), 0" (x(tr))) < oV (x(tr—), 0" (x(tx—))). (44)
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These observations gives us

E[V (x(ti41), 0" (x(ti11))] <

<R[V (x(tit1-), 0" (x(ti+1-)))]
< B[V (x(t;), 0" (x(t:)))] exp { /t | v —/i(s)ds}
<

IV (x(ti—), 0" (x(ti—)))] exp { / —n(s)ds}

t;

< PE[V (x(ti-1), 0" (ti-1))] exp {/ti —N(S)ds}

exp {/tt+ —K(S)ds} <...<
e OBV (o), 0" (o) exp { [ “n(s)ds}.

Hence, for any ¢ > t;, we obtain the following inequality

B[V (x(t), 0" (x(1)))] <
E[V (xo, 08)]7No" tot) exp { /t —ﬁ(s)ds} .

We assume that instead of N, (to,t)
NPI*(tg,t) and we assume that

(45)

we consider

t—to

NP (to,t) < No + ——, (46)
TADTyrac
where Tz*DTpmc was defined in Definition 7, i.e.
TZ;DTWQC = maz {tprac, Tapr}-
Let us choose an integer Ny > 0, 6 = 7No such that
o Ino(t—t
TApT = 77 i(s)gi'
to
Then
eN(tU,t) In D—ftto k(s)ds <
~ (t—tg) In o t ¢
eNolnw, oo {6 tp?‘u,c ’ effo n(s)ds} efto —K(s)ds @
=0 min {Vf;;loc ef:b 7K(S)ds7 1} = N(to, t,tprac)
and
E[V (x(t), 0" (x(t)))] < E[V(x0,03)0(t0,t, tprac).  (48)
Since . .
AN IxP <V(x,0") <A ax[x[?, (49)
we obtain
pa P
AinnEX[P] S E[V(x,0%)] < AjaxE[x[Fl. (50)
Then using (49)-(50) we have
E[[x(t)|?] < O(to, t, tprac)7E[|%0|?)- (51)

Hence and from assumption (2) it follows the practical p-
th mean stability of the linear hybrid system (2) with the
practical average dwell time TZLTPW for p defined in (23)
under the stabilizing switching rule o*. Function V is a
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multiple Lyapunov function for the hybrid system (2) under
the switching o* € X. O

Corollary 3: In particular, when we assume that
pNotlsp < ~P and the Lebesgue integrable function
a1(t) < 0, t € T, is bounded by a constant a; < 0 i.e.
a < a1(t) <0,t €T, then x(t) defined by (23) is also a
constant given by (24)

If in Definition 7 in formula (27) we assume that

Inov

TapT = —— (52)

Then

* Inv
TZDT,,MC = maxr {tpraca KZ} . (53)

Hence, if 75 = tyrqc inequality (48) takes the form

prac

E[V (x(t), 0" (x(1))] < E[V (xo,05)]0e "), (54)

where p = Kk — th‘—ﬂ From inequality (54) follows expo-
nential p-th mean stability and hence the practical p-th mean
stability.

In the case when TZLTWM = “Tﬁ inequality (48) takes
the form
E[V(x(t), 0" (x(1)))] < E[V(x0,0)]6. (55)
From inequalities (49) and (50) follows that
E[lx(t)]"] < 7™V E[xo["] < 7N <P (56)

In both approaches, i.e. in single and multiple Lyapunov
functions approach, the obtained criteria give too strong
conditions. It means, one can find examples of practically
p-stable stochastic hybrid systems even the sufficient condi-
tions are not satisfied. In particular for the multiple Lyapunov
function approach it is difficult to find the corresponding
matrices H([). To omit these difficulties we present the next
approach based on a modified single practical Lyapunov-like
function.

C. Single practical Lyapunov-like functions

Let us assume in this case that the region {2; of the hybrid
system residence in the [-th subsystem, [ € S, consists of
three subregions Q7¢, Q7 and Q}'?, € = Q¥ U Q] U Q}'°,
Qs N Q7 = (. We also denote by 7, the total time of the
hybrid system residence in asymptotic stable regions €2;'*, by
T, the total time of the hybrid system residence in stable but
not asymptotic stable regions Q7\f"* and by 7, the total
time of the hybrid system residence in unstable regions €2;*°.

Criterion 3: Let us assume that the following conditions
are satisfied

(1) there exist a common symmetric positive-definite
constant matrix H and real Lebesgue integrable func-
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tions a§®(t) < 0,a§*(¢t) > 0 for all t € T such that

1 m
xTHA(t,)x + 5 ZxTcg (DHG(1)x <

af* (t)x" Hx, for xe P, vieS, teT (57)

xTHA(t,)x + 5 Z xT'GI(DHG()x <0,

(i =0) forxeQ, VieS, teT (58)

1 m
0 < x"HA(t,1)x + 5 ZXT(;{ (DHG()x <

S ()xTHx, forxe Qs ViesS, teT (59)
(ii)
U =r", =QFUQUO (60)
les

(iii) 0Pv < AP, Vit >ty where v is defined by (13).
(iv) there exists a constant x > 0 such that the set
SNT # 0, where

Y={o:(o(x(t) =1) = (x(t—) € )}

T = {U : /Tu Kus (t)dt — /T Kas(t)dl <

as

_K(Tas + Ts + Tus)}a (62)

(61)

kg = p|a1\ for 8 € {as, s, us}. (63)

Then the control given by the stabilizing switching rule
o** € ¥ N T together with the practical dwell time ¢y,
defined by (25), makes the hybrid system (2) p-th mean
practically stable for 0 < p < 2.

