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Study on Observer-Based Robust Control of the Vehicle Lateral
Dynamics via TS Model with Unmeasurable Premise Variables

N. Daraoui, O. Pageés and A. El Hajjaji

Abstract— This paper introduces a fuzzy observer-based
control approach for the vehicle lateral dynamics. The Takagi-
Sugeno (TS) fuzzy model is utilized to describe the dynamics
of a nonlinear time-varying lateral system. Based on the fuzzy
model, a fuzzy observer is developed to estimate the side
slip angle using the yaw velocity measurement. The objective
of this study is twofold: first, the observer-based controller
is designed to improve the stability of the vehicle although
perturbations related to the nonlinearities of the contact force
models, the variations of the adherence coefficients, etc. Second,
the proposed strategy takes into account the unmeasurable
membership functions of the TS formulation in the design of
the observer.

Keywords Takagi-Sugeno fuzzy model, lateral dynamics,
vehicle skid control, unmeasurable premise functions, side slip
angle estimation, LMI.

I. INTRODUCTION

In the last decade, research on road safety has received
great attention. Several driver assistance systems such as
active safety systems like ABS (Anti-lock Bracking System)
and ESP (Electronic Stability Program), and passive safety
systems such as airbags, have been developed, [25]-[16].
Other research is made to understand in detail the mech-
anisms of accidents [16]. This understanding goes through
the knowledge of the vehicle dynamic behavior in critical
situations. Among these studies, researchers have focused on
the improvement of the vehicle lateral dynamics in critical
situations, i.e, road state variation, emergency braking, skid
in cornering, etc. We refer the reader, for example to [17]-
[6]-[22]-[14]. The effectiveness of a vehicle dynamic control
system is based on the accurate knowledge of the vehicle
states, particularly the yaw rate as well as the side slip angle.
While the yaw rate is measured in passenger vehicles with
inexpensive sensors, the side slip angle must be estimated
by advanced observation techniques. This problem has been
addressed by many researchers, [3]-[20]. The most difficult
step for the side slip angle estimation methods is how to
deal with the nonlinear nature of the vehicle dynamics. This
nonlinear behaviour is due mainly to the tire force saturation
in large tire slip angle regions, determined by the tires, the
road adherence coefficients and the steering angle. Using
the approximation of the tire forces, the nonlinear vehicle
lateral dynamics are expressed by a TS fuzzy model which is
largely applied to solve control and estimation problems met
in the nonlinear systems [18]-[24]-[1]-[22]. A fuzzy observer
is designed to estimate the side slip angle by only considering
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the yaw rate measurement. In this fuzzy observer, the non-
linear tires characteristics are preserved, which gives more
accurate results in different operating situations compared
to linear observers. This idea was already addressed in
some papers, [20]-[2], in which the authors do not take
into account the influence of the state variable (side slip
angle) on the membership functions of the TS model. The
observer design problem for TS systems with unmeasurable
membership functions is studied by [12]-[5]. In the following
study, we consider the active rear steering for controlling
the vehicle lateral dynamics while leaving the front steering
angle under direct control of the driver. We propose a method
to design a fuzzy observer-based controller for the vehicle
lateral model with unmeasurable membership functions. The
fuzzy controller and observer design is obtained by one step
procedure. The proposed observer-based controller approach
is represented in terms of LMI (Linear Matrix Inequalities)
which can be efficiently solved by using the existing LMI
solvers.

The paper is organized as follows: the description of the
nonlinear vehicle lateral model with its TS approximation is
presented in section II. The design procedure for developing
the fuzzy controller and observer will be presented in section
III. In section IV, the computer simulations of the obtained
theoretical results for the vehicle lateral dynamics are given.
Finally, some conclusions are drawn in section V.

The notations used throughout the paper are quite standard:
R" is the n-dimensional real-valued space. For a real-valued
matrix P, PT denotes its transpose, P = P” > 0 means that
P is symmetric positive-definite. * is used to denote the
transposed elements in the symmetric positions. 1,0 denote,
respectively, the identity and zero matrices with compatible
dimensions. For any nonsingular square matrix X, X ! is its
inverse.

