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Abstract—Up to now feedforward controllers are seldomly
used for the control of automotive vehicle drivetrains. This
is partially due to the fact that this popular approach which
is based on the inversion of a nominal model may become
rather involved. In this paper we illustrate the simplicity and
efficiency of flatness based feedforward controller design for
the drivetrains of electric and hybrid electric vehicles.

I. INTRODUCTION

The concept of differential flatness has been developed in

the 1990s [1], [2] and it guarantees that a parameterization

of all system variables with a so-called flat output exists. In

many cases the flat output is a very meaningful variable of

the system and in some cases the flat ouput is equivalent

to its real output. Then, the design of a corresponding

trajectory for a setpoint change boils down to a simple

interpolation problem. The trajectory then determines the

evolution of the system states and the input by the differential

parameterization. Consequently, this parameterization gives

a lot of insight into the structure of the control system.

Especially, this design procedure yields only trajectories

which can indeed be tracked by the system, at least at

nominal condition. During the last decade many practical

applications have shown that differential flatness has become

an efficient approach for the analysis and control of linear

and nonlinear systems [4], [5], [6].

In spite of the fact that flatness based feedforward con-

troller design has become a popular methodology in many

applications, the usual design approach of feedforward con-

trollers in automotive series-production applications is nev-

ertheless still as follows: A strongly simplified nominal plant

model Σ is derived, where

Σ : G(s) =
Y (s)

U(s)
(1)

represents the general transfer function of the plant and

U(s), Y (s) denote the Laplace-transforms of the control input

u(t) and the output y(t), respectively. Then, the correspon-

ding inverse of Σ is derived. If this inverse exists this

approach allows to influence the control input such that the

output fulfills a transition between two equilibrium points

under nominal conditions. However, for certain plants the

inverse G−1(s) may not be realizable or the inverse can
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provoke unstable system behaviour in case of nonminimum

phase systems [1], [2].

For linear systems flatness based feedforward controllers

can be very favourably used within a two-degree of freedom

structure [7]-[9] as shown in Figure 1.
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Fig. 1. Two-degree of freedom structure

In this structure the feedback control part can be designed

much less aggressive, since it has to deal only with model

uncertainties and external disturbances and no longer with

the nominal tracking behaviour. This yields a very robust

control structure which can also be applied to nonlinear

plants. In this contribution the simplicity and efficiency of

flatness based feedforward controller design are illustrated

by automotive control applications which recently appeared

in the field of electric and parallel hybrid electric vehicle

(PHEV) drivetrains [10]. Beside the proposed feedforward

control design approach for LTI models it will also be

shown that nonlinear elements are easy to handle in practical

applications. For this purpose a simple drivetrain controller

for the electrical machine (EM) speed is augmented such that

the influence of a nonlinear torque converter (TC) element

can be compensated. The design of the additional feedback

controller is done using an optimization based approach

similar to [11]-[14] which will not be in the focus of this

contribution.

The remainder of this paper is organized as follows: In

Section III the drivetrain model of a PHEV with automated

manual transmission (AMT) and TC is discussed. In Section

IV the principles of flatness based feedforward control design

are illustrated. Here, much emphasis is put on the feedfor-

wards for the EM and the nonlinear TC element. Nonlinear

simulation results are shown in Section V while Section VI

includes a conclusion and an overview of future work.

II. NOTATION

AMT Automated manual transmission

CAN Controller area network
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EV Electric vehicle

HEV Hybrid electric vehicle

ICE Internal combustion engine

it Transmission ratio [-]

id Transmission ratio final drive [-]

J2 to J6 Moment of inertia [kgm2]

µ Torque converter torque ratio [-]

ν Torque converter speed ratio [-]

ϕ̇2 to ϕ̇6 Angular velocity [rad/s]

Tem Electrical machine torque [Nm]

Tice Combustion torque [Nm]

Timp Impeller torque of the torque converter [Nm]

Tr f Resistance torque [Nm]

Tturb Turbine torque of the torque converter [Nm]

vx Vehicle speed [km/h]

III. MODELING

The control design applications which will be presented in

this work appeared recently in the field of PHEV drivetrain

control. The structure of the considered drivetrain is depicted

in Figure 2.

