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Trajectory optimization satisfying the robot’s kinodynamic constraints for
obstacle avoidance

Ioannis Arvanitakis and Anthony Tzes

Abstract—1In this article, the artificial potential field is
computed for the obstacle avoidance problem of a mobile robot,
using harmonic-functions. Given the maximum linear attainable
velocity of the robot, equidistant points on the robot’s resulting
path are selected. A third-order Bézier-curve is used for time
and space parameterization of each segment of the path between
neighbouring points. This curve is optimized so as the robot to
be capable of moving along these segments given the maximum
constraints on its linear and angular velocity. A simple non-
linear feedback controller is used for tracking control of the
trajectory. Simulation studies indicate the efficiency of the
proposed method in optimizing the robot’s trajectory.

I. INTRODUCTION

Mobile robotics is a research field that has received
significant attention over the last years, due to its numerous
applications [1]. Prime examples of these applications are,
but not limited to: area surveillance, exploration of unknown
and potentially hazardous environments, transportation of
materials, search and rescue missions. Robot navigation,
defined as the robot’s ability to determine its position and
orientation in its reference frame followed by the planning of
a path towards goal location, plays an important role in these
tasks, since it is essential for the robot to avoid obstacles,
while steering itself to the target area.

Algorithms for obstacle avoidance appeared as early as
mid—1980s [2,3]. Borenstein and Koren in [4], propose the
use of vector field histogram which steers the robot towards
the direction of low obstacle density areas; extensions and
improvements have appeared in [5]. Kavraki et al. in [6]
propose the creation of a graph whose nodes are collision free
configurations and edges are paths between these configura-
tions followed by the use of a query method to find a feasible
path between the start and goal node. Kuffner and LaValle in
[7] propose the creation of two Rapidly-exploring Random
Trees (RRT) both at start and goal position, which explore
free space and advance towards each other with the help of
a greedy heuristic. Khatib in [8] proposes the idea of the
creation of potentials from obstacles that repel the robot and
potential from target that attracts it. Artificial Potential Fields
(APF) have since been utilised on various applications [9] as
they offer a fast and simple method for obstacle avoidance.
In the recent years many advances in obstacle avoidance have
been reported [10-13].

In the present case study the main novelty is the combined
use of an artificial harmonic potential fields based path
planner with a Bézier—curve based trajectory generation
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algorithm. A first rough description of the path is extracted
from the path planner with the use of harmonic potential
functions. The path points are then used as control points
for the Bézier-curves, in order to create a smooth trajectory.
Kinodynamic motion planning [14] refers to a simplified
dynamic robot-motion model, in which kinematic constraints
(i.e. transversal and rotational velocity bounds) are imposed.
The trajectory is then inserted to a simple non-linear error
dynamics controller to establish the successful tracking of
the reference trajectory.

This article is structured as it follows. In Section II the
artificial harmonic potential fields algorithm is presented,
while in Section III the Bézier curve trajectory generation
method is being presented and the error dynamics non-linear
controller is mentioned. In Section IV multiple simulation
results that prove the efficacy of the proposed scheme are
presented, followed by concluding remarks.

II. ARTIFICIAL HARMONIC POTENTIAL FIELDS METHOD

In APF the robot moves in an area due to the potential
created from the obstacles and target. The obstacles repel
the robot, while the target attracts it. Potential functions are
chosen so as the target has a global minimum while the
obstacles are maxima. By noting U} the repulsive potential
from the i-th obstacle : = 1,.. ., o, U, the attractive potential
from the goal position, the potential of the area can be
expressed as:

U:Ua—i-i:Uﬁ.

i=1

1)

To create the desired path, the robot moves towards the
global minimum of the area. To achieve this a gradient—
based optimization method is utilised. Choosing the correct
functions for describing the area is an arduous task [15]. