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Abstract— This paper considers interconnected systems con-
sisting of identical subsystems. The subsystem interconnections
are either caused by the physical relations or have to introduced
by the controllers. In both cases, decomposition methods are
needed to reduce the complexity of the controller design
problem.

The discrete-time LQR design problem for interconnected
systems is considered in this paper. A decomposition approach
is introduced which can be uniformly applied to both inter-
connection structures. It reduces the controller design for the
overall system to separate design problems for the modified
subsystems, which have the order of a single isolated subsystem.

Index Terms— Interconnected systems, LQR design, decom-
position methods

I. INTRODUCTION

A. Interconnected systems

This paper deals with the discrete-time LQR design for
interconnected systems which consist of a large number of
identical subsystems. The subsystem interconnections are ei-
ther caused by the physical relations between the subsystems
(physically interconnected systems) or have to be introduced
by the controllers to cope with the shared (cooperative)
control goals (objectives) (multi-agent systems).

Multi-agent systems are composed of physically decou-
pled subsystems (often referred to as agents), which interact
with the other subsystems to accomplish a common (co-
operative) goal. With the use of wireless communication
networks, information among (even mobile) subsystems can
be exchanged, so that tasks beyond the abilities of single sub-
systems can be completed by groups (teams) of subsystems
in an efficient way. Figure 1 shows a multi-agent system with
N identical subsystems controlled over a digital network.
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Fig. 1. Networked control of multi-agent systems
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Physically interconnected systems consist of the sub-
systems with usually individual control goals. Examples
for physically interconnected systems with similar (ideally
identical) subsystems are energy networks, multizone fur-
naces or adaptive optics. A networked controller structure
for a physically interconnected system with N subsystems
is shown in Fig. 2.
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Fig. 2. Networked control of physically interconnected systems

In both cases, the overall system may display a rich and
complex behavior. A natural way to deal with the complexity
of the controller design problem for interconnected systems
is to apply a decomposition strategy with the intention
of decomposing the controller design problem into smaller
problems, which can be solved in a more efficient way. This
paper introduces a decomposition approach, which can be
applied to both interconnection structures. In both cases, an
important simplification for the controller design is obtained,
since the controller design problem for the overall system can
be replaced with the controller design problems for modified
subsystems which have the order of a single subsystem.

B. Literature review

Design of decentralized and distributed controllers for
physically interconnected systems with complex dynamics
(often referred to as large scale systems) with different
interconnection topologies have been considered in [1]-[7].
In [1], the author obtains simplifications in the controller
design using the structural properties of symmetric composite
systems. In [6], the same class of physically interconnected
systems is studied and it has been shown, that the continuous-
LQR design for the overall system can be performed by con-
sidering two different modified subsystems independently.
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The same design strategy has been applied in [7] to spatially
interconnected systems.

The relation between the formation stability and com-
munication topology is firstly considered in [8]. Using a
decomposition approach, the authors show that the stability
of the vehicle formation is equivalent to the stability of a
set of single vehicles, whose outputs are scaled with the
eigenvalues of the graph Laplacien matrix. The same idea
has been used in [9] to design distributed controllers with
H, and H, performance criterion. Using a decomposition
approach, the LMI for the overall system can be decomposed
to a set of smaller LMI’s which can be solved more easily.
In [10], a LQR based design strategy is proposed to design
stabilizing distributed controllers. The proposed strategy pro-
vides simplification in the computational complexity of the
controller design. The focus of the lastly mentioned papers
is similar to the focus of this paper, which also introduces
a decomposition approach to reduce the complexity of the
controller design problem. In contrast to the mentioned
references, another design problem is considered in this
paper (a discrete LQR problem) and consequently, the output
of the design strategy is a optimal (not only stabilizing) but
centralized controller.

