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Abstract— In this paper, the synchronization of N-coupled
fractional-order chaotic systems with regular connection topo-
logy is presented. Synchronization of coupled Lorenz, Rössler
and Chen fractional-order systems with unidirectional coupling
is achieved based on a coupling matrix from complex systems
theory. Synchronization of this systems is achieved considering
a coupling without master node. The interactions in the complex
networks are defined by coupling only one state of each
fractional-order system. Numerical simulations are provided
to verify the effectiveness of this method.

I. INTRODUCTION
The concept of fractional derivative stems from 1695 when

L’Hopital asked to Leibniz what meaning take D
n

f if n were
a fraction. Since then, several mathematicians such as Euler,
Laplace, Fourier, Abel, Liouville, Riemann, among others,
have made contributions to the theory of fractional calculus
[1]. For many years fractional derivatives were not used and
the main reason was the absence of method to solve such
differential equations.

The theory of fractional calculus is a 300-year-old mathe-
matical topic but in the last 20 years it has attracted much
attention in physics and mathematics because some events in
nature can be modeled with fractional derivatives. They are
observed in many biological systems, for example, fractional
derivatives can determine the interbeat interval in human
heartbeats and the variations in human strides, they describe
the branching of trees and they are also seen in snowflake
growth. The applications of this theory are found in many
fields of science and engineering, for example mechanics,
physics, electronics, medicine, ecology or economy. Some
of these applications are viscoelasticity, dielectric polariza-
tion, quantitative finance, seismology and processing and
image manipulation. The advantages of fractional derivatives
becomes apparent in modeling mechanical and electrical
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properties of real materials, as well as in the description of
rheological properties of rocks [2], [3].

Chaotic synchronization has received increasing attention
from researchers in the last 10 years. Since Pecora and
Carroll synchronizing two identical chaotic systems with
different initial conditions, chaotic synchronization was in-
tensively studied in the integer-order systems and recently in
the fractional-order systems. Synchronization is investigated
due to its potential applications in secure communications
[4], [5], process control, chemical and biological systems
description. One of the advantages of fractional chaotic sys-
tems are its adjustable variables, chaos can exist for different
system parameters with different order in the derivatives.
This allows applications such as data encryption where the
key space can be enlarged [6].

Many methods have been proposed to achieve synchro-
nization between two fractional-order chaotic systems, i.e.
Pecora-Carroll (PC) method [7], via linear control [8], active
control [9], backstepping design [10] and recently a method
to synchronize N-coupled fractional-order chaotic systems
in ring connection was proposed [11]. These methods are
effective but sometimes the design procedure is complex
and the law of control is present in every state of the
system. In this paper we synchronize N-coupled fractional-
order systems applying a law of control only in one state.

This paper is organized as follow: Section II some nec-
essary definitions and notations of fractional calculus, in
Section III a brief review on synchronization of complex
dynamical networks. In Section IV, the problem of synchro-
nization in N-coupled fractional- order chaotic systems in
regular network is exposed as well as the fractional-order
model of Lorenz, Rössler and Chen systems which will be
used as fundamental nodes to compose the regular networks.
The corresponding simulation results are provided in section
IV. Finally, some conclusions are given in Section V.

II. PRELIMINARIES

A. Fractional-order derivatives

Fractional calculus is a generalization of integration and
differentiation to non-integer-order fundamental operator
aD

α
t , where a and t are the bounds of the operation and

α ∈ R. The continuos integro-differential operator defined as

aD
α
t =






d
α

dtα ,α > 0,
1,α = 0,�

t

a
(dτ)−α ,α < 0

(1)
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There are three common definitions of a fractional-order
derivative: the Grünwald-Letnikov (GL) definition, the Ca-
puto definition and the Riemann-Liouville (RL) definition
[1], [3], [12]. The GL, Caputo y RL definitions are equivalent
under some conditions. First, we define the GL definition in
non-integer differentiation given by following

aD
α
t f (t) = lim

h→0
h
−α

t−a

h

∑
j=0

(−1) j

�
α
j

�
f (t − jh), (2)

where
�

α
j

�
=

α(α −1)...(α − j+1)
j!

