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Abstract— This paper focuses on H∞ control design problem
for T-S fuzzy time-delay systems with actuator saturation. Ba-
sed on Lyapunov-Krasovskii Functional (LKF) combining the
introduction of relaxed matrices, a H∞ controller design method
is presented in Linear matrix inequality (LMI) forma. The
controller designed is capable to reject the disturbance assumed
known and norm bounded. A numerical example is provided to
verify the effectiveness of the proposed results.
Index-Terms– LMI, Parallel Distributed Compensation, H∞

control, Lyapunov- Krasovskii Functional, T-S fuzzy systems,
Stabilization , Time-delay, saturation constraint.

I. INTRODUCTION

These two last decades, T-S fuzzy models have been re-

cognized as a popular and powerful tool in approximating a

wide class of nonlinear systems [1]. As a consequence, T-

S fuzzy models control have been extensively studied [18]

-[19]. In practical situation, time delay often occurs in many

dynamics systems, such as transportation systems, commu-

nication systems, chemical processing systems, environmental

systems and power systems. In recent years, T-S fuzzy models

have been extended to deal with nonlinear systems with time

delays. In [3]-[4] and the references therein, stability analysis

and synthesis based on the parallel distributed compensation

scheme (PDC) were discussed. The observer based fuzzy

control was treated in [5]-[7] and the references therein. In [6],

the problem of H∞ exponential stabilization was developed.

On the other hand, a main problem which is always inherent

to all dynamical systems is the presence of actuator saturation.

The class of systems with saturations has enjoyed great interest

during the last three decades. Even for linear systems, this

problem has been an active area of research for many years.

Two main approaches have been developed in the literature :

- The first one, the so-called positive invariance approach, is

based on the design of controllers which work inside a region

of linear behavior where saturations do not occur (see [15]-

[16] and the references therein). One can also cite the work

of [8] where the synthesis of the controller is presented as a

technique of partial eigenstructure assignment. This resolution

was also associated to the constrained regulator problem. This

technique has already been applied to fuzzy systems by [17]

and [9]. This approach is referred to as unsaturating controller.

- The second approach allows saturations to take effect while

guaranteeing asymptotic stability (see [11] and the references

therein). This approach, where the control may be saturated,

leads to a bounded region of stability which is ellipsoidal and

symmetric. This region can be easily obtained by the resolution

of a set of LMIs. In this case the approach is referred to as

saturating controller. In [12], besides the saturated character of

the control, additional constraints on the increment or rate are

taken into account. The first works on saturated fuzzy systems

without delay can be found in [13] and [14]. In this paper, we

study the asymptotic stabilization of T-S fuzzy systems with

state delay and actuator saturation.

The organization of this paper is as follows. Section 2 presents

the description of T-S fuzzy model with time varying delay and

a preliminary result. Section 3 contains the main result where a

new delay dependent stabilization conditions with disturbance

rejection for T-S fuzzy systems with saturation are established.

In section 4, simulation example is given to demonstrate the

design effectiveness. Some conclusions are made in section 5.

II. PROBLEM FORMULATION AND PRELIMINARY RESULT

Consider a nonlinear system with state-delay and actuator

saturation which could be represented by a T-S fuzzy model

Plant Rule i(i = 1, 2, · · · , r) : If θ1 is µi1 and · · · and θp
is µip THEN

ẋ(t) = Aix(t) +Aτix(t− τ(t)) +Bisat(u(t))

+Bwiw(t)

z(t) = Cix(t) + Cτix(t− τ(t)) +Disat(u(t))

x(t) = ψ(t), t ∈ [−τ , 0], (1)

where θj(x(t)) and µij(i = 1, ..., r, j = 1, ..., p) are

respectively the premise variable and the fuzzy sets ; ψ(t) is

the initial conditions ; x(t) ∈ ℜn is the state ; u(t) ∈ ℜm is

the control input ; z(t) ∈ ℜq is the controlled output variable ;

w(t) ∈ ℜl is the disturbance variable ; the saturation function

is assumed here to be normalized ; r is the number of IF-

THEN rules ; the time delay, τ(t), is a time-varying continuous

function that satisfies

0 ≤ τ(t) ≤ τ , τ̇(t) ≤ β (2)

