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Recursive Parameter and State Estimation
for a Mining Industry Process
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Abstract— In this paper we consider the problem of recursive
state and parameter estimation of a nonlinear system. We
propose an approach where we combine Particle Filter (for
state estimation) and Recursive Least Squares (for parameter
estimation) The class of nonlinear systems is motivated by a real
process of the copper mining industry. The proposed approach
is tested with real data.

I. INTRODUCTION

The problem of state and parameter estimation has a long
history in Engineering and Statistics [1], [2], [3]. For state
estimation the standard tool is the Kalman Filter [1], which is
optimal for a linear system with Gaussian noise. For nonlin-
ear systems one can use, for example, the Bayesian estimator
for the state vector using input/output measurements of the
given system. We consider a state-space model:

Ti41 = f(mtautawt) (1
Yt = g(xtavt) ()

where x; is the state vector, u; is the input, y; is the measured
output and wy, v, are white noise processes. In particular,
we are interested in obtaining an updated estimate of the
state vector every time a new measurement is available. This
is, if we have an a-priori probability density function (pdf)
p(x¢|Yi—1) of the state vector at time ¢ given the past data,
we are interested in p(x:|Y:), the a-posteriori pdf of the
state vector z;, given the data Y; = {y;}!_,. Using Bayes’s
theorem we have that:

~ ptlm)p(xe]Yi-1)
p(xe|Yr) =
p(ye|Yi-1)
where the denominator corresponds only to a scaling factor,
ie.,

3

p(eYin) = / plz)p(eYer)de, (@)

On the other hand, a new a-priori estimate of the state at
the next time instant is given by:

P |Y3) = / e leop@|Y)dzs  (5)

Equations (3)-(5) require an
p(xo|Y-1) = p(xo) for the initial state.

The integrals (4)-(5) are, in general, hard to solve analyt-
ically. In the case of linear state-space model with additive
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Gaussian noise, the solution corresponds to the well known
Kalman Filter. In the case of a general nonlinear system, such
as (1)-(2) several approximate solutions have been proposed
in the literature. For example, the Extended Kalman Filter
(EKF) [1], [4] utilizes a linearized model along the estimated
state trajectory, and uses the nonlinear model to obtain an
a-priori state estimate. On the other hand, the Unscented
Kalman Filter (UKF), utilizes a nonlinear transformation to
approximate the pdf of the state at each time instant by a
Gaussian distribution [4]. Notice that both EKF and UKF
do not aim at directly solving (4) and (5). In fact, they only
try to apply the KF algorithm to the nonlinear case. As a
consequence, none of the optimal properties of the KF can be
guaranteed. The links between EKF and UKF are discussed,
for example, in [5].

A direct approach to the nonlinear state estimation prob-
lem is given by the, so called, Particle Filter (PF) [4], [6].
This is a simulation based algorithm where the pdf of the
state vector is approximated by a large set of realizations
called particles. These particles are then used to numerically
approximate the integrals (4)-(5). Even though PF is compu-
tationally more expensive than, for example, EKF, it usually
provides more accurate results (see, for example, page 469
[4]) . The Marginalized Particle Filter (MPF) has been
proposed as an alternative to reduce the computational load
of the PF [7], [8]. An alternative to compute the conditional
probabilities in (4)-(5) is based in vector quantization and
the, so called, scenario based approach [9].

For the parameter estimation problem several algorithms
have been proposed in System Identification, such as Max-
imum Likelihood [3] and Prediction Error Methods [10].
However, the most simple algorithm is Least Squares (LS)
that can be extended for an online implementation, namely,
Recursive Least Squares (RLS) [11]. In this case, the infor-
mation from new available measurements is used to update
the parameter estimate, allowing to model time-varying char-
acteristics of the system of interest.

In this paper we are interested in obtaining a model using
data collected from a mining industry process and, using
that model, to estimate the state and output distributions.
The model structure is motivated by a real processes from
the copper mining industry. The main interest is to model
the time-varying characteristics of the system, thus, we
use RLS for parameter estimation. On the other hand, the
available measurements are restricted to the interval [0, 1].
As a consequence, the Gaussian assumption underlying in
the usual KF may be not appropriate. Thus, we will use PF
to estimate the pdf of the state and output signals. To test
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the proposed approach, real data has been provided by the
company Aplik S.A. (http://www.aplik.com), which
has succesfully developed advanced control applications for
the mining industry.

II. THE PARTICLE FILTER AND RLS ESTIMATION

In this section we present the methods for recursive state
and parameter estimation used in the paper. Even though the
parameters can be included as states to be estimated [12],
the PF has, in general, problems when estimating constant
parameters [13]. As a consequence, we will split the problem
into two parts: When a new measurement is available, given
an estimate of the parameters we estimate the states, and
then, given the state estimates, we estimate the parameters.