ICE
Clutch

with EM

Battery

Final drive

Transmission

with converter

Inverter

Fig. 2. Drivetrain configuration of PHEV (ICE: Internal combustion engine,
EM: Electrical machine)

Here, it can be clearly seen that an internal combustion

engine (ICE) and an electrical machine (EM) are able to

act on the same drive shaft. In electric operation mode the

ICE is decoupled from the rest of the drivetrain by means

of a separation clutch migitating the losses of the unfired

internal combustion engine and thus leading to an improved

overall drivetrain efficiency. Of course, the switching from

one operation mode to another requires sophisticated control

strategies such as during the synchronization of the ICE and

the EM [11]-[13]. However, this contribution focuses on the

EM controller which should allow for transitions from one

operating point to another in certain driving situations (e.g.

during vehicle launch and accelerations). In particular this

EM controller has to cope with the fact that the PHEV

drivetrain is deduced from an existing conventional vehicle.

That means, the drivetrain which has been augmented by

a separate HEV module includes still the same automated

manual transmission (AMT) and a torque converter (TC)

which improves the driving comfort during accelerations.

At steady state conditions an additional lock-up clutch is

connected in parallel to bypass the torque converter element

which would produce too many losses otherwise. For an open

lock-up clutch the overall arrangement of the drivetrain is

depicted in Figure 3 and the corresponding nonlinear model

is derived as follows (see [15]-[17]):

ϕ̇2 ϕ̇3
ϕ̇4

ϕ̇5 ϕ̇6

J2 J3
J4

J5 J6

it
id

k

d

torque

converter

Fig. 3. Parallel hybrid electric vehicle drivetrain (electric operation mode)
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
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Here, Timp = Timp(ϕ̇2, ϕ̇3), Tturb = Tturb(ϕ̇2, ϕ̇3) and the

variables ϕ̇2, ϕ̇3, ϕ̇6 denote the angular velocities of the

EM, the turbine side of the torque converter and the wheels,

respectively. The inertias J3 to J5 are lumped into

J′3 = J3 +
J4

i2t
+
J5

i2
(3)

and the variables it , id and i = it id denote the gear

transmission ratios of the automatic transmission, the final

drive and the overall drivetrain, respectively. The variable

Tr f denotes the torque due to the vehicle resistance forces

such as road friction, air drag and climbing resistance.

For the calculation of the impeller torque Timp and the

turbine torque Tturb a well-known automotive modeling ap-

proach for torque converters is introduced [18]. For this

purpose the nonlinear characteristic maps T ∗

imp = T
∗

imp(ν) and

T ∗

turb = T
∗

turb(ν) have to be determined at a fixed impeller

speed ϕ̇∗

2 . Here, the variables

ν∗ =
ϕ̇3

ϕ̇∗

2

, ν =
ϕ̇3

ϕ̇2
, (4)

denote the ratio of the angular velocity ϕ̇3 at the turbine

side and ϕ̇∗

2 , ϕ̇2, respectively. If ν = const. and the ratio

between ϕ̇2
2 and Timp can be considered as fixed for each

impeller angular velocity ϕ̇2, the impeller torque Timp and

the turbine torque Tturb can be calculated with

Timp = T
∗

imp(ν)

(

ϕ̇2

ϕ̇∗

2

)2

=
1

K2(ν)
ϕ̇2

2 , (5)

Tturb = µ∗ (ν)T ∗

imp (ν)

(

ϕ̇2

ϕ̇∗

2

)2

, (6)

where

K(ν) =
ϕ̇∗

2
√

T ∗

imp(ν)
and µ = µ∗ =

T ∗

turb

T ∗

imp

(7)

represents the TC ratio. The corresponding characteristic

maps of T ∗

imp(ν) and µ∗(ν) are depicted in Figure 4.
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For the flatness-based feedforward controller design for

the overall PHEV drivetrain the known TC model from

[18] has to be modified in order to obtain mathematical

expressions which are suitable for system inversion.
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Fig. 4. Torque converter characteristic maps, T ∗

imp(ν) (blue), µ∗(ν) (red)

For this purpose the separated rotational dynamics of the

TC can be rewritten as

[

ϕ̈2

ϕ̈3

]

=

[

1
J2
(Tem−F1(ν)ϕ̇

2
3 )

1

J
′

3

F2(ν)ϕ̇
2
3

]

(8)

where F1(ν) =
1

K2(ν)ν2 and F2(ν) =
µ(ν)

K2(ν)ν2 .