By using the common used center-average defuzzifier, pro-

duct inference and singleton fuzzifier, the T-S fuzzy systems

can be inferred as

ẋ(t) =

r∑

i=1

hi(θ(x(t)))[Aix(t) +Aτix(t− τ(t))

+Bisat(u(t)) +Bwiw(t)]

z(t) =

r∑

i=1

hi(θ(x(t)))[Cix(t)

+Cτix(t− τ(t)) +Disat(u(t))] (3)

where θ(x(t)) = [θ1(x(t)), ..., θp(x(t))] and νi(θ(x(t))) :
ℜp → [0, 1], i = 1, · · · , r, is the membership function

of the system with respect to the ith plan rule. Denote

hi(θ(x(t))) = νi(θ(x(t)))/
∑r

i=1 νi(θ(x(t))). It is obvious
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that hi(θ(x(t))) ≥ 0 and
∑r

i=1 hi(θ(x(t))) = 1

In the sequel, for brivety we use hi to denote hi(θ(x(t))).
The design of state feedback stabilizing fuzzy controllers for

the fuzzy system (3) is based on the Parallel Distributed

Compensation.

Controller Rule i(i = 1, 2, .., r) : If θ1 is µi1 and · · ·
and θp is µip THEN

u(t) = Kix(t) (4)

The overall state feedback control law is represented by

u(t) =

r∑

i=1

hiKix(t) (5)

Consider a linear time-invariant system with actuator satu-

ration given by :

ẋ(t) = Ax(t) +Bsat(Kx(t)) (6)

Define the following subsets of IRn :

ε(P, ρ) = {x ∈ IRn|xTPx ≤ ρ}, (7)

L(K) = {x ∈ IRn||Klx| ≤ 1, l = 1, . . . ,m}, (8)

with P a positive definite matrix, ρ > 0 and Kl the lth
row of the matrix K ∈ IRm×n. Thus ε(P, ρ) is an ellipsoid

while L(K) is a polyhedral consisting of states for which the

saturation does not occur.

Lemma 1: [11] For all u ∈ IRm and w ∈ IRm such that

|wl| < 1, l ∈ [1,m]

sat(u) ∈ co{Esu+ E−

s w, s ∈ [1, η]} ; η = 2m (9)

where co denotes the convex hull.

Consequently, there exist δ1 ≥ 0, . . . , δη ≥ 0 with

η∑

s=1

δs =

1 such that,

sat(u) =

η∑

s=1

δs[Esu+ E−

s w] (10)

Here, Es is an m by m diagonal matrix with elements either 1
or 0 and E−

s = Im−Es. There are 2m possible matrices of this

type. One can also consult the work of [12] for more details

and other extensions to linear systems with both constraints

on the control and the increment or rate of the control.

Assume that x(t) ∈ L(Hi), using Lemma (1), the saturated

feedback control (5) can be written as :

sat(Kix(t)) =

η∑

s=1

δs[EisKi + E−

isHi]x(t) ; (11)

δs ≥ 0,

η∑

s=1

δs = 1 (12)

Combining (1), (5) and (11), the closed-loop saturated fuzzy

system can be expressed as follows :

ẋ(t) =

η∑

s=1

r∑

i=1

r∑

j=1

hihjδs[Âijsx(t) +Aτix(t− τ(t))]

z(t) =

η∑

s=1

r∑

i=1

r∑

j=1

hihjδs[Ĉijsx(t) + Cτix(t− τ(t))] (13)

with x(t) = ψ(t) for t ∈ [−τ̄ , 0] and

Âijs := Ai +Bi(EisKj + E−

isHj), s ∈ [1, η] (14)

Ĉijs := Ci +Di(EisKj + E−

isHj), s ∈ [1, η] (15)

Denote

Â(t) =

η∑

s=1

r∑

i=1

r∑

j=1

hihjδsÂijs, Aτ (t) =

r∑

i=1

hiAτi,

Bw(t) =

r∑

i=1

hiBwi, Ĉ(t) =

η∑

s=1

r∑

i=1

r∑

j=1

hihjδsĈijs

Cτ (t) =

r∑

i=1

hiCτi

we get

ẋ(t) = Â(t)x(t) +Aτ (t)x(t − τ(t)) +Bw(t)w(t)

z(t) = Ĉ(t)x(t) + Cτ (t)x(t − τ(t))
(16)

For a prescribe scalar γ > 0, the performance index J is

defined as

J =
∫
∞

0
(z(s)T z(s)− γ2w(s)Tw(s))ds

the purpose of this work is to design a H∞ fuzzy control law

(5) such that the following requirement are satisfied

• The closed-loop fuzzy system (16) with w(t) = 0 is

asymptotically stable.

• Under the zero initial condition, system (16) satisfies

‖z(t)‖
∞
< γ ‖w(t)‖

∞
for any non-zero w(t).

Lemma 2: [19] Consider a negative definite matrix Π < 0.

Given a matrix X of appropriate dimension such that

XTΠX < 0, then, ∃λ ∈ ℜ+ such that

XTΠX ≤ −2λX − λ2Π−1

III. MAIN RESULTS

A. Time-delay dependent stabilization conditions with satura-

ting controller

Theorem 1: System (16) is asymptotically stable ∀x ∈
ε(P, ρ), if there exist some matrices P > 0, S > 0, Z > 0,

Yi, Ti, Hi and Xij with Xii symetrical, i, j = 1, 2, .., r and

i ≤ j, s = 1, . . . , η, such that the following conditions hold :

Ξijs + Ξjis ≤ Xij +XT
ij (17)



X11 · · · X1r

...
. . .

...

XT
1r · · · Xrr


 ≤ 0 (18)

ε(P, ρ) ⊂ L(Hi) (19)
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where

Ξijs =




Φijs ΘT
ijsZ WT

i UT
ijs

− 1
τ
Z 0 0

∗ − 1
τ
Z 0

∗ ∗ −I


 (20)

in which Φijs is shown in (31) at the bottom of the page.

Θijs =
[
Âijs Aτi Bwi

]
(21)

Wi =
[
Y T
i T T

i 0
]

(22)

Uijs =
[
Ĉijs Cτi 0

]
(23)

Proof : Assume that x(t) ∈ ε(P, ρ). According to condition

(19), x(t) ∈ L(Hi). In this case, using Lemma (1), saturated

feedback control (5) can be used to write system (3) as (13).

The objective is then to guarantee the local asymptotic stability

of this system inside the level set ε(P, ρ).
For the rest of proof, we choose the Lyapunov-Krasovskii

functional as

V (x(t)) = x(t)TPx(t) +
∫ t

t−τ(t)
x(α)TSx(α)dα

+
∫ 0

−τ

∫ t

t+σ
ẋ(s)TZẋ(s)dsdσ

(24)

Then, we have

V̇ (x(t)) +z(t)T z(t)− γ2w(t)Tw(t)
= 2x(t)TP ẋ(t) + x(t)TSx(t)
−(1− τ̇ (t))x(t − τ(t))TSx(t− τ(t))

+τ ẋ(t)TZẋ(t)−
∫ t

t−τ(t)
ẋT (s)Zẋ(s)ds

+z(t)T z(t)− γ2w(t)Tw(t)

(25)

taking into account the Newton-Leibniz formula

x(t− τ(t)) = x(t) −
∫ t

t−τ(t)
ẋ(s)T ds

we obtain equation (32) as shown at the bottom of the page.

where Y (t) =
∑r

i=1 hiYi, T (t) =
∑r

i=1 hiTi
let η(t)T = [x(t)T , x(t− τ(t))T , w(t)T ]T , we obtain

V̇ (x(t)) + z(t)T z(t)− γ2w(t)Tw(t)

≤ η(t)T [Φ̃(t) + U(t)TU(t) + τW (t)TZ−1W (t)]η(t)

−
∫ t

t−τ(t)[η(t)
T
W (t)T + ẋ(s)TZ]Z−1

×[η(t)
T
W (t)T + ẋ(s)TZ]Tds

(26)

where Φ̃(t) is shown in (33) at the bottom of the page.

W (t) =
[
Y (t)T T (t)T 0

]
(27)

U(t) =
[
Ĉ(t) Cτ (t) 0

]
(28)

Denote

Ξ(t) =




Φ(t) Θ(t)TZ W (t)T U(t)T

− 1
τ
Z 0 0

∗ − 1
τ
Z 0

∗ ∗ −I


 (29)

where Φ(t) =

η∑

s=1

r∑

i=1

r∑

j=1

hihjδsΦijs, Θ(t) =

η∑

s=1

r∑

i=1

r∑

j=1

hihjδsΘijs

By applying Schur complement, Φ̃(t) + U(t)TU(t) +
τW (t)TZ−1W (t) < 0 is equivalent to :

Ξ(t) =

η∑

s=1

r∑

i=1

r∑

j=1

hihjδsΞijs

=
1

2

η∑

s=1

r∑

i=1

r∑

j=1

hihjδs(Ξijs +Ξjis)

≤
1

2

r∑

i=1

r∑

j=1

hihj(Xij +XT
ij)

= [h1I, · · · , hrI]




X11 · · · X1r

.

.

.
. . .

.

.

.

XT
1r · · · Xrr






h1I

.

.

.
hrI]


 ≤ 0

This implies that

V̇ (x(t)) + z(t)T z(t)− γ2w(t)Tw(t) < 0 (30)

Φijs =



PÂijs + ÂT

ijsP + S + Yi + Y T
i PAτi − Yi + T T

i PBwi

−(1− β)S − Ti − T T
i 0

∗ −γ2I


 (31)

V̇ (x(t)) + z(t)T z(t)− γ2w(t)Tw(t) ≤ 2x(t)TPÂ(t)x(t) + 2x(t)TPAτ (t)x(t − τ(t)) + 2x(t)TPBw(t)w(t)

+x(t)TSx(t) − (1− β)x(t − τ(t))TSx(t− τ(t)) + τ ẋ(t)TZẋ(t)−
∫ t

t−τ(t)
ẋ(s)TZẋ(s)ds

+2[x(t)TY (t) + x(t− τ(t))T T (t)]× [x(t)− x(t − τ(t)) −
∫ t

t−τ(t)
ẋ(s)ds] + z(t)T z(t)− γ2w(t)Tw(t)

(32)

Φ̃(t) =




PÂ(t) + Â(t)TP + S

+Y (t) + Y (t)T + τÂ(t)TZÂ(t)

PAτ (t)− Y (t) + T (t)T

+τÂ(t)TZAτ (t)

PBw(t)

+τÂ(t)TZBw(t)

−(1− β)S − T (t)− T (t)T

+τAτ (t)
TZAτ (t)

τAτ (t)
TZBw(t)

∗ −γ2I + τBw(t)
TZBw(t)




(33)
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when w(t) = 0, (30) means V̇ (x(t)) < 0, therfore system

(16) is asymtotically stable in the case of w(t) = 0. When

w(t) 6= 0, integrating both sides of (30) from 0 to t yields

V (x(t)) − V (0) +
∫ t

0 z(s)
T z(s)ds

−
∫ t

0 γ
2w(s)Tw(s)ds < 0

(34)

letting t → ∞ and under zero initial condition, we can show

from (34) that
∫

∞

0

z(s)T z(s)ds <

∫
∞

0

γ2w(s)Tw(s)ds (35)

that is, ‖z(t)‖2 < γ ‖w(t)‖2, therfore, J < 0, the proof is

compluted.

Our objective is to transform the conditions in Theorem

1 in LMI terms which can be easily solved using existing

solvers such as LMI TOOLBOX in Matlab software.

Theorem 2: For a given positives scalars λ and ρ. System

(16) is asymptotically stable ∀x ∈ ε(X−1, ρ), if there exist

some matrices X > 0, S̃ > 0, Z̃ > 0, Ỹi, T̃i, Ni, Mi and X̃ijs

with X̃ii symetrical, i, j = 1, 2, · · · , r, i ≤ j, l = 1, . . . ,m
such that the following LMIs hold :

Ξ̃ijs + Ξ̃jis ≤ X̃ijs + X̃T
ijs (36)



X̃11s · · · X̃1rs

...
. . .

...

X̃T
1rs · · · X̃rrs


 ≤ 0 (37)

[ 1
ρ

Mil

X

]
> 0, (38)

where

Ξ̃ijs =




Φ̃ijs Θ̃T
ijs −W̃T

i ŨT
ijs

1
τ
(−2λX + λ2Z̃) 0 0

∗ − 1
τ
Z̃ 0

∗ ∗ −I


 (39)

where Φ̃ijs is shown in (46) at the bottom of the page.

Θ̃ijs =
[
AiX +BiEisNj +BiE

−

isMj AτiX Bwi

]
(40)

W̃i =
[
Ỹ T
i T̃ T

i 0
]

(41)

Ũijs =
[
CiX +DiEisNj +DiE

−

isMj CτiX 0
]

(42)

If this is the case, the Ki and Hi gains are given by

Ki = NiX
−1, Hi =MiX

−1i = 1, 2, .., r (43)

Proof : let X = P−1. Multiplying Ξijs on both sides by

diag
[
X X I X X I

]
and let Nj = KjX,Mj =

HjX, S̃ = XSX, Z̃ = XZX, T̃i = XTiX, Ỹi = XYiX , we

get




Φ̃ijs Θ̃T
ijsX

−1Z̃ W̃T
i ŨT

ijs

− 1
τ
Z̃ 0 0

∗ − 1
τ
Z̃ 0

∗ ∗ −I


 (44)

Pre and post-multiplying the previous matrices by

diag
[
I I I XZ̃−1 I I

]
and its transpose, we get




Φ̃ijs Θ̃T
ijs W̃T

i ŨT
ijs

− 1
τ
XZ̃−1X 0 0

∗ − 1
τ
Z̃ 0

∗ ∗ −I


 (45)

It follows from lemma (2) that there exist a scalar λ > 0
such that

−XZ̃−1X ≤ −2λX + λ2Z̃ .

setting

P̃ = diag
[
I I I XZ̃−1 I I

]

× diag
[
X X I X X I

]

and X̃ij = P̃Xij P̃
T

we obtain (56).

it also result in (37)

X̃11s · · · X̃1rs

...
. . .

...

X̃T
1rs · · · X̃rrs


 =



P̃

. . .

P̃




×



X11 · · · X1r

...
. . .

...

XT
1r · · · Xrr






P̃T

. . .

P̃T


 ≤ 0

due to (18).

the inclusion condition ε(P, ρ) ⊂ L(Hi) ∀i = 1, . . . , r holds

if 1/ρ−HilXiH
T
il > 0, ∀l ∈ [1,m] [10], which is equivalent

to,

1/ρ− (HiX)l(X
−1)(HiX)Tl > 0. That is, by virtue of (43)

1/ρ − (Mil)(X
−1)(Mil)

T > 0. By Schur complement, LMI

(38) is obtained. this complute the proof.

Φ̃ijs =



AiX +BiEisNj +BiE

−

isMj +XAT
i +NT

j E
T
isB

T
i + S̃ + Ỹi + Ỹ T

i AτiX − Ỹi + T̃ T
i Bwi

−(1− β)S̃ − T̃i − T̃ T
i 0

∗ −γ2I


 (46)
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B. Time-delay dependent stabilization conditions with unsatu-

rating controller

In this section, the state feedback control gain is no-

ted Fi. Assume that state x(t) ∈ L(Fi), ∀t. In this case,

sat(Fix(t)) = Fix(t). This controller is called unsaturating

since saturation does not occur inside polyhedral set L(Fi).
The induced system in closed-loop is then given by :

ẋ(t) =

r∑

i=1

r∑

j=1

hihj [Âijx(t) +Aτix(t− τ(t))] (47)

z(t) =

r∑

i=1

r∑

j=1

hihj [Ĉijx(t) + Cτix(t− τ(t))] (48)

with x(t) = ψ(t) for t ∈ [−τ̄ , 0] and

Âij : = Ai +BiFj

Ĉij : = Ci +DiFj

Theorem 3: System (47) is asymptotically stable ∀x ∈
ε(P, ρ), if there exist some matrices P > 0, S > 0, Z > 0,

Yi, Ti, Fi and Xij with Xii symetrical, i, j = 1, 2, .., r and

i ≤ j, s = 1, . . . , η, such that the following conditions hold :

Ξij + Ξji ≤ Xij +XT
ij (49)



X11 · · · X1r

...
. . .

