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Abstract— A new approach for simultaneous recursive iden-
tification of an unknown time delay of discrete-time delay
systems is proposed in this paper. The proposed Levenberg-
Marquardt’s algorithm is used to deal with the identification
problem. The effectiveness of this method has been illustrated
through simulation.

I. INTRODUCTION

Time delay system identification has received great at-

tention in the last years. Since, a board class of industrial

processes included time delay phenomena in their dynamics.

Furthermore, actuators, sensors and field networks which are

involved in feedback loops introduce the time delay. The

neglect of its presence may lead to a source of complex

behavior (ignored data, oscillations, destabilization of the

closed-loop, etc.) [10], [18]. For the identification of time-

delay systems, two main problems must be considered:

first is the identification of time delay and second is the

identification of dynamics parameters.

Several approaches have been proposed in the literature for

the identification of time delay system identification [2], [3],

[12], [14], [15], [17], [20], [21]. These approaches address

the identification of continuous-time systems [1], [8], [9],

[11], [16], [19] as well as the identification of discrete-time

systems [4], [5], [6], [7], [22], [23].

Two strategies of identification are manly used by the

existing methods. The first one estimates only the unknown

time delay assuming that the dynamics parameters are known

a priori. While the second one consists in estimating sepa-

rately the time delay and the dynamics parameters. The two

strategies favorize the sake of simplicity. However, successful

implementations of online control requires simultaneously on

line identification unknown time delay and unknown param-

eters. This paper proposes a new method for simultaneously

online identification of time delay and dynamics parameters

of time delay systems . Our methodology proposes a new for-

mulation allowing to define the time delay and the dynamic

parameters in the same vector.

The outline of this paper is as follows. Section II presents

the identification problem and its assumptions. A new ap-

proach for the simultaneous identification of the time delay

and the parameters of discrete-time delay systems is devel-

oped in Section III. Results of simulations are illustrated in

Section IV.

II. PROBLEM STATEMENT

In the following, we address the problem of estimating the

time delay and the parameters of the following system:

A(q−1)y(k) = q−dB(q−1)u(k)+ v(k) (1)

where u(k) and y(k) are the system input and output,

respectively, v(k) is a white noise, d is the time delay, A(q−1)
and B(q−1) are two polynomials in the unit backward shift

operator q−1, [i.e. q−1y(k) = y(k−1)], defined by:

A(q−1) = 1+a1q−1 + ...+anaq−na =

B(q−1) = b1q−1 + ...+bnb
q−nb =

The following assumptions are made:

A1. The polynomials A(q−1) and B(q−1) are coprime.

A2. The orders na and nb of the model are known.

A3. The input sequence {u(k)} is a stationary ergodic

process, independent of v(k) and is persistently

exciting.

A4. The disturbance v(k) is a sequence of independent,

identically distributed random variable with zero

mean and finite variance σ2.

A5. The input, the output and the noise are causal, i.e.

u(k) = 0, y(k) = 0 and v(k) = 0 for k ≤ 0.

Problem statement: The goal is to develop an algorithm

to estimate, simultaneously, the time delay d and the pa-

rameters {ai,bi} using the input/output measurement data

{u(k),y(k)}.

III. THE PROPOSED APPROACH

This paragraph proposes an alternative solution for the

purpose of simultaneous identification of unknown time

delay and the system parameters.

Equation (1) can be rewritten as:

y(k) = ϕ(k,d)θ + v(k) (2)

where θ is the parameter vector and ϕ(k,d(k)) is the

observation vector which are defined as:

ϕ(k,d) = [−y(k−1),−y(k−2), ...,−y(k−na),

u(k−d −1), ...,u(k−d −nb)]

θ =
[

a1,a2, ...,ana ,b1,b2, ...,bnb

]T

(3)

The estimated output is described by the following relation:

ŷ(k) = ϕ̂(k, d̂)θ̂ (4)

where θ̂ and d̂ represent the estimated parameter vector and

the estimated time delay.

Now, let consider the prediction error:

e(k) = y(k)− ŷ(k) = y(k)− ϕ̂(k, d̂)θ̂ (5)

This formulation does not admit the unknown time delay

in the parameter vector and consequently it is not directly
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applicable to achieve our objective which is simultaneous

identification of the time delay and the parameters of time-

varying delay systems. To overcome this problem, we sug-

gest to consider the time delay in the vector of parameters

to be estimated. Indeed, the new vector, called generalized

parameter vector is given by:

θG =
[

θ T
,d
]

= [ai,b j,d]

where i ∈ {1, ...,na} and i ∈ {1, ...,nb}.