II. VEHICLE MODEL ANALYSIS
A. Nonlinear model of the vehicle lateral dynamics

As we are interested only in the lateral control, we
consider the mathematical model, named bicycle model,
describing the vehicle lateral dynamics with the nonlinear
tire characteristics as introduced in [8](see figure 1):

{ mvp =2(Fy+F,) —mv, n
Izl.['/ = Z(QfFf — arF,)

where B denotes the side slip angle, Y is the yaw velocity,
Fy,F, are the cornering forces of the front and rear tires
respectively and Vv is the vehicle velocity assuming constant.
I is the yaw moment of inertia, m is the vehicle mass, ay is
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the distance from the front axle to the center of gravity and
a, is the distance from the rear axle to the center of gravity.
In this work, we use Pacejka’s formulation [7] to express

Vehicle lateral model

Fig. 1.

the cornering forces Fy and F;. These forces are given as
functions of tire slip angles as follows:

Fr= Df(l)‘“'” [Cf(l)ulf] ) 2)
F, = Dy (A)sin(Cr(A)Uy,).

with  Uy; = arctan[Uy(A) o+ Ei(A)arctan{B;(A) o }],
Uxi(A) = Bi(A)(1 — Ei(A)),i = f,r. The coefficients
B¢,B,,Cy,Cr,Dy,D, depend on the tire characteristics and
the road adhesion coefficient A. «; and o, respectively
denote the slip angle at the front and rear tires, which are
given by:

of = 6r— B —arctan (117/ yeos(B)) 3)
o = 8 — B+ arctan (% vrcos(B)) .

where Oy and O, are respectively the front and rear steer
angles.

The model parameters (2)-(3) are summarized in the table 1.
To match the purpose of this paper, the tire parameters are

TABLE I
VEHICLE PARAMETERS

Parameters I m ar ar v
Values 3000kg.m> | 1200kg | 1.2m | 1.45m | 18m/s

considered for low friction roads and high friction roads as
given in Table II. In this sequel, the rear steer angle is the
only manipulated variable.

TABLE II
TIRE PARAMETERS

| High friction road | Low friction road |

By 6.7651 11.275
Front Cr 1.3 1.56
Dy 6436.8 2574.7
E/ 199 1999
B, 9.0051 18.631
Rear C, 1.3 1.56
D, 5430 1749.7
E, -1.7908 -1.7908
Adhesion coefficient | | 0.7 | 0.35 |
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B. Takagi-Sugeno model of the vehicle lateral dynamics

The goal of this section is to approximate the nonlinear

behaviour of the cornering forces Fy, F, by a TS fuzzy model
in order to describe the entire operating regions of these
forces.
Let us consider two fuzzy sets M| and M, defined for two slip
regions, i.e., M is the fuzzy symbol for the high slip region,
M, for the low slip region. The front and rear cornering
forces can be described by the following rules:

If |Otf| is My thenFy = Cfl(l)af,Fr =Ch(A)ay,
If |OCf| is M» thean = sz()v)OCf,Fr ZCrz()v)OCr.

The membership function parameters and the stiffness coef-
ficients Cy;, Cp,i = 1,2, depend on the adhesion coefficient
A and are obtained using the identification method based
on the Levenberg-Marquardt’s algorithm [13]. For the road
adhesion coefficient A = 0.7, the membership functions are
defined as follows:

wi (o)

mley) = wi(ay) +wa(oy)

yha(ay) = 1—hy(oy).

1
loeg|—ay
by

)Cl i=1,2,
a; =3.1893, by = 0.5077, ¢; = 0.9496,

ar =0.5633, by =5.3907, ¢, = 0.8712
The overall cornering forces are written as follows:

{ Fy = hi(0)Cp1 ()t + ha(0f)Cra (A ) 0t @
Fr = (ap)Cri (L) 04+ ha(0r)Cra(A) 0ty

1+

where, w;(oy) = (

and

For more details, the reader can refer to [1]-[2]-[17].
Under the assumption of small angles, the linear approxima-
tions of oy and o are given by:

(ng5f—ﬁ—ﬂ.

Taking account of the expressions (5), the nonlinear model
(1) can be approximated by the following TS fuzzy model:

2
x(t) = Zhi(af) (Aix(t)+Biu(t)+E5f), 6)
i=1
¥(t) = Cx(0).
where, x(f) = 5/ is the state vector, u(t) = o, is the
control input, y(¢) = \ is the output vector and the matrices

A;j, B, Fi,i = 1,2 are given in [2].

Contact forces change according to the road environment
caused by the variation of the friction between the tires and
the road. Thus, the stiffness coefficients change according to
the road adhesion coefficient A. Taking into account these
variations, we describe the stiffness coefficients by:

Cri = Crio(1+ziAi), Cri = Crio(1 +z:4;),i = 1,2.

where |A\;] <1 and z; depend on the road environment and
describe the derivation magnitude from the nominal value.
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Therefore, taking into account these uncertainties, TS fuzzy

model (6) can be rewritten as:
o { 0= £ hta) [axo)+ Bae) + Fady )
(1) = Cx(t).

with, Ag; = A;+ AA;, B;i = Bi + AB;, F;; = F; + AF;.
The structured uncertainties considered here are norm-
bounded in the form, for each rule:

AA; = HyiAi(t)Eqi, AB; = HyiAi(t)Epi, AF; = HpiAi(1)E i
where A;(¢) is an unknown matrix function satisfying:
AT (O)A() <Ti=1,2

Hyi,Hypi,Hyi, Eqi, Epi, Er; are known real constant matrices
given in [2].