, (3)

is the relation between Euler’s Gamma function and factorial.
For numerical solution of fractional-order differentiation

we can use the relation derived from GL definition given by
the following expression [1], [3]

k−Lm/hD
q

tk
f (t)≈ h

−q

k

∑
j=0

(−1) j

�
α
j

�
f (tk − j). (4)

The general numerical solution of (4) is

aD
q

t y(t) = f (y(t), t), (5)

and can be expressed as

y(tk) = f (y(tk), tk)h
q −

k

∑
j=v

c
(q)
j

y(tk − j), (6)

where the calculation of binomial coefficients is given by:

c
(q)
0 = 1,c(q)

j
= (1− 1+q

j
)c(q)

j−1. (7)

III. COMPLEX NETWORKS

A complex network is defined as an interconnected set of
nodes (two or more), where each node is a fundamental unit,
with its dynamic depending of the nature of the network.
Each node is defined as follows

�
aD

α
t xi(t) = fi(xi, t)+ui1,

xi(0) = ci, i = 0,1,2, ..,n, (8)

where xi = (xi1,xi2, ...,xin)T ∈ Rn are the state variables of
the node i and ui establishes the synchronization between
two or more systems and is defined as follows [12], [13],
[17], [19]

ui1 = c

n

∑
j=1

ai jΓx j, i = 1,2, ...,n, (9)

the constant c positive defined represents the coupling
strength and Γ is a constant matrix linking coupled state
variables. In this matrix, two nodes are linked through their
ith state variables. Assume that Γ = diag(r1,r2, ...,rn) is a
diagonal matrix with ri = 1 for a particular i and r j = 0 for
j �= i.

The matrix A = (ai j) ∈Rn×n is the coupling matrix which
shows a connection between node i and j, then ai j = 1,

(a) (b)

(c)

Fig. 1. Regular network topologies: (a) Globally coupled network, (b)
Ring coupled network, (c) Star coupled network.

otherwise ai j = 0 for i �= j. The diagonal elements of A are
defined as

aii =−
n

∑
j=1 j �=i

ai j =−
n

∑
j=1 j �=i

a ji, i = 1,2, ...,n. (10)

The dynamical network (8) and (9) is said to achieve
synchronization if x1(t) = x2(t) = . . .= xn(t), as t → ∞.

The complexity of the network refers to the characteristics
of the nodes or network topology. We consider a network
with N identical nodes with a fractional-order chaotic dy-
namic. The topology is defined as a connection among each
node, with a regular or irregular pattern. We consider only
the regular topologies. In Fig. 1 shows the three types of
regular networks: global connection, ring connection and star
connection.

IV. SYNCHRONIZATION OF N-COUPLED
FRACTIONAL-ORDER SYSTEMS VIA COUPLING MATRIX

Regular coupled networks are one of the coupling con-
figurations studied in synchronization of complex net-
works(globally coupled, ring coupled and star coupled net-
works). Synchronization is achieved using different systems,
in fractional-order chaotic Lorenz system globally coupled,
fractional-order chaotic Rössler system using ring connection
and fractional-order chaotic Chen system using star connec-
tion.

A. Globally coupled network

First, we synchronize complex networks of identical
fractional-order nodes globally coupled where any two nodes
in the network are connected directly. This globally coupled
network topology is illustrated in Fig. 1(a). Edward N.
Lorenz from the equations that predict weather patterns
found a chaotic attractor in 1963 and was named Lorenz
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Fig. 2. Attractor of a fractional-order Lorenz system with σ = 10, ρ = 29,
β = 8/3 and q1 = q2 = q3 = 0.995.

attractor. Time later was found chaotic behavior with differ-
ent fractional-orders in the derivatives of the system. We use
fractional-order Lorenz system in each node which is defined
as follows