A. PFarticle filter

The PF is a recursive algorithm that numerically approx-
imates the integrals (4)-(5) of the Bayesian Estimator [4]. It
is also referred to as Sequential MonteCarlo methods [14].
The PF has the following main steps:

(PF 1) Initialize the particles for ¢ = 1,2, ..., N,, generating
an initial set of a-posteriori state estimates {xéll%)}fv:pl
from a given initial pdf p(zo).

(PF 2) For each particle, compute an a-priori estimate :ciliz_l
of the state from the previous a-posteriori estimates

xi?l -1 and realizations of the noise process w;. For

this, we use the process equation (1), i.e.

2D = f@P L u,w?) (6)

tt—1 — t—1)t—17
(PF 3) Compute the likelihoods qt(i) from the output equa-
tion (2) and the available measurement ¥, i.e.,

g = pylal])_,) 0

(PF 4) Normalize the weights as:
(4)
(4) dy
i@ = =N, 0 ®)
Z’i:l ng )
(PF 5) The process of resampling allows one to obtain the
a-posteriori estimate of state :cg‘zz This is given by:

© _ .0 ) _ a0 ©)

p(zt\t = Tyje—1 t
where zi‘zz_l and zi‘zz are the a-priori and the a-
posteriori estimates of the states.
(PF 6) To obtain a single state from the set of particles
estimate we can, for example, compute the expected
value of F(z:|y:) as the empirical mean, i.e.,

Np

. 1 i
Topr = E(xi|yr) = N, sz(fhz
=1

(10)

(PF 7) Sett =t+ 1 and iterate from step 2.
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B. Recursive Least Squares

Consider the general linear regression model:
(1)

where 6 contains the parameters to be estimated and ¢, con-
tains the regressors. We are interested in the Least Squares
(LS) estimate

Yt = <PtT9

N
0= ArgnbinZ(st(G))Q =(@7®) o7y  (12)
t=1
where ¢,(0) = y; — o1 6, and
Y1 o1
y=| : = = (13)
YN P

LS provides an off-line method for parameter identifica-
tion. For on-line identification we can utilize the Recursive
Least Squares algorithm (RLS) [11]. This algorithm utilizes
the information of each new available measurement to update
the parameter estimate. The equations are the following:

0 =0, 1+ Ki(y: — W?étfl) (14)
Pi_1p4
K; =P, = 15
! e 14+ ¢l P14 (15)
P Tp,
Po= Py — oL (16)

1+ ¢l Pi_1p¢

To improve the adaption of the RLS estimate to changes in
the parameters, a forgetting factor (FF) A can be included in
the gain and covariance update equation (15)-(16) as follows
[15]

P14
Ki=—"77°27""T"_ )
TN+ ol Pag
1 P Tp,
P== (Pt_l B SR 1) (18)
A /\+<,0t Ptflﬁpt

This corresponds to an exponential weighting factor that
increases the relative weight of recent data compared to past
data. The FF is generally chosen as A € [0.95,0.99]. We will
refer to this approach as RLS-FF.

Further modifications can be included in the RLS to ensure
that the gain K; does not go to zero and the eigenvalues
of the covariance matrix P; remain bounded. We consider
the Exponential Forgetting and Resetting Algorithm (EFRA)
[16], where the gain and covariance update equations (17)-
(18), are replaced by:

P,
A LA (19)
1+ i Pi—1py
1 P rp,_
P=-p_, - LA T g 5p2 L (20)

A L+ ol Py

where \ is the forgetting factor, generally A\ € [0.9,0.99];
« adjusts the gain of the least squares algorithm, generally
a € [0.1,0.5]; B is a small constant related to the minimum
eigenvalue of P, generally 8 € [0,0.01]; ¢ is a small constant
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that is inversely related to the maximum eigenvalue of P,
generally § € [0,0.01]. We will refer to this approach as
RLS-EFRA.

C. The PF combined with Recursive Least Squares

In this subsection we present an approach that combines
PF and RLS to estimate the state and parameters of the
system. Motivated by the process described later in section
IV, we restrict ourselves to the following class of systems:

i1 = Ay + Brug + wy
yr = h(ze) + v

21
(22)

where z; is the state vector, A; is the matrix of state (of
a linear system), B; is a input matrix (of a linear system),
h(x;) a general known nonlinear function, u; and y,;, are
input/output signals, w; and v; are process and measurements
noises respectively where w; ~ N(0,Q) and vs ~ N(0, R),
where () and R are assumed known.

We combine PF and RLS in an iterative algorithm. This
is, given an estimate of the parameter in model (21)-(22) (i.e
At and Bt), we apply PF to obtain a state estimate. Then,
given the state estimate, we apply RLS to equation (21) in
the form of a linear regression, in order to obtain an updated
estimate of the parameters.