Then, the equation (6) can be expressed as:

y(k) = f (k,θG) (6)

where f is nonlinear function depending on θG. Now, the use

of the negative gradient of the error, to obtain an appropriate

observation vector, is proposed which is given by:

φ(k, θ̂G) =−
∂e

∂ θ̂G

(7)

Then,

φ(k, θ̂G) =

[

ϕT (d̂),−
∂e

∂ d̂

]T

(8)

Using the first order derivative approximation, we have:

φ(k, θ̂G) =

[

ϕT (k, d̂),−
nb

∑
i=1

b̂iq
−d̂u(k− i)(1−q−1)

]T

(9)

Replacing ϕT (k, d̂) by its expression in (9), we obtain the

generalized parameter vector :

φ(k, θ̂G) =





























−y(k−1)
...

−y(k−na)

q−d̂u(k−1)
...

q−d̂u(k−nb)

−
nb

∑
i=1

b̂iq
−d̂∆u(k− i)





























(10)

where ∆u(k) = u(k)−u(k−1).
An estimation θ̂G of θG is given by the minimization of the

following criterion:

J(θG) =
1

2
eT e (11)

The used approach to identify the generalized parameter

vector θG is based on the minimization of the criterion

J(k, θ̂G) using the gradient algorithm. This method relies on

an expansion of the criterion J limited to the first order.

Updating the generalized parameter vector is obtained

from the following recurrence formula [13]:

θ̂G(k) = θ̂G(k−1)−µ
∂J(k, θ̂G)

∂ θ̂G

(12)

where µ is the step size or the convergence factor.

Then,

θ̂G(k) = θ̂G(k−1)−µ
∂e(k, θ̂G)

∂ θ̂G

e(k) (13)

where θ̂G(k − 1) represents the value of the generalized

parameter vector at iteration k−1, θ̂G(k) is the same vector

to the next iteration.

It follows from (7):

θ̂G(k) = θ̂G(k−1)+µφ(k, θ̂G)e(k) (14)

The technique used to identify the generalized parameter

vector θG is based on the minimization of a criterion J

implementation using the Gauss-Newton algorithm. This

method relies on an expansion of the criterion J limited to

the second order.

Updating the generalized parameter vector is obtained from

the following recurrence formula:

θ̂G(k) = θ̂G(k−1)−H(k, θ̂G)
−1 ∂J(k, θ̂G)

∂ θ̂G

The second partial derivative of the criterion with respect to

the generalized vector parameter gives the Hessian matrix

H(k, θ̂G):

H(k, θ̂G) =
∂ 2J(k, θ̂G)

∂ θ̂G∂ θ̂ T
G

Then,

H(k, θ̂G) = e(k)
∂ 2e(k)

∂ 2θ̂G

+φ(k, θ̂G)φ
T (k, θ̂G)

Hence, an approached Hessian is obtained by:

H(k, θ̂G)≃ φ(k, θ̂G)φ
T (k, θ̂G)

So, we leads finally to the formula:

θ̂G(k) = θ̂G(k−1)+
[

φ(k, θ̂G)φ
T (k, θ̂G)

]−1
φ(k, θ̂G)e(k)

(15)

Often, Hessian may not be invertible (singular matrix) or the

inverse may not be definite positive, then the parameter up-

date is not possible. To avoid these problems, the Levenberg-

Marquardt’s algorithm is used for ill-conditioned problems:

θ̂G(k) = θ̂G(k−1)−µ
[

H(k, θ̂G)+λ I
]−1 ∂J(k, θ̂G)

∂ θ̂G

θ̂G(k)= θ̂G(k−1)+µ
[

φ(k, θ̂G)φ
T (k, θ̂G)+λ I

]−1
φ(k, θ̂G)e(k)

(16)

where µ is the step size that minimize the criterion in the

direction of vector H(k, θ̂G)
−1 ∂J(k, θ̂G)

∂ θ̂G

, λ is a scalar and

I the identity matrix of appropriate dimension.

If λ is small then the Gauss-Newton’s algorithm is used.

On the other hand, if λ is great then the method of gradient

descent is used.

The above approach can be summarized by the following

step by step procedure:

Step1: set θ̂G = θG0
, µ = µ0, λ = λ0 and k = 1.

Step2: Increment k and construct the observation vector

ϕ(k, θ̂), the generalized observation vector φ(k, θ̂G)
using (3) and (10).
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Step3: Perform the following:

θ̂G(k) = θ̂G(k−1)+µ
[

φ(k, θ̂G)φ
T (k, θ̂G)+λ I

]−1

φ(k, θ̂G)e(k)

Step3: Return to step 2 until k = N where N is the number

of input/output data.