0D
q1
t xi(t) = σ(yi(t)− xi(t)),

0D
q2
t yi(t) = xi(t)(ρ − zi(t))− yi(t), (11)

0D
q3
t zi(t) = xi(t)yi(t)−β zi(t),

where σ = 10, ρ = 29, β = 8/3 and the fractional-order when
q ∈ [0,1] is given by q1 = q2 = q3 = 0.995 the system is
chaotic [13]. The attractor is shown in Fig. 2. Considering
a synchronization scheme N-coupled fractional-order chaotic
Lorenz systems, with global connection the first node N1 we
define

0D
q1
t xi1(t) = σ(yi2(t)− xi1(t))+ui1,

0D
q2
t yi2(t) = xi1(t)(ρ − zi3(t))− yi2(t), (12)

0D
q3
t zi3(t) = xi1(t)yi2(t)−β zi3(t).

The coupling matrix for this configuration is given by

Agc =





−N +1 1 1 · · · 1
1 −N +1 1 · · · 1
...

. . . . . . . . .
...

1 1 1 · · · 1
1 1 1 · · · −N +1




. (13)

This matrix has a single eigenvalue at 0 and all other equal
to −N. For this case, the coupling matrix is defined with
N = 12 is as follows

Agc =





−11 1 1 · · · 1
1 11 1 · · · 1
...

. . . . . . . . .
...

1 1 1 · · · 1
1 1 1 · · · −11




. (14)

The Gamma matrix is defined as Γ= diag(1,0,0) that means
the synchronization is achieved by the first nodes. According
to (9), the first law of control is given by the Agc matrix
u11 = c(−11x1 + x2 + x3 + x4 + x5 + x6 + x7 + x8 + x9 + x10 +

Fig. 3. Fractional-order Lorenz atractor of the synchronization.

x11 + x12).
We defined the next nodes as follows (N = 2)

0D
q1
t x21(t) = σ(y22(t)− x21(t))+u21,

0D
q2
t y22(t) = x21(t)(ρ − z23(t))− y22(t), (15)

0D
q3
t z23(t) = x21(t)y22(t)−β z23(t),

and the second control law is u21 = c(x11 − 11x21 + x31 +
x41 + x51 + x61 + x71 + x81 + x91 + x101 + x111 + x121),
until the last node (N = 12)

0D
q1
t x121(t) = σ(y122(t)− x121(t))+u121,

0D
q2
t y122(t) = x121(t)(ρ − z123(t))− y122(t), (16)

0D
q3
t z123(t) = x121(t)y122(t)−β z123(t),

u12 = c(x11 + x21 + x31 + x41 + x51 + x61 + x71 + x81 + x91 +
x101 + x111 −11x121).
The initial conditions for this simulation are

(x11, y12, z13) = (−5.1, 0.2, 2.5),
(x21, y22, z23) = (0.8, 12,−1),
(x31, y32, z33) = (2.3,−5,−2.6),
(x41, y42, z43) = (10, 10, 1),
(x51, y52, z53) = (6.5, 9, 3),
(x61, y62, z63) = (9, 1.2, 3.57),
(x71, y72, z73) = (−3.7,−1, 4),
(x81, y82, z83) = (4.5, 8, 6),
(x91, y92, z93) = (−1, 0.01,−4),

(x101, y102, z103) = (5.7,−7.9, 3.1),
(x111, y112, z113) = (0.1, 3, 0.3),
(x121, y122, z123) = (0.19, 4, 7.5).

The coupling strength used for this case is c = 20. The
Fig. 3 shows the chaotic attractor of fractional-order Lorenz
system with 12 nodes. In Fig. 4, the phase portrait of
the synchronization of the first states where each state is
compared with each other is shown and we can see that
each state synchronize with the other first states.

978-1-4673-2529-5/12/$31.00 ©2012 IEEE 917



Fig. 4. Synchronization of first states (xi, where i = 1,2, ...,12) of the
twelve Lorenz systems.

Fig. 5. Fractional-order Rössler atractor with a = 0.4,b = 0.2,c = 10 and
q1 = 0.9,q2 = 0.9,q3 = 0.9.