The following lemmas are useful to establish our main
results.

Lemma 2.1: [10] Given constant matrices D and E, sym-
metric constant matrix S and unknown constant matrix F
of appropriate dimension satisfying the constraint FT F < R.
The following two propositions are equivalent:

(i) S+DFE+ETFTDT <0;

.. e'R 0 E
(i) S+ [ ET D}{ 0 e]IHDT
> 0.

Lemma 2.2: [21] Considering a negative definite matrix
E <0, a given matrix Z and a scalar y > 0, the following
holds:

} < 0 for some

25z < —p(Z" +z)-pPE

III. OBSERVER-BASED CONTROLLER DESIGN

The side slip angle measurement is necessary to the control
design. However, since the side slip angle sensor is very
expensive, we need to estimate this value using the output
measurement. We furthermore remark that the membership
functions depend on the state variable 8 since it depends on
o (3). Thus let us denote & the estimate of os. The system
(X) can be rewritten in the following form:

- { £(0) = £ () Aaisle) + Bagult) + (e

)
with, w(r) = (F;+ AF;)6¢(t) + v(¢), and

2
v(t) =Y (hi(ap) —hi(Gy)) [Agix(t) + Baju(t) + Fyi84(1)] .
i=1
Based on the structure of the TS model (X;), the following
fuzzy state observer is proposed:

2
#(0) = Y hi( @) k() + Bu() + G () =5(0))) (D)
i=1
The matrices G;,i = 1,2 are observer gains to be determined.
To stabilize this class of systems, we use the PDC (Parallel
Distributed Compensation) observer-based controller [15]
defined as:
If |(3Cf| is M; then I/t(t) = —Kl)e(t),
If |(3Cf| is M, then I/t(t) = —Kz)e(t).
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The overall fuzzy controller is represented by:

— - Y e ). ®
Let us denote the estimation error by:
e(t) = x(t) — x(1).
and the perturbation terms on the membership functions by:
wir) = hi(ap)x(r) — hi( &) 2(2), ©)
pait) (hi(oy) = hilr)) u(t),
hi= = hi(oy)—hi(ay).

Assumption 3.1: We assume that, for each i = 1,2, the
functions py; and Uy; are Lipschitz and verify:

o [ i) 1< 01 [ x(1) = 2() |

o p2i(e) 1< 62 [ x(2) = 2(0) ||

Remark 3.1: Under this assumption, we can easily verify
that the disturbance vector v(z) is bounded. In fact, the term
v(¢) can be rewritten as:

™

() = [Agitt1i(1) + Baipai(t) — hi (0 )Agie(r)] +

Il
—

d16f( )

Lagls
}‘1

Il
—

and using the membership function characteristics, we have:

—1 <hi=hi(ay) —hi(ty) <1
The estimation error dynamics are given by:

ZZh

i=1j=
(AA,' — AB,‘KJ')X(Z‘)

(A — GIC+ ABK)e(r)

(Fi+AF;) 8¢(1) + v(1)]

Taking into account the expression of the control law (8),

- T .
the augmented system %(r) = [ x(¢) e(r) ]" can be written
as follows:

2 2
=Y Y hil6y)hj(ay) (Ayi(r) + Hw(r)) -

i=1j=1

(10)

with,

A; 7B,‘K,'+AA1 7ABlK,'
AA; — ABiK;

(Bi+AB)K;
A —GiC+ABK; |’

To guarantee the global asymptotic stability of the equilib-
rium point zero of (10), the following theorem is established
where the sets of matrices K; and G; are designed in one
step procedure.