Here, it can be shown that µ
′

(ν) = µ0 −
dµ
dν ν provides a

good approximation for µ(ν). From Figure 5 it can be seen

that

F
′

1 ≈
γ

ν2
and F

′

2 ≈
γµ

′

(ν)

ν2
(9)

yield also good approximations for F1(ν) and F2(ν) in (8).

Additionally, they fulfill the aforementioned requirement on

system inversion as well.

Finally, the EM is modeled as pure torque source and its

closed-loop torque modulation can be approximated with a

first order lag while the time-varying CAN Bus communi-

cation delay is upper bounded by a conservative limitation

δem:

Ṫem =
1

τem

(

Tem,re f (t−δem)−Tem
)

. (10)

IV. CONTROL DESIGN

A. Mathematical preliminaries

First, some preliminaries on differential flatness are briefly

revisited. For this purpose a nonlinear single-input system

ẋ(t) = f(x(t),u(t)) , (11)

with x∈X ⊂R
n, u∈U ⊂R will be considered. The system

in (11) is called flat, if there exists a flat output

y f = h f (x) , (12)
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Fig. 5. Comparison of F1(ν) and F
′

1(ν) (up) and µ(ν) and µ
′

(ν) (bottom)

which allows a differential parameterization of the states and

the input

x= ψx(y f , ẏ f , . . . ,y
(n−1)
f ) , (13)

u= ψu(y f , ẏ f , . . . ,y
(n)
f ) . (14)

Thus, to every sufficiently smooth desired trajectory y f ,d :

I ⊂ R→ R there exists a corresponding state trajectory

xd(t) = ψx(y f ,d(t), ẏ f ,d(t), . . . ,y
(n−1)
f ,d (t)), (15)

with t ∈ I = [t0, t f ], which is indeed a solution of (11). If the

initial conditions satisfy the user requirements on

x(t0) = ψx(y f ,d(t0), ẏ f ,d(t0), . . . ,y
(n−1)
f ,d (t0)) (16)

the corresponding feedforward controller which achieves the

desired trajectory is given with

ud(t) = ψu(y f ,d(t), ẏ f ,d(t), . . . ,y
(n)
f ,d(t)) (17)

for t ∈ I.

In the following steps we consider the class of linear time

invariant (LTI) systems. These systems are flat if and only if

they are controllable [1], [2]. Then, any controllable linear

system

ẋ(t) = Ax(t)+bu(t) ,

y(t) = cTx(t) ,
(18)
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with x = [x1, . . . ,xn]
T
∈ R

n, u ∈ R can be transformed

into its controllability form (see [19]) with a suitable state

transformation z= Tx:

ż=











0 1 · · · 0
...

. . .
...

0 1

−a0 · · · · · · −an−1











z+











0
...

0

1











u , (19)

where z= [z1, . . . ,zn]
T
∈R

n. In view of (19) it is obvious

that z1 is a flat output, since clearly

[z1,z2, . . . ,zn]
T = [y f , ẏ f , . . . ,y

(n−1)
f ]T . (20)

Consequently, the parametrization of u is given with

ud = a0y f + · · ·+an−1y
(n−1)
f . (21)

For more information and a detailed characterization of

flat outputs for linear systems the reader is referred to [1],

[2]. In the remainder of this Section we will present three

recent applications within the field of EV and HEV drivetrain

control. Note, that the torque control design example in

Section IV-B represents also a baseline for the following

speed controllers in Sections IV-C and IV-D.

B. Torque controller

In electric driving mode the subordinated EM feedback

controller calculates the voltages and the currents inside the

EM such that the desired torque Tem
1 tracks a given reference

value Tem,re f which is computed by supervisory algorithms

(e.g. in Sections IV-C and IV-D).

From the dynamics of the closed-loop torque modulation

in eq. (10) it can be clearly seen that the underlying system

is not able to realize step-wise inputs in Tem. However, the

trajectory of the EM torque Tem can be directly influenced

if the dynamic system behaviour is incorporated within

the calculation of the reference value Tem,re f . Thus, this

novel feedforward controller calculates this input Tem,re f to

the closed-loop system such that its output Tem realizes

the desired trajectory Tem,d at nominal condition. For this

purpose the model of the closed-loop system in (10) is split

up into a first order lag and a time delay as shown in Figure

6.