B. Ring coupled network

In this type of coupling, the connections are between
only nearest neighbors and the last node is connected to
the first node. In this case, we synchronized a ring coupled
Rössler system with twelve nodes (N = 12). This topology
is illustrated in Fig. 1(b) and each node is a fractional-
order Rössler system. In 1976, Otto Rössler proposed Rössler
system with a strange attractor. This equations are useful
to model equilibrium in chemical reactions. The fractional-
order Rössler system is defined as follow

0D
q1
t xi(t) =−yi(t)− zi(t),

0D
q2
t yi(t) = xi(t)+ayi(t), (17)

0D
q3
t zi(t) = b+ zi(t)(xi(t)− c).

Under the parameters a = 0.4,b = 0.2,c = 10 and a
fractional-order equal to q = 2.7, where q1 = 0.9,q2 =
0.9,q3 = 0.9 the system is chaotic [16]. The attractor is
presented in Fig. 5. For this case, the nodes of the dynamical

network are arranged as follows:

0D
q1
t xi1(t) =−yi2(t)− zi3(t),

0D
q2
t yi2(t) = xi1(t)+ayi2(t)+ui2, (18)

0D
q3
t zi3(t) = b+ zi3(t)(xi1(t)− c),

where i= 1,2, ..,12. The coupling matrix for ring connection
is given by

Anc =





−k 1 0 · · · 1
1 −k 1 · · · 0
...

. . . . . . . . .
...

0 0 1 · · · 1
1 0 · · · 1 −k




, (19)

where k = 2 since each node is adjacent to the neighbor-
ing nodes. The Gamma matrix for this case is defined as
Γ = diag(0,1,0) that means the synchronization is achieved
by the second nodes. The synchronization is given by the
following coupling signals and each ui2 is applied to each
node (Ni).

u21 = c(−2y12 + y22 + y122),

u22 = c(y12 −2y22 + y32),

u23 = c(y22 −2y32 + y42),

... (20)
u210 = c(y92 −2y102 + y112),

u211 = c(y102 −2y112 + y122),

u212 = c(y12 + y112 −2y122).

The initial conditions for the ring connection are

(x11, y12, z13) = (0.2,−0.1, 0.1),
(x21, y22, z23) = (8,−4,−9),
(x31, y32, z33) = (4, 0.1, 2),
(x41, y42, z43) = (−7, 5, 5.21),
(x51, y52, z53) = (5, 3.2,−3),
(x61, y62, z63) = (−4,−2.9, 0.22),
(x71, y72, z73) = (3.4,−2,−4.3),
(x81, y82, z83) = (6.1, 7.7,−5.2),
(x91, y92, z93) = (4.5, 8.1, 1.1),

(x101, y102, z103) = (2.1,−1.1, 0.65),
(x111, y112, z113) = (7.2, 3, 8),
(x121, y122, z123) = (10.1,−6.1, 3).

The attractor of the twelve fractional-order Rössler systems is
show in Fig. 6, Fig. 7 shows the twelve states of the Rössler
systems for different initial conditions. Synchronization is
achieved using a coupling strength c = 3 and the phase
portrait reflects the appearance of a line 45o to the center of
the graph shows in Fig. 8. For this case, the synchronization
is achieved with a small coupling strength compared with the
Lorenz systems synchronization where the coupling strength
is better if it is large.
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Fig. 6. Twelve chaotic atractor of fractional-order Rössler systems.

Fig. 7. States (yi, where i = 1,2, ...,12) of the Rössler systems synchro-
nization.

Fig. 8. Phase portrait of the second states (yi, where i = 1,2, ...,12) of
Rössler systems.