Covariance matrix

With the assumption A4, the covariance matrix of θ̂Gis

given by:

E
[

(θ̂G −θG)(θ̂G −θG)
T
]

=
(

φ(k,θG)φ(k,θG)
T
)−1

σ2 (17)

Proof

Consider the following first order Taylor series expansion

around the real parameter of θG

∂J(k, θ̂G)

∂ θ̂G

=
∂J(k,θG)

∂θG

+
∂ 2J(k,θG)

∂θ 2
G

(θ̂G −θG) (18)

Since
∂J(k, θ̂G)

∂ θ̂G

= 0, it derives from (18)

(θ̂G −θG)(θ̂G −θG)
T =

[

∂ 2J(k,θG)

∂θ 2
G

]−1
∂J(k,θG)

∂θG

[

∂J(k,θG)

∂θG

]T
[

(

∂ 2J(k,θG)

∂θ 2
G

)−1
]T (19)

The second partial derivative of the criterion with respect to

the generalized vector parameter is

∂ 2J(k,θG)

∂θ 2
G

= e(k)
∂ 2e(k)

∂ 2θG

−
∂e(k)

∂θG

φ(k,θG)

So,

∂ 2J(k,θG)

∂θ 2
G

= e(k)
∂ 2e(k)

∂ 2θG

+φ(k,θG)φ
T (k,θG)

Hence, an approached of
∂ 2J(k,θG)

∂θ 2
G

is obtained:

∂ 2J(k,θG)

∂θ 2
G

≃
(

φ(k,θG)φ
T (k,θG)

)

Applying the mean value of
∂J(k,θG)

∂θG

∂J(k,θG)

∂θG

T

, we get:

E

[

∂J(k,θG)

∂θG

∂J(k,θG)

∂θG

T
]

=

φ(k,θG)φ(k,θG)
T E(e(k)e(k)T )

So,

E

[

∂J(k,θG)

∂θG

∂J(k,θG)

∂θG

T
]

= φ(k,θG)φ(k,θG)
T σ2

Then, we have:

E
[

(θ̂G −θG)(θ̂G −θG)
T
]

=

E





(

∂ 2J

∂θ 2
G

)−1

φ(k,θG)φ(k,θG)
T σ2

[

(

∂ 2J

∂θ 2
G

)−1
]T





(20)

Finally, we obtain:

E
[

(θ̂G −θG)(θ̂G −θG)
T
]

=
(

φ(k,θG)φ(k,θG)
T
)−1

σ2 (21)

Remarks

• It is well known that the time delay d is an integer.

However, the proposed algorithm returns a real value.

Thus, we retain as time delay value the nearest integer.

• The proposed algorithm can identify simultaneously and

recursively the time delay and the parameters which are

constants or slowly varying ones (such as single step

changes in the parameters and the time delay) but not

a higher frequency variations.

IV. SIMULATION RESULTS

Now, we present two simulation examples to illustrate

the performance of the proposed approach for simultaneous

identification of the unknown time delay and the parameters

of time delay systems. This simulation study considers two

types of models which are first order plus time delay and

second order plus time delay. This choice is justified by the

fact that these models are mainly used for the purpose of

industrial modeling.

The simulations are performed under the following condi-

tions:

• The input {u(k)} is a persistent excitation signal se-

quence with zero mean and unit variance.

• The additive noise {v(k)} is a white noise sequence

with zero mean and constant variance σ2 computing to

obtain the desired Signal-to-Noise Ratio:

SNR(db) = 10Log

[

σ2
x

σ2

]

(22)

where σ2
x is the variance of the noise free output

sequence {x(k)}.

A. Exemple 1

Consider a first-order plus time delay system with the

following transfer function:

Tpẏ(t)+ y(t) = Kpu(t − τ(t)) (23)

where τ(t) = 0.5+ |sin(
t

250
)|, Kp = 1 and Tp = 2.

The evolution of the time delay is given by Fig. 1:

0 50 100 150 200 250 300
0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

1.3

1.4

1.5

T ime(s)

Fig. 1. Variation law of the time delay τ .
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Since τ = dTe + ε , 0 < ε < Te, Te is the sampling period

and d is a non-negative integer, it can be easily, using Zero

Order Holder (ZOH), that (23 is given, in discrete-time by:

A(q−1)y(k) = q−d(k)B(q−1)u(k)+ v(k) (24)

where

A(q−1) = 1+a1q−1

B(q−1) = b1q−1 +b2q−2

: Thus, the fractional delay ε gives rise in the z-domain to

a pole at the origin and to a real negative zero. Suppose the

sampling frequency is 2Hz, we can obtain the plant model in

the discrete time domain, The system’s output is subject to

additive zero mean white noise. The Signal-to-Noise Ratio

(SNR) is equal to 15dB on system’s output.