The steps of the proposed algorithm are as follow:

1) Initialization: An initial estimate is given for the pa-
rameter vector, i.e, ég = ( AO EO )T, an initial set
of particles is generated (as in step (PF 1)), and initial
values for Py, A, o, 8 and ¢ are set for RLS and its
variants.

2) State estimation: Given At,l, Bt,l we perform the
steps (PF 2)-(PF 6) to obtain a state estimate :it‘t.

3) Parameter estimation: Given &;; and &;_1;_1, We use
the linear regression:

T T A,
LTyp = ( Teqpe—1  Ut-1 ) BT (23)
t—1
to obtain an updated estimate of
. AT
Oi—1 = St 24
t—1 ( Bgll ) ( )

using either RLS (equations (14)-(16)), RLS-FF (equa-
tions (14) and (17)-(18)), or RLS-EFRA (equations (14)
and (19)-(20))

4) Set t =t + 1 and go back to step 2

III. EXAMPLE
In this section we consider an example to illustrate the
proposed approach for recursive parameter and state estima-
tion. We consider the system given by:
(25)
(26)

Ti41 = Ty + bpug + wy
2
Yt = Xy + V¢
where w; y v; are Gaussian noises with w; ~ N(0,0.4) y

vy ~ N(0,0.3); u, is the input and y, is the output of system.
In this case u; = 2. The example considers M = 3000

978-1-4673-2529-5/12/$31.00 ©2012 |IEEE
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— = = &y, with PF/RLS-FF

gl &, with PF/RLS-EFRA

950 1000

1050
Fig. 1. State Estimate using PF/RLS-FF and PF/RLS-EFRA in the interval
[950, 1050]

samples, and the parameter of the system a; y b; are time-

varying:
04 ift<M
— =3
“ { 0.5 if ¢ > 4 @7
2 ift< 2
by = { e, ool (28)
0.5 if ¢ > 3

We consider simultaneous parameter and state estimation of
state x; and the parameter, a; and b; using PF/RLS-FF and
PF/RLS-EFRA algorithms. Considering the linear regression
model as in (11):

~ ~ Q¢
Tip1jt+1 = ( Tyt Ut ) ( b, )

The algorithms use the following initial conditions:
1) PF/RLS-FF: We arbitrarily choose Py = 515, éo =
(01 05)" and A =0.99
2) PF/RLS-EFRA: We We arbitrarily choose Py = 515,
o= (0.1 05)7, A=099, a =05 8=0005
and § = 0.005.

In both cases, we use x((;‘% ~ N(0,0.4) and N, = 100
particles.

Figure 1 shows the state estimation performance using
PF/RLS-FF and PF/RLS-EFRA. Similar results are obtaining
using both algorithms. The RMS error using PF/RLS-FF is
0.0898 and the RMS error using PF/RLS-EFRA is 0.0910.

Figure 2 shows the parameter estimation performance
using RLS-FF and RLS-EFRA algorithm. RLS-FF is more
sensitive to parameter’s changes. RLS-EFRA is also able
to follow the changes in parameters a; and b;. For a;, the
RMS error using RLS-FF is 0.1645, and using RLS-EFRA
the RMS error is 0.1327. For other hand, the parameter
estimation b;, the RMS error using RLS-FF is 0.4422 and
using RLS-EFRA the RMS error is 0.4190.

(29)

IV. APPLICATION TO REAL PROCESS DATA

In this section we apply the proposed recursive parameter
and state estimation approach to real data. The available
data correspond to 6 output signals of a process of the
mining industry. No manipulated input is available from the
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Fig. 2. Parameter estimation a; and b; using RLS-FF and RLS-EFRA
algorithm in the interval [0, 3000]

process. The data was provided by the company Aplik S.A.
The process is known to exhibit time-varying characteristics.
Thus, for the sake of simplicity we assume a state-space
model of order 6 (the same as the number of outputs) with
linear dynamics and time-varying matrices, i.e.

Tip1 = Ay + By + wy (30)

In (30) the process noise is assumed Gaussian, zero-
mean, and having covariance 0.01 - Ig.Note that we assume
a constant scalar unit input, thus, the matrix B; can be
interpreted as the (time-varying) mean of the process noise.
The matrices are estimated using RLS-EFRA, given the
estimates of the states, using the (noise-free) linear regression
equation,

Tip1je1 = ((Ar Bi) < Ii\t > 31
where the states are given by the PE.