C. Star coupled network

Finally, the last regular network that we use is a star
connection where there is a central node to which other
nodes are connected, as is shown in Fig. 1(c). We use a
fractional-order Chen system in each node. The fractional-
order representation of this model is the following

0D
q1
t xi1(t) = a(yi2,−xi1),

0D
q2
t yi2(t) =−dxi1 − xi1zi3 + cyi2 +ui2, (21)

0D
q3
t yi3(t) = xi1yi2 −bzi3,

where the parameters a = 35, b = 3, c = 28, d = −7 and
the fractional orders q1 = 0.9,q2 = q3 = 0.95 make the
system behave chaotically [17]. Fig. 9 shows the fractional-
order atractor of Chen system. The coupling signal used for
synchronization of the twelve nodes are defined as follow
matrix

Ast =





−N +1 1 1 · · · 1
1 −1 0 · · · 0
...

. . . . . . . . .
...

1 0 · · · · · · 0
1 0 · · · 0 −1




. (22)

For this case, the Γ matrix is defined as Γ= diag(0,1,0) as in
the ring connection because the synchronization is achieved
by the second nodes. Each law of synchronization for each
node is given by

u12 = c(−11y1 + y2 + y3 + y4 + y5

+ y6 + y7 + y8 + y9 + y10 + y11 + y12),

u22 = c(y1 − y2),

u32 = c(y1 − y3),

... (23)
u102 = c(y1 − y10),

u112 = c(y1 − y11),

u122 = c(y1 − y12).

The initial conditions for this case are

(x11, y12, z13) = (1.5, 2, 0.5),
(x21, y22, z23) = (8,−4,−9),
(x31, y32, z33) = (−3,−1, 6),
(x41, y42, z43) = (−7,−5, 9),
(x51, y52, z53) = (5, 9,−3),
(x61, y62, z63) = (1, 3,−0.5),
(x71, y72, z73) = (3.2, 8,−6.5),
(x81, y82, z83) = (−10.3, 7.2,−1.25),
(x91, y92, z93) = (0.01, 3.4,−1.6),

(x101, y102, z103) = (7.2, 4.3, 3.2),
(x111, y112, z113) = (−5,−3, 2.2),
(x121, y122, z123) = (11.1, 0, 5).

Fig. 10 shows the twelve fractional-order Chen attractors and
the phase portrait is shown in Fig. 11. The synchronization
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Fig. 9. Attractor of the fractional-order Chen system with a = 35,b =
3,c = 28,d =−7 and q1 = 0.985,q2 = 0.99,q3 = 0.98.

Fig. 10. Twelve chaotic atractor of fractional-order Chen systems.

is achieved with the coupling strength c = 33 and the
convergence for each state is shown in Fig. 12.

V. CONCLUSIONS AND FUTURE WORKS
In this paper the synchronization of N-coupled regular net-

work is achieved using the complex network theory. We use a
coupling signal only in one state of the system and adjusting
the coupling strength c the synchronization is achieved in
fractional-order Lorenz, Rössler and Chen systems. The pro-
posed synchronization law has the advantage that is simply
to develop and the network can be synchronized applying
this law only in one state of the system . We can observe
the convergence in each state of the systems and the error
system decay towards zero as t → ∞. Simulations show the
effectiveness of the proposed synchronization scheme. We
use three different systems to illustrate the synchronization
for regular network topology, however, the three systems syn-
chronize for each type of coupling, global, star and ring. We
explore only the regular complex networks with fractional-
order nodes but we think that exploring the irregular network
synchronization is important for future work.

Fig. 11. Phase portrait of the second states (yi, where i = 1,2, ...,12) of
the twelve fractional-order Chen systems.

Fig. 12. Convergence in states (yi, where i = 1,2, ...,12) of the twelve
fractional-order Chen systems.
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[3] I. Petrǎs, Fractional-Order Nonlinear Systems, Springer, 2011.
[4] H. Serrano-Guerrero, C. Cruz-Hernández, R. M. López-Gutiérrez, C.
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Synchronization of Chaotic Neural networks with Delay in Irregular
Networks, Applied Mathematics and Computation, vol. 205, 2008, pp
487-496.

[19] C. Posadas-Castillo, E. Garza-González, C. Cruz-Hernández, E.
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