The estimation starts with zero initial values for the

parameters and the time delay.

Fig. 2– 5 show the evolution of the real and the estimated

parameters and the time delay:

0 100 200 300 400 500 600
−0.9

−0.8

−0.7

−0.6

−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

k

Fig. 2. The evolution of the real(–) and the estimated (- -)
parameters a(k).
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−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

k

Fig. 3. The evolution of the real(–) and the estimated (- -)
parameters b1(k).
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−0.1

0

0.1
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0.4

0.5
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k

Fig. 4. The evolution of the real(–) and the estimated (- -)
parameters b2(k).

0 100 200 300 400 500 600
0

0.5

1

1.5

2

2.5

k

Fig. 5. The evolution of the real(–) and the estimated (- -) time
delay d(k).

From Fig. 2– 5, we can remark that the proposed

approaches gives acceptable precision. In fact, the estimates

parameters converge fastly to the true values and it’s notice

that the prposed approach is robust when the order nbis

over estimated. A validation of the model is realized. Fig. 6

gives the evolution of real output y(k) and estimated ŷ(k).

0 100 200 300 400 500 600
−0.5

0

0.5

1

1.5

2

2.5

k
 

 

ŷ(k)
y(k)

Fig. 6. The evolution of the real(–) and the estimated (- -) outputs
signals.

This figure shows that the estimated output ŷ(k), which

is generated by the proposed approach, tracks fastly and

accurately the real output.

B. Exemple 2

In order to test the proposed identification algorithm, we

consider a second-order plus time delay process with the
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following transfer function:

Gc =
Kpwn

2

s2 +2ξ wns+wn
2

e−τs (25)

where τ = dTe+ε , 0 < ε < Te, Te is the sampling period and

d is a non-negative integer.

Suppose that the parameters and the time delay of the

system are time varying, and the variation law is given in

table I:

Time (sec) Kp ξ wn τ
0 < t ≤ 60 1 0.1 3 0.5

60 < t ≤ 120 2 0.3 4 0.6

TABLE I

VARIATION LAW OF THE PARAMETERS AND THE TIME DELAY.

Suppose that the sampling frequency is 5Hz. A signal of

noise is added to the system’s output. The Signal-to-Noise

Ratio (SNR)is equal to 15dB.

In same way, we discretize the system using Zero-Order

Hold at each sample period Te, we can obtain the plant

model in the discrete time domain.

The evolution of the parameters and time delay of the

discrete system is given by the two equations (26) and (27):

Gd1
(q−1) = q−2 0.04378q−1 +0.245q−2 +0.04042q−3

1−1.558q−1 +0.8869q−2

(26)

Gd2
(q−1) = q−3 0.5211q−1 +0.4426q−2

1−1.137q−1 +0.6188q−2
(27)

We apply again the proposed algorithm to identify the time

delay and the parameters of discrete-time systems.

The estimation starts with zero initial values for the param-

eters and the time delay.

Fig. 7–12 show the evolution of the real and the estimated

parameters and the time delay:

0 100 200 300 400 500 600
−1.8

−1.6

−1.4

−1.2

−1

−0.8

−0.6

−0.4

−0.2

0

0.2

k

Fig. 7. The evolution of the real(–) and the estimated (- -)
parameters a1(k).
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1
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Fig. 8. The evolution of the real(–) and the estimated (- -)
parameters a2(k).
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Fig. 9. The evolution of the real(–) and the estimated (- -)
parameters b1(k).
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−0.6
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0

0.2

0.4

0.6

k

Fig. 10. The evolution of the real(–) and the estimated (- -)
parameters b2(k).

In same way, we realized a validation test. Fig. 13 gives

the evolution of real output y(k) and estimated ŷ(k).
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Fig. 11. The evolution of the real(–) and the estimated (- -)
parameters b3(k).
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Fig. 12. The evolution of the real(–) and the estimated (- -)
parameters b2(k).
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Fig. 13. The evolution of the real(–) and the estimated (- -) outputs
signals.

V. CONCLUSION

In the most publications, the problems of discrete time

delay identification and discrete parameter identification re-

quire two different approaches to deal with the identification

issue. So, in this paper, an identification algorithm based on

Levenberg-Marquardt’s method is developed to both estimate

the system parameters and the time delay. To achieve our

aim, we have proposed a new generalized regression vector

and defined the time delay and the rational dynamic parame-

ters in the same vector. The formulation problem is nonlinear.

In fact, we have used the Levenberg-Marquardt’ to solve the

obtained system. A priori knowledge of the time delay and

parameters are not required. This efficiency of the considered

algorithm is illustrated by some simulation examples of time

delay systems.
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