C. Contribution and structure of the paper

This paper studies the discrete-time LQR-design for in-
terconnected systems which consist of identical subsystems.
The main contribution of this paper is the introduced de-
composition strategy, so that the optimal controller for the
overall system is obtained as the solution of separate design
problems each of which refers to modified subsystems. This
approach can be applied uniformly to multi-agent systems
and physically interconnected systems. The only assump-
tion is the symmetry in the interconnection matrix, which
describes the coupling of the control goals in multi-agent
systems and the physical interactions among the subsystems
in physically interconnected systems.

The notations which will used throughout the paper to-
gether with the system model will be introduced in Section
II. The LQR design problem for the multi-agent systems and
physically interconnected systems is introduced in Section
III. In Section IV, the decomposition approach is applied
to the multi-agent systems and in Section V, the same
approach is applied to the physically interconnected systems.
Concluding remarks are made in Section VI.

II. PRELIMINARIES
A. Notations

In this paper, R denotes the field of real numbers and
R™*™ the set of real matrices with the dimensions m X n.
Throughout this paper, a scalar is denoted by € R, a
vector £ € R™ and a matrix X € R™*". A matrix X is
orthogonal, if X’ = X 1. I,, € R™*" denotes the identity
matrix. O denotes a zero matrix or zero vector of appropriate
dimensions. \;(X) denotes the i-th eigenvalue of the matrix
X.
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Let A € R™ ™ be symmetric. A is positive definite if
x’Ax > 0 for all nonzero * € R™ and A is positive
semidefinite if @’ Az > 0 for all nonzero € R". This
is denoted by A > 0 and A > 0, respectively.

Let A € R™*" and B € RP*1. A @ B denotes the
Kronecker product (tensor product) of A and B.

Lemma 1. [/]/] Let A €¢ R™*" B ¢ R"*5, C € R"*P
and D € R**t. Then

(A B)(C® D) =
(A® B)

AC ® BD

A ® B

Lemma 2. [11] If A and B are invertible matrices, then
(AeB)'=(A"1'eB™).

Lemma 3. (Matrix inversion lemma) Let A € R"*" | B €
R™™  C € R™ " gnd D € R™*™. If A, D—CA™'B
and D are invertible matrices, then

(A-BD'C)"'=A"'"4A"'B(D-cA'B)"'CcA™ .

B. System model

1) Multi-agent systems: A multi-agent system consisting
of N identical subsystems (or agents) is given by

x;(k+1) = Az;(k) + Bu;(k), x;(0) =x, (1)

where

o x;(k) is the n-dimensional subsystem state and
o wu;(k) is the control input.

The overall system model can be represented as
x(k+1) = Agz(k) + Bosu(k) (2)
with
Aos=(IN®A), Bos=(In®B). (3)

2) Physically interconnected systems: A physically inter-
connected system consisting of /N identical subsystems is
represented by

ZBZU{? + 1) = ACL‘Z(/{?) + Bul(k’) + ESi(k)7 131(0) = I,0
4)
zi(k) = c,zi(k) (5)

N
si(k) = lijz (k) (6)
j=1

with the same symbols as in (1) and with

e s;(k) is the scalar physical interconnection input signal
and

o z;(k) is the scalar physical interconnection output sig-
nal.

The physical interconnection matrix L, € RN*N s
assumed to be symmetric and describes the relation between
the physical interconnection input and output signal of the
overall system,

s(k) = Lyz(k). (7)
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The overall system model can be represented as

zk+1)=Iy®A)z(k)+ (In®e) (L, ®c,)x(k)

3)
+ (Iy ® B)u(k)
= Aosx(k) + Bosu(k) 9)
with
Aps=IN®A+L,®ec,, Bo,s=In®B. (10)

III. PROBLEM SETUP

In this section, the LQR design problem for physically
interconnected systems and for multi-agent systems will be
introduced.