1
τems+1 e−δems

TemTem,0Tem,re f

τemṪem,0 +Tem,0 = Tem,re f Tem = Tem,0(t−δem)

Fig. 6. Block diagram for EM torque controller design

Similar to the design procedure in (18)-(21) the torque

Tem,0 can be also considered as flat output. Consequently,

the reference value Tem,re f for the subordinated closed-loop

system is calculated from the resulting feedforward controller

Tem,re f = τemṪem,0,d+Tem,0,d . (22)

1It is assumed that there exist appropriate algorithms to estimate Tem from
the available measurements.

To alleviate the effects which are related to the delay time

δem the desired EM torque Tem,0,d is calculated from the

shifted torque trajectory Tem,d which serves as input signal

to the feedforward controller for the EM torque:

Tem,0,d = Tem,d(t+δem) . (23)

C. Speed controller

Beside the electric torque Tem the angular velocity ϕ̇2

of the EM represents also an interesting control variable

for a high-level controller in certain driving situations (e.g.

vehicle launch of an electric vehicle). Since the plant of the

underlying closed-loop torque modulation is augmented by

its corresponding rotational dynamics

G∗

rot(s) =
ϕ̇2(s)

Tem(s)
=

1

J2s
, (24)

the following speed control law can be interpreted as an

extension of the torque controller in Section IV-B. For this

purpose the block diagram of the overall plant is depicted in

Figure 7.

EM G∗

rot(s)
TemTem,re f ϕ̇2

Fig. 7. Block diagram for EM speed controller design

Now, the reference trajectory for Tem,d is updated at each

time step tk by means of a corresponding reference trajectory

for ϕ̇2,d . If any supervisory control algorithm requests a step-

wise change in ϕ̇2 an additional realtime trajectory generator

computes a smooth reference trajectory, i.e.

ϕ̇2,d(tk) = γ3t
3
k + γ2t

2
k + γ1tk+ γ0 , (25)

with γ0, γ1, γ2, γ3 ∈ R and

ϕ̇2,d(tk) = ϕ̇2,d(tk−1)
rad

s
, ϕ̇d(tk+Tt) = ϕ̇2,d,end

rad

s
(26)

ϕ̈2,d(tk) = ϕ̈2,d(tk−1)
rad

s2
, ϕ̈2,d(tk+Tt) = ϕ̈2,d,end

rad

s2
(27)

such that the condition ϕ̇2 = ϕ̇2,end is satisfied within a

given transition time Tt = n · tk where n> 1. As stated above

it has to be guaranteed that the reference signal ϕ̇2,d is

sufficiently smooth and additionally all required derivatives

must exist. Then, the desired trajectory on the EM torque is

given with

Tem,d(tk) = J2ϕ̈2,d(tk) . (28)

For a representative launch maneuver of an electric vehicle

where ϕ̇2,d(tk) = ϕ̈2,d(tk) = 0 rad
s

and ϕ̈2,d(tk+Tt) = 0 rad
s2 the

reference trajectory parameters result in

γ0 = 0,γ1 = 0,γ2 =
3ϕ̇2,d,end

T 2
t

and γ3 =−
2ϕ̇2,d,end

T 3
t

. (29)

Then, the desired trajectory on the EM torque is given

with

Tem,d(tk) = 6J2(
ϕ̇2,d,endtk

T 2
t

−
ϕ̇2,d,endt

2
k

T 3
t

) . (30)
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D. Speed controller with torque converter compensation

In a further extension the EM speed controller will be

tasked to control directly the wheel angular velocity ϕ̇6

instead of ϕ̇2. This feedforward control algorithm will al-

low for almost jerkless vehicle launch and accelerations

at nominal condition. However, in the underlying PHEV

vehicle configuration ϕ̇6 is not equal to ϕ̇2 neither at steady

state nor in transient conditions. Thus, simplified models for

the automated manual transmission (AMT) and the torque

converter have to be incorporated within the feedforward

control design. To keep the feedforward design task as simple

as possible the elastic spring element of the side axle will

however not be considered within the design. Instead, the

corresponding effects will be alleviated by means of the

feedback controller within the two-degree of freedom struc-

ture. Since the design of the feedforward controller is closely

related to Section IV-C the following explanations will focus

on the major differences between both algorithms. Now, the

reference trajectory for ϕ̇6,d represents the starting point of

the design and it will be calculated similar to (25)-(28) from

a given step-wise change for ϕ̇6. The resulting reference

trajectory ϕ̇6,d will be shifted to the angular velocity ϕ̇3,d

at the turbine side of the TC by means of the AMT and final

drive overall conversion ratio i= it id using ϕ̇3,d =
1
i
ϕ̇6,d . In

the subsequent steps the reference value νd for the TC speed

ratio can be computed from the mathematical approximation

of the TC model in Section III and ϕ̇3,d as well as its time

derivative ϕ̈3,d :