Theorem 3.1: For given scalars ¥, W and &;,i,j = 1,2, if
there exist symmetric matrices X > 0,Y > 0, matrices V; and
W;,j=1,2, solutions of the following LMIs:

an

= o>
oy
—
X
/§\x
I

i=1,2,

12)
i#j<2

{ Pii <0
Wi+ 5 (P + W) <0,
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I'ij Tiy; O
where ‘P,’j = * FZij TZij R
* * F3,’j
and,
[ N XEL  VIEL
Fuj = * —0.58,'j]l 0 s
| * * 70.5&‘,‘/‘]1
[ —2uXx 0 0 VIE};
Iy — * —2ul 0
Y * x  —2ul+2¢; ELEs 0 ’
L x * * —0.5¢;1
Npij  YHy YH,, YH; YF Y
x  —g;'l 0 0 0 0
* £ —05e;'T 0 0 0
I35 = Y —1
* * * —&; I 0 0
* * * * f}/Z]I 0
* * * * * —YZ]I
BV, F I 0 ]
Y= 0 0 0 0|,
0 0 0 0
ful 0 0 0 0 0
0 0 0 0 ul 0
0O 0 0 0 O I
Y= 9 000 0 0|
0O 0 0 0 O
L0 000 0 0
Niij =AX =BV + XA —VI Bl +&;H,H}+
+2€;jHyHj; + €jHiH;,

Noij =YA;i—=W,C+ATY —CTWT +1.

then the uncertain fuzzy system (10) is globally asymptoti-
cally stable. The observer and the controller gains (7-8) are
given by : K; =V,X~ ! and G; = Y~'W,, respectively, for
i,j=1,2.

Proof 1: The proof is given in Appendix 1.

Remark 3.2: Theorem 3.1 has an advantage to give both
the controller and the observer gains in one step [18]. The
theorem provides a stabilization conditions in LMI form,
which are solvable using different toolboxes (Matlab LMI
toolbox, SeDuMi, etc.). If necessary, the number of the LMIs
(12) can be easily reduced by setting &; = €,Vi, j.

IV. SIMULATION RESULTS

The proposed observer based controller is evaluated
through computer simulations for a vehicle travelling at
a constant velocity v = 18m/s and doing a lane change
manoeuver with a front steer angle pattern as shown in Fig.
2. The considered nominal stiffness coefficients are given in
Table III, for the dry road friction coefficient A = 0.7. For

TABLE III
NOMINAL STIFFNESS COEFFICIENTS

Stiffness coefficient Crio Crao Crio Cra0
Nominal values (N/rad) | 71946 | 11213 | 67847 | 7868

the simulation purpose, we consider z; = 0.1, which means
that the designed controller will ensure stability although the
stiffness coefficients change until 10% from their nominal
values.

Using the toolbox YALMIP for the resolution of (12) with
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Front steer angle(rad)

Time(s)

Fig. 2. Front steer angle &y

y =103, we obtain:

K =] 08364 -2.1358 ],G = ;‘683'466197 ,
Ky=1[ 00316 —0.0716 |,G, = 33678713035

All simulations are carried out on the nonlinear model given
by (1) with the road friction coefficient equal to 0.7. We can

Side ship o

Fig. 3. Behaviour of the state vector and its estimation, solid curve: state
vector; and dash-dotted curve: its estimation for A = 0.7

see the effectiveness of the proposed fuzzy observer-based
controller, i.e, the estimated state variables are compared to
the vehicle state variables for the same front steering angle
given by Fig.2. The Fig.4 shows the rear steering angle o,
considered as the control vector. Fig.5 shows a comparison
between three cases: the open loop case, the linear controller
which it is obtained by resolving (12) for K; = K,i=1,2 and
the proposed fuzzy controller. To show the robustness of our
approach, the simulations, as given in Fig. 6, are also done
with the adhesion coefficient equal to A = 0.35, with the
parameters given in Table II. Fig. 6 (b) shows the vehicle
trajectories with the fuzzy controller and without control for
the same front steer angle 2. We can see that the fuzzy
observer-based controller gives better performances than the
linear controller as well as the open loop case.

Furthermore, the assumption 3.1 is verified by simulation and
the obtained fuzzy observer-based controller yields satisfac-
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Fig. 6. Vehicle response for the lane change with A = 0.35

tory results with the vehicle simulator CarSim [19]. These
obtained results are omitted due to lack of space.

V. CONCLUSION

In this study, an observer-based controller for the vehicle
lateral dynamics has been developed. The dynamics are ex-
pressed by an uncertain TS fuzzy model. The main objectives
have been to design an observer-based controller without
using the separation principle, but by taking into account
the state variable dependence on the membership functions
of the TS model. To achieve these objectives, Lyapunov’s
theory is used, and stabilization conditions in LMI form are
given. The simulation results have shown the effectiveness
of this proposed scheme. Future work will be extended to
apply the pole placement technique to improve the observer

978-1-4673-2529-5/12/$31.00 ©2012 |IEEE

dynamics while eliminating the Lipschitz assumption on the
membership functions.