A. LOR design problem for multi-agent systems

For multi-agent systems, the performance index depends
upon the behavior of the independent subsystems. A reason-
able cost function structure is introduced in the following

Jap = Z (x(k) Qos (k) + u(k) Rosu(k)) (1)
k=0
with
Qos:IN®Qa+Lq®Qk and Ros:IN®R7 (12)

where R >~ 0, Q, > 0 and Qy > 0. Since the subsystems
have common objectives, the cost function does not only
contain terms which penalize the local system states (Q,)
but also contain terms which penalize the difference state
between the subsystems (Qy). The matrix L is a symmetric
matrix and describes the coupling of the control goals.

The design problem is given by,

In(lkI)l JM(’U,(,Z{J),.’BQ), (13)

st. xlk+1) = Agse(k) + Bosu(k), x(0) =z (14)

with A and B, introduced in (3). The control input w(k)*
which solves the optimization problem, can be represented
as u*(k) = — K x(k) with the optimal controller matrix

(ROS + BclasPcrsBOS)_lBgsPcfsAOS'

K = (15)

P is the positive definite solution of the following discrete
algebraic Riccati equation (DARE) for the overall system
P;S :Qos+Al P A

08~ 0s*70S

—A! P:B. (R, + B/ .P.B.,) 'B .P.A, (16

with Ays and Bg in (3).
B. LOR design problem for physically interconnected sys-
tems

The physically interconnected systems consist of the sub-
systems with individual control objectives. A reasonable cost
function structure is introduced in the following

oo

Tp =Y (@(k) Qosm(k) + u(k) Rosu(k))

k=0
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with
Qos :IN®Qa and Ros:IN®Rm (18)
where R > 0 and Q, > O.
The design problem is given by
(19)

i k
min Jp(u(k), zo),

st x(k+1) = Agsz(k) + Bosu(k), x(0) =z (20)

with Ays and B, introduced in (10). The optimal control
input can be represented as u*(k) = —K x(k) with K
introduced in (15) and P as the solution of the following
DARE

P;S :Q05+Al P A

08~ 0s“ 708

—A! P:B. (R, + B/ ,P.B.,) 'B .P’A, (21)

0s™ 0870 0s™ 0s 0s™ 0s

with A, and Bys in (10). Because of the physical in-
teractions among the subsystems, the optimal controller
matrix K7, is a fully occupied matrix, although only local
subsystem states are penalized in the cost function.

1V. DECOMPOSITION OF THE CONTROLLER DESIGN FOR
MULTI-AGENT SYSTEMS

A. Main Result

Theorem 1. The solution (16) of the LOR design problem
(13)-(14) for the multi-agent system can be represented by

Py, = (T @ I,)diag (P)(T® I,)™*

in terms of the solutions 13{* of the following N separate
DARE’s
Pr=Q,+AP;A-AP'B (R + B’PL-*B) 'BPrA,
(22)
with
Qi=Q.+N(L)Qandi=1,... N.

In virtue of Theorem 1, the optimal controller for the
multi-agent system can be designed in the transformed do-
main by solving N independent DARE'’s, each of which has
the order of a single subsystem. The number of the DARE’s
depend on the spectral properties of the interconnection
matrix L.

B. Proof of Theorem 1

Since the matrix L, is assumed to be a symmetric, its
eigenvalues are real and it exists an orthogonal matrix T,
which diagonalizes the matrix L,

M(Lg) 0 ... 0
py=1'Lo-| Y Y
: 0 0
0 0 An(Lq
(23)
The state transformation

z(k) = (T I,) 'x(k) = T,; x(k) (24)
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is applied to the overall system. In virtue of Lemma 1 and
2, the system matrix A, has a block diagonal form:
A= (TRIL,) "A(T®1,)
=(T® L) '(In®A)(T oI,
=(T'oLL)T®A)
=(Iy®A).
The input matrix B, in (3) is given after the state transfor-
mation as Bos = (T ® I,,) "' Byg.

With the transformed states, the cost function (11) can be
rewritten as

(25)

J

M

(k) Qosx(k) + u(k) Rosu(k)

b
Il
<]

(Tosz (k) Qos(Tos® (k)) + u(k) Rosu(k)

M

b
I

0

Z(k) Qos (k) + u(k) Rosu(k), (26)

avE

where Qo = T QosTos. Q. is a block diagonal matrix,
since

T(;SQOSTOS ( QOE (T ® I )
= (T ®I) (In ® Qa) (T ® I,)
+(T7'® L) (Ly® Q) (T®I,)

EIN ® Q) + (T7'LyT ® Q)
=(IN®Qa) + (Lq ® Qk) :
Considering (25) and (26), the DARE for the overall
system with the transformed states can be given by
P =Q. + AL PL A,

oS 0os

_AZ)SPCTS 3 (ROS +BZ)SPCTSB ) IB/ P*

0s™ Os

os (27)
A relation between PZ and P% can be determined, if
the value of the cost function (11) with the transformed and

original system state is considered:

J* =z Pixy = x,\PlLig
OPOSwO = ((T®In)_1w0)/ﬁ)§s(T®In)_1w0
z)Prxy = z\(T®IL,)PL(T®I,) 'z

Hence,

P.=(T®I,) 'PLT®I,). (28)

B.. <R0q + B(’)qPO*bB ) B{)S in (27) is rewritten as Z.

Using the matrix inversion lemma, Z can be represented as
shown in the following:
—1 -
.) B,

~ ~ ~ ~ -1 . ~
R;slB(/)s ((Po*s)_l + BOSR(?slB(I)s) BOSR;Sl) B(/)s

~ —1
—X - X ((P;;)—l + X) X

Z =B, (Roq + B! _P.B,
=B, (R;.!-

(29)
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with X =: Bo R, B,
T;l(IN ®@B)(Iy ® Ril)(Toisl
T,.'(In ® BR 'B')T,

= (In® BR'B)).

. X is block diagonal since

X = (In ® B))'

(30)

Hence, all the matrices in (27) are shown to be block
diagonal and consequently, the solution PO*S of the DARE
is a block diagonal matrix as well.

Hence, the DARE for the overall system can be decom-
posed into following separate equations
Pr=Q,+ AP A

K2

+A'P; (Xi - X; ((151‘*)_1 + Xi>7 Xi) PrA

=Q,+A'P;A- A'P'B (R - B’R*B) B'P; A,
with
Qi = Qa + \i(

which ends the proof.

In the next section, the same decomposition approach
will be applied to the physically interconnected systems,
where the system interconnection is caused by the physical
interaction among the subsystems.

L)Qx andi=(1,...,N),

V. DECOMPOSITION OF THE CONTROLLER DESIGN FOR
PHYSICALLY INTERCONNECTED SYSTEMS

A. Main result

Theorem 2. The solution (21) of the LOR design problem
(19)-(20) for the physically interconnected system can be
represented by

P = (T ® I,,)diag (P} )(T ® I,,) ™"

in terms of the solutions 13{* of the following N separate
DARE’s
~Q.+A/P/A;~AP!B(R+B'P'B) BPA,
(€29)
with

A; = A, + Xi(Lp)ec,, and i =1,...,N.

B. Analogies in Theorem I and Theorem 2

Theorem 1 and Theorem 2 deal with different inter-
connection structures. However, in both cases, the same
decomposition of the controller design problem is obtained,
with similar state transformations. For both classes of in-
terconnected systems, the decomposition approach provides
an important simplification for the design problem, since
the controller design problem (16) for the overall system
can be decomposed into design problems for independent
subsystems, which are given in (22) for multi-agent systems
and in (31) for physically interconnected systems. In (22), the
term Qi contains information on the interconnection of the
control goals, while in (31), the term Ai contains information
on the physical interconnection of the subsystems. In both
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cases, the only requirement to apply the design strategy is
the symmetry of the interconnection matrices Lq or Ly,.

Remark 1. A more general system class will be considered
now, where physically interconnected subsystems share con-
trol goals, so that Ly # O. The same simplifications for the
controller design will be obtained if the matrices Ly and
L, are simultaneously diagonalizable. Then, the different
diagonal blocks of 15*S will be calculated by solving the
following DARE’s:

-1

= Qi+ AP A~ APB(R+B'P'B) BP A,
fgr (7, = 17 7]\[) with
A=A+ Xi(Ly)ec,, Qi=Q.+ Ai(Lq)Qx.

C. Proof of the Theorem 2

It exists an orthogonal transformation matrix 7", which
diagonalizes the matrix L,

M(Lp) 0 ... 0
T'L,T=1L,= 0 -0
: 0o . 0
0 o 0 An(Lyp)
(32)
After the state transformation
&(k) = (T @ L) 'a(k) = T, (k) (33)

the system matrix gets the following block diagonal form:

= (TeI,) 'As(T®1I,) (34)
=(T®IL) ' (In®A+ (L,2ec,))(T®I,)
= (TeL) '(Ixn2A)(TI,)
+(TelI,) (L, ®ec,)(T®I,)
=(Iy® A) + (L, ® ec)). (35)

According to (26), the cost function (11) with the trans-
formed states can be given by

J = Z (I~1 Qosw ) + u(k)/Rosu(k))7

where

Ch?os = TésQosTos
=T ' 0L)(IveQ.)(Tel,)
= (IN ® Qa) = Qos'
Consequently, the DARE for the overall system with the
transformed states can be given by
P* _QOS + AgsP;sA
—A! P B (Ros+ B P B.)~

1/ * A
0s os os™ os Bospos

. (36)
According to (29), the matrix
- -1 _
Z = B., (R + B P'B, ) B,

Os™ 0s
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can be represented as
. -1
Z=X-X ((P;;)—l + X) X.
Since the matrix X is block diagonal, the DARE (36) for the
overall system can be decomposed in independent DARE’s
for the modified subsystems. The independent DARE’s are
given by

o~ JO - -1 L
= Q.+AP’A,~AP'B (R + B’P;B) B'P; A
which completes the proof.

VI. APPLICATION EXAMPLE: CONTROLLER DESIGN FOR
A PLATOON WITH IDENTICAL VEHICLES

In this section, a discrete LQR controller will be designed
for a platoon. Firstly, the platoon will be considered as a
multi-agent system. Secondly, a platoon with an internal
distance controller will be considered and the controller
design will be performed for the distance controlled platoon.
The interactions among the subsystems introduced by the
distance controller can be also interpreted as a physical
interconnection.

A. Vehicle platoon as a multi-agent system

The model of a single vehicle with double integrator
dynamics in continuous time is given in the following in
discrete-time with a step time 7" = 0.005

@ik +1) = A( Q’EZ; ) + buy (k)

and with the system parameters

(37) -(3)

where p;(k) represents the position of a vehicle and v; (k)
the velocity of a vehicle.
The cost function structure (11) with the weighting matri-

ces
10 0 100 0
Qa(o 0.4)’ Qk(o 1)

and r = 0.1 and with the interconnection matrix
N -1 -1 -1

(37)

(38)

—1 N—-1 -1
Lq: 1 1

: -1 N-1 -1
-1 -1 N—-1

is considered. The spectrum of the interconnection matrix
consists of two distinct eigenvalues. Consequently, only two
different DARE’s must be solved, to determine the optimal
controller. Since the relative states of all subsystems are
equally penalized in the cost function, the optimal controller
evaluates information from all subsystems identically:

K = (In® K,) + (Lq® K\). (39)
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B. Vehicle platoon with an internal distance controller

Now, it is assumed that the vehicles can measure the
positions of their nearest neighbors and an internal distance
controller is implemented in the vehicles. The model (4) of
a single vehicle has the parameters A and b introduced in
(37) and

&,=(10), e=b.

The output of the internal distance controller is denoted
with s;(k). Using the interconnection matrix L, s(k) is
represented as

s(k) = (Lp @ ec)) z(k),

with
1 -1 0 0
-1 2 -1
L, =-10 0 0
-1 2 -1
0 0o -1 1

The cost function structure (11) with the weighting matrix

100 0O
Qa:< 0 1)

is considered. Although the vehicles have only local control
objectives, the optimal controller is fully occupied, since the
vehicles are interconnected through the distance controller.

C. Simulation results

It is assumed that only the first vehicle deviates from the
operation point. Emphasize that the initial deviation of the
first vehicle can be seen as a disturbance. The deviation
of the control error for different vehicles is shown in Fig.
3 for multi-agent systems and in Fig. 4 for physically
interconnected systems.
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0.08 |
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Fig. 3. Control error of vehicles with optimal controller

In the multi-agent case, since the difference states of all
subsystem pairs are identically penalized in the cost function,
the response of the vehicles on the disturbance acting on the
first vehicle is identical (Fig. 3).

In physically interconnected systems, the system inter-
connection (distance controller) causes a deviation from the
operation point in order to reduce the distance with the
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Fig. 4. Control error of distance controlled vehicles with optimal controller

disturbed vehicle. However, as the vehicles have only local
control goals, the optimal controller tries to hold the vehicles
at the operation point. Therefore, the system interconnection
has an effect like a disturbance and hence, the vehicles,
which are stronger interconnected with the first vehicle
deviates more from the operation point.

VII. CONCLUSIONS

This paper studies the discrete-time LQR design problem
for interconnected systems with identical subsystems. Two
different interconnection structures have been considered.
The main contribution of this paper is the introduced decom-
position approach, which provides for both interconnection
structures important simplifications for the optimal controller
design. The necessary condition to apply the decomposition
approach is the symmetry in the interconnection matrix.

The communication load related with the implementation
of the designed controller is not considered in this paper.
The future research will study discrete-time control strategies
with event-based or situation-dependent communication to
reduce the communication load.

REFERENCES

[1] Lunze, J. (1986). Dynamics of strongly coupled symmetric composite
systems In Intern. Journal of Control, 6, 1617-1640.

[2] Siljak, D. (1991). Decentralized Control of Complex systems Aca-
demic Press

[3] Lunze, J. (1992). Feedback Control of Large-Scale Systems Prentice
Hall

[4] Abraham, R., and Lunze, J. (1992). Modelling and decentralised
control of a multizone crystal growth furnace In Intern. Journal of
Robust and Nonlinear Control, 2, 107-122.

[5] Trichtler, A. (1991). Entwurf strukturbeschrdinkter Riickfiihrungen an
symmetrischen Systemen In Automatisierungstechnik, 39, 239-244.

[6] Demir, O., and Lunze, J. (2011). Networked control of symmetrically
interconnected systems In Proc. of the 19th Mediterranean Conference
on Control and Automation.

[7] Demir, O., and Lunze, J. (2011). A decomposition approach to decen-
tralized and distributed control of spatially interconnected systems In
Proc. of the 18th IFAC World Congress.

[8] Fax, J., and Murray, R. (2004). Information flow and cooperative
control of vehicle formations In IEEE Transactions on Automatic
Control, 49, 1465-1476.

[9] Massioni, P, and Verhaegen, M. (2009). Distributed control for
identical dynamically coupled systems: A decompasition approach In
IEEE Transactions on Automatic Control, 54, 124-135.

[10] Borelli, F., and Keviczky, T. (2008). Distributed LQR design for
identical dynamically decoupled systems In IEEE Transactions on
Automatic Control, 53, 1901-1912.

[11] Laub, A. (2004) Matrix Analysis for Scientists and Engineers SITAM.

1036