The main interest of modeling the process is to char-
acterize the pdf of the output variables from the available
data. The available measurements correspond to percentages
of copper cathodes that are analyzed for quality control
purposes. As a consequence, they take values in the interval
[0,1] and add up to 1. Thus, we assume a nonlinear function
in the output equation having the form

Yt Ty + g (32)

22:1 Ty
where x, ; represents each individual state. The measurement
noise is assumed Gaussian, zero-mean, and having covari-
ance R = diag{0.05,0.02,0.02,0.02,0.001,0.001}. This
covariance matrix was previously estimated as the empirical
covariance of a batch of data.

The states (and outputs) are estimated (filtered) using PF,
given an estimate of the matrices in the process equation
(30). The pdf of the output can then be estimated from the
histogram of the output particles.

978-1-4673-2529-5/12/$31.00 ©2012 |IEEE
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Fig. 3. Histograms of the measurements provided by Aplik S.A. (M =

20000 data points).

The available data from the real process contains M =
20000 points. The associated histograms are shown in Figure
3 (Note that all the measurements yg ¢ are close to zero).
These histograms are obtained off-line using the given data.
We obtain an on-line estimate of these output distributions
using the state estimate given by the PF.

For the state estimation we use PF with N, = 1000
particles. For the parameter estimation, we first use RLS-
FF, with A = 0.995. In this case, Figure 4 shows the state
estimates given by the PF. Notice that, given that the data is
a time series collected from a real process, there are no true
state to compare with. However, the state estimates remain
bounded and are smoother than the raw data.

Figure 5 shows the magnitude of the eigenvalues of the
estimated matrix A;. We can see that the combined PF /
RLS-FF is able to model time-varying characteristics in the
process dynamics.

To estimate on-line the output pdf, we use equation
(32) (without the noise term) to map the a-posteriori state
particles given by the PF to the output. Figures 6 and 7 show
the associated histograms for ¢ = 10000 and ¢t = 20000,
respectively. We notice that these histograms are similar to
the ones in Figure 3 (obtained off-line), and they reflect the
time-varying nature of the real process. Finally, Figure 8
shows the location of the output particles for different pairs
of output signals as a way to illustrate the multivariable
output distribution.

We now compare the previous results to the use of RLS-
EFRA, with A = 0.995, « = 0.5, § = 0.01, and § = 0.001.
Figure 9 shows the state estimates given by the PF. Figures
10 and 11 show the magnitude of the eigenvalues of the
estimated matrix A; (there are complex conjugate pairs) and
the components of matrix B, respectively.

On the other hand, the online histograms obtained using
RLS-EFRA (obtained off-line) and the ones in Figures 6 and
7 (obtained using RLS-FF), and they are able to adequately
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Fig. 4. State estimates given by the PF combined with RLS-FF in the
interval [8000, 8500].
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Fig. 5. Magnitude of the eigenvalues of the estimated matrix A; when
using RLS-FF in the interval [8000, 8500]

reflect the time-varying characteristics of the real process.

V. CONCLUSIONS

In this paper we are considered the problem of recursive
state and parameter estimation of an industrial process of
the mining industry. From the information available from
the process (in particular, by the nature of the real output-
data provided by Aplik S.A.) a simple class of state-space
models was considered, namely, a linear dynamics process
equation followed by a nonlinear output equation.

The proposed approach combines a simulation-based tech-
nique for the state estimation problem (i.e. the particle filter)
with a recursive least squares algorithm (with exponential
resetting/forgetting) to estimate the system matrices.

The results of the initial work presented here are en-
couraging. They show that the proposed approach can deal
with the nonlinear and non-Gaussian nature of the available

978-1-4673-2529-5/12/$31.00 ©2012 |IEEE

Hist. y,, t=10000 Hist. y,, t=10000 Hist. Yy t=10000

70 70 80
60 60
50 50 60
40 40
40
30 30
20 20 20
10 10
0 0 0
0 05 1 0 05 1 0 05 1

Hist. y,, t=10000 Hist. A t=10000 Hist. Yo t=10000

60 60 70
50 50 60
40 40 %0
40
30 30
30
20 20 20
10 10 10
o W 0 0
0 05 1 0 05 1 0 05 1
Fig. 6. Histogram of the output particles at time ¢ = 10000 for the

PF/RLS-FF algorithm.
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Fig. 7. Histogram of the output particles at time ¢ = 20000 for the

PF/RLS-FF algorithm.

measurements, and it makes possible to model the time-
varying characteristics of the system. In particular, from the
ouput particles it is possible to obtain an on-line estimate of
the output probability density functions.

In the proposed approach there and still, several open
issues that are subject of current and future research. Firstly,
the proposed approach requires the tuning of several pa-
rameters (in RLS and PF) and initial conditions for states
and matrices estimates. Secondly, the results presented here
are expected to be contrasted with process data in order to
validate states and parameters estimates.
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