Proof: Let us consider Lyapunov function V(x) =

(XTHX)% and let us choose ¢ = o* € X given by (61).
Then
—KasV(X), for x € 4%,
,C((f*)V(x) < sV (x), for x € Q3.\Q%, (64)
Iius V(x), for x € QU.

It follows from the proof of Criterion 1. For ¢ € [t;,t;41),
1 € N, we obtain

E[V(x(t))] <
E[V (x(t;))]e” 7 5% for x € Qs
E[V(x(t:))], for x € Q5.\Q%,  (65)
E[V (x(t;)))els "% for x € Que.

Since the function V (x) = (x”Hx)? is continuous inequal-
ities (65) are satisfied also for ¢ = t;1. Using previous
computations we obtain

E[V (x(t))] < E[V (xo

s Fys(s)ds

e~ Jroy Fas(8)ds [, (66)

Let us choose the switching ¢** € ¥ N T with the practical
dwell time ?,,.,.. We note that

Tas Z nastpram TS Z nstpraa TUS Z nustprac (67)
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where ngs, ns and n,s are numbers of switchings from any
subspaces to £2'?, €3] and €%, respectively. From (62), (66)
it follows, that

E[V(x(£))] < E[V (xo)]. (68)

Further proof is similar to the proof of Theorem 1. Hence
we obtain the thesis.

The function V, which satisfies conditions (64), is called
the single practical Lyapunov-like function for the hybrid
system (2) under the switching o* € ¥. We note that the
single practical Lyapunov-like function is a generalization
of a single Lyapunov-like function introduced in [16] for
Q.=0%.0

Example 1: Let us consider a particular case of the
hybrid system (2) with two structures (S = {1, 2}) described
by

dx(t) = A(o)x(t)dt + G(o)x(t)dw(t), 1=1,2
X(O) =Xp € R2, O'(X()) =09 € {172},
x = [z1,22)T €R?  (69)
where
—-0.02 —-9.5
All) = { 9  —0.02 } G = [ ]
—0.106 -9.5
A2) = { 10 035 } G@2) = [ ]
Let us choose a Lyapunov function of a form V(
We have
1 -9.
A1)+ 5GT()G() = { D } (70)
and
1 _.r | =01 -95
A(2)+ iG (2)G(2) = { 10 0355 } (71)

Regions QP where | = 1,2, 8 € {as, s,us} are chosen
as follows
0 = {x € R?: —0.52129 < —0.1(2F + 23)}
Q5 = {x € R?: —0.5z,25 < 0}
Q=0
Q5% = {x € R? : —0.12% + 0.5x125 + 0.35523
< —0.1(2? + 23)}
Q5 = {x € R? : —0.12% + 0.5z122 + 0.35523 < 0}
QY ={x € R?:0 < —0.12% + 0.5z125 + 0.35513
< 0.355(z% + 23)}
and we note that (60) is satisfied. Parameters: tp,.qc =
0.001, kgs = 0.1p, kys = 0.355p, ks =0,k =0, v =1,0 =
v="7p¢€(0,2]
Then V(x) = xTx is the single practical Lyapunov-like
function for system (2) under the stabilizing switching signal
o** € XNT given as follows

ok 1 af x(t—) € ={xeR?:z115 <0}
7 (X(t))_{ 2 if x(t—)EQ;:{XERQ:xixzzO}
(72)
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X2

5 (x1(0), x2(0))

Fig. 1. Exemplary simulation of a practically p-th stable path (0 < p < 2)
under switching ** € X NT

From Criterion 3 follows that the hybrid system (2) is p-th
mean practically stable for 0 < p < 2.

Remark 3: Note that even if a;(t) > 0, ¢ € T, in
the inequality (30) or (37) the hybrid system (2) still can
be p-th mean practically stable for p < 2 — 2a(t)/c3
if a1(t) < o3 for all t € T, where ay is given by
(31) or (38), respectively. It follows directly from previous
considerations and from [14]. The corresponding single or
multiple Lyapunov function can be constructed in a similar
way as it was done for a;(t) < 0,¢ € T. However, this
requires some additional algebraic calculations.

IV. CONCLUSIONS

In this paper linear hybrid systems parametrically ex-
cited by a white noise, consisted of unstable subsystems
described by It6 stochastic differential equations, have been
analyzed. To find sufficient conditions for the practical p-
th mean stability the Lyapunov function techniques, the
practical average dwell time approach, the practical dwell
time approach and the hybrid control theory have been used.
To stabilize stochastic linear hybrid systems, that have been
discussed, we have used the stabilizing switching rule, which
is constructed on the basis of the knowledge of the regions
of decreasing of Lyapunov functions for subsystems and
ensures the existence of the single/multiple Lyapunov or
single practical Lyapunov-like functions.

The obtained results have been illustrated by an example.
Proposed criteria of the practical p-th stability can be gener-
alized to hybrid systems parametrically excited by Gaussian
colored and non-Gaussian noises. Also other Lyapunov -like
functions approach can be used.
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