...

XT
1r · · · Xrr


 ≤ 0 (50)

ε(P, ρ) ⊂ L(Fi) (51)

where

Ξij =




Φij ΘT
ijZ WT

i UT
ij

− 1
τ
Z 0 0

∗ − 1
τ
Z 0

∗ ∗ −I


 (52)

in which Φij is shown in (64) at the bottom of the page.

Θij =
[
Âij Aτi Bwi

]
(53)

Wi =
[
Y T
i T T

i 0
]

(54)

Uij =
[
Ĉij Cτi 0

]
(55)

Proof : The proof is a particular case of the one of Theorem

1 with Eis = I, E−

is = 0∀i, s. This idea was already used in

[2].

The objective is now to transform the conditions in Theorem

3 in LMI terms.

Theorem 4: For a given positives scalars λ and ρ. System

(47) is asymptotically stable ∀x ∈ ε(X−1, ρ), if there exist

some matrices X > 0, S̃ > 0, Z̃ > 0, Ỹi, T̃i and X̃ij with X̃ii

symmetrical, i, j = 1, 2, · · · , r, i ≤ j such that the following

LMIs hold :

Ξ̃ij + Ξ̃ji ≤ X̃ij + X̃T
ij (56)



X̃11 · · · X̃1r

...
. . .

...

X̃T
1r · · · X̃rr


 ≤ 0 (57)

[ 1
ρ

Nil

X

]
> 0, (58)

where

Ξ̃ij =




Φ̃ij Θ̃T
ij W̃T

i ŨT
ij

1
τ
(−2λX + λ2Z̃) 0 0

∗ − 1
τ
Z̃ 0

∗ ∗ −I


 (59)

where Φ̃ij is shown in (65) at the bottom of the page.

Θ̃ij =
[
AiX +BiNj AτiX Bwi

]
(60)

W̃i =
[
Ỹ T
i T̃ T

i 0
]

(61)

Ũij =
[
CiX +DiNj CτiX 0

]
(62)

If this is the case, the Fi gains are given by

Fi = NiX
−1, i = 1, 2, .., r (63)

Proof : The proof is a particular case of the one of Theorem

3 with Eis = I, E−

is = 0, ∀(i, s).

Φij =



PÂij + ÂT

ijP + S + Yi + Y T
i PAτi − Yi + T T

i PBwi

−(1− β)S − Ti − T T
i 0

∗ −γ2I


 (64)

Φ̃ij =



AiX +BiNj +XAT

i +NT
j B

T
i + S̃ + Ỹi + Ỹ T

i AτiX − Ỹi + T̃ T
i Bwi

−(1− β)S̃ − T̃i − T̃ T
i 0

∗ −γ2I


 (65)
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IV. NUMERICAL EXAMPLE

Consider the following example

ẋ(t) =

r∑

i=1

hi[(1 − s)Aix(t) + sAix(t− τ(t))

+Biu(t) +Bwiw(t)]

z(t) =

r∑

i=1

hi[(1 − s)Cix(t) + sCix(t− τ(t))

+Diu(t)] (66)

where A1 =

[
0 1
17 0

]
, A2 =

[
0 1
4.5 0

]

B1 =

[
0

−176.5

]
, B2 =

[
0

−11

]

Bw1 = Bw2 =

[
0
1

]
, C1 = C2 =

[
1 0

]

D1 = 0.008, D2 = 0.006

Let s = 0.1 and τ = 0.2 and γ = 0.9

Figure 1 shows the inclusion of the ellipsoid ε(P, ρ) set

inside the sets of saturation L(Hi) by using theorem 2.

Figure 2 shows the inclusion of the ellipsoid ε(P, ρ) set

inside the polyhedral sets of linear behavior L(Fi) by using

theorem 4.

V. CONCLUSION

New delay dependent method H∞ control for T-S fuzzy

systems with time varying delay and actuator saturations

has been studied in this paper. the stabilization conditions

are presented in terms of Linear Matrix Inequalities. An

illustrative example is given to demonstrate the effectiveness

of the proposed result.
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