νd = F
′(−1)

2

(

J
′

3

ϕ̈3,d

ϕ̇2
3,d

)

. (31)

Then, since ϕ̇3,d and νd are symbolically known it is easy

to compute the reference value

ϕ̇2,d =
ϕ̇3,d

νd
(32)

for the EM angular velocity at the impeller side of the TC

(see (4)). Additionally, we can also compute the correspon-

ding angular acceleration

ϕ̈2,d =
ϕ̈3,dνd− ϕ̇3,d ν̇d

ν2
d

. (33)

Finally, the corresponding reference trajectory Tem,d for

the EM torque within a PHEV drivetrain is given (see (8),

(9)) with

Tem,d = J2ϕ̈2,d+F
′

1ϕ̇2
3,d . (34)

E. Feedback controller

The feedforward controls from Sections IV-B, IV-C and

IV-D are based on simplified drivetrain models which hold

true for the nominal condition. No external disturbances such

as overall resistance force, elastic springs or model uncertain-

ties are taken into account. Thus, it can not be expected, that

a pure feedforward control framework guarantees a perfect

tracking of the reference signal ϕ̇2,d or ϕ̇6,d in the end. For

this purpose an additional tracking controller is introduced

either on ϕ̇2 or even on ϕ̇6 within the two-degree of freedom

structure which stabilizes the corresponding trajectory. Since

the corresponding design steps are well known from litera-

ture [20] the description will be omitted here due to space

restrictions.

V. NONLINEAR SIMULATION

This section illustrates the efficiency of the proposed

feedforward control design approach. For this purpose a

detailed simulation study has been carried out with a nonli-

near simulation model which is similar to that in [17]. This

simulation model includes in particular nonlinear and elastic

spring elements within the side axles and the resistance

forces. Due to space restrictions we show only representative

results for the PHEV drivetrain without and with torque

converter element. Here, we show a comparison of two

feedforward controllers during a vehicle launch maneuver

where the vehicle will be accelerated up to ϕ̇6,d,end = 5 rad
s

(vx,end ≈ 5.6 km/h). The corresponding simulation results are

depicted in Figure 8 and they include three case studies. In

case 1 we design the controller similar to Section IV-C where

we consider only the rigid drivetrain without TC element

(here, the control design is adjusted to the wheel angular

velocity ϕ̇6). In case 2 we use the same controller from case

1 but consider a drivetrain with TC element. In this case

we see directly that the simple feedforward controller from

case 1 leads to large deviations from the desired trajectory

ϕ̇6,d . Thus, the additional feedback controller would have

to alleviate these effects which would lead to additional

calibration efforts. Finally in case 3, we apply the extended

speed controller from Section IV-D which allows to com-

pensate impressively for the effects which are induced by

the nonlinear TC element. Thus, the additional feedback

controller can be tuned much less aggressive.

VI. CONCLUSION AND FUTURE WORK

This paper focuses on the two-degree of freedom structure

which represents an interesting design approach for many

automotive applications which appeared recently in the field

of EVs and PHEVs. In particular, we concentrate on the

feedforward control design which relies on a suitable LTI

model of the plant and a flatness based design approach.

Here, we present three application examples for EM torque

and EM speed control. For the speed control we consider

also a PHEV drivetrain where the influence of a TC has to

be compensated.

Future work will concentrate on a rigorous Lyapunov

analysis [21], [22], [23] for the nonlinear closed-loop system

and a practical implementation on a research vehicle. Here,

the realtime trajectory generation within a series-production

software standard and the switchings from one control mode

to another represent interesting research fields.
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Fig. 8. Nonlinear simulation results, EM angular velocity ω6 = ϕ̇6

(first), wheel angular velocity ω2 = ϕ̇2 (second), EM torque Tem (third),
longitudinal acceleration ax (fourth)
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