VI. APPENDIX

Consider the following Lyapunov function candidate:

V(&) =& (t)Pi(r), P=PT >0. (13)

The time derivative of V(%(¢)) along the trajectory of (10) is
given by:

2
pICICHTICY [ (1) (PA;+ATP) 5(0) +
LJ=

i (1)PA®(1) + &7 (I)H,-TP)E(t)]

The objective is to design the observer-based controller i,e.
to find K;,G;,i = 1,2 so that the estimation error converges
to zero. The observer convergence is studied taking into
account the dependence between the estimation error and
the exogenous signals of (10). Thus, we seek to satisfy the
following robust performance under zero initial conditions:

Il ) Il2

| @) [l2
where 7y is the desired disturbance attenuation parameter.
This objective is guaranteed by ensuring the following equal-
ity:

<y, for &(t) #0 (14)

V(&) +el (t)e(t) — Yo" (1)@ (1) <0
Therefore, we have,

V(f)+€T(f)€(f)—7’2@T(f)@(fT:
3 5 A (1) i) | X(1)
= Zlhi(af)hj(af)[ o) } (Q 2 ) [

5)

ij=
with,

il T -
QijZ[PAU—i_A:P—i_LL fh;lﬂ] ,L=[0 T].

By using the relaxation scheme from [11], (15) holds if the
following conditions are satisfied:

Qi < 0,i=1,2 (16)
1
Q,-,'-Q-E(Q,-j—i—ﬂj,-) < 0,i#j<2 a7
Let us consider the particular form of P
P 0
P:{ A PZ},PI:PIT>0,P2:P2T>O (18)

By substituting (11), the matrix €;; can be expressed by:

T
Q[j = S,’j-i-Wij-f—Wij.

with,
PABK -+
Py (a4; - 88;K5) T PIAF; 0
J (aa; - aBiK; ) Py
Wij= 0 K1 a8l Py 0 0
0 AFT Py 0 0
0 0 0 0
P (A/-—BIK%-.)Jr - ,
18K 15 Py
(A/-—BIK/-) P
5ij= P (4; = GiC) + PE P
* [ (i —G;O)T Py +1 20 2
B « -1 0
B ¥ ¥ 1
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According to the definition of matrices AA;, AB;, AF;, and
using the lemma 2.1, the inequalities (16)-(17) hold if there
exist real scalars g;; satisfying the following condition:

Qi < 0,i=1,2 (19)
= s o L
Qii+§(9ij+9ji) < 0,i#j<2 (20
with
~ II;; M
Qi = Y Y 21
=] g 1)
and,
©;; PF,; P
;= *  —VI+2¢;'ELE; 0 |,
* * 921
M; = [ PBK;, PF P ],
M = Pi(A—BK))+(Ai—BiK)) P+ &P HHEP +
28, Py HyHy: Py + &Py H[ H Py + 28, EGE i+
2¢;;' K] ELELK;,
0 = P (A-GC)+(Ai—GC) Pr+ePHHEP +

2¢;;PyHyiHyi Py + € Py HH [Py + 26 K] ELERK; +1.

Pre-post multiplying the equality (21) by the matrix
diag(X,X,LT), with X = P"', we obtain:

diaglx X L) Byaiagxx10) = [ G0 ] a2y
)

with,
My = AX—BV;+XA] —V]B] +&;HyH}; +2¢&;HyHj; +
& HpHJ+ 26, XELEaX +2¢;' V] ELELV;,
My = [BV, E 1],
X0;X XPoF; XP
&, = * —VI+2¢;'ERE; 0
* * 41
®y = PA—WCHAP,—CTW + &Py HH Py +

28, PyHyiHit Py + € PyH i H Py + 28 KT ELEK; +1.
with the matrices V;,W; are given by:
Vj ZKjX, VV, = YG,‘ and YZPz.
Matrices ®;; can be rewritten in the following form:
&;; = Tij+diag(X,1,1)%;;diag(X,1,I),

with, Ty = dieg2e;'VIELEW;,  2¢;'EfEn,  0),Ty =
£ YF Y
x  —yI ;),2 , L = YA, — WiC + ATY — CTW! + ¢, YH,HLY +
* * —y-1

2&;;Y HyHLY + & YHHLY +1
Using the lemma 2.2, there exists a positif scalar u > 0,
such that:

Ci)ij < Tij —2udiag(X,1,T) 7,[12‘1;1

Finally, the expression (22) can be rewritten in the following
form:

diag(X,X,L,1)Q diag(X,X,I,T) < I My
sy iy 1] IRt t) —= * Gljiu th
with,
2¢;;'VIELE,V; —2uX 0 0
&= * —2ul+2e;'EfE; 0
* * —2ul

Using the Schur’s complement several times, sufficient con-
ditions of Theorem 3.1 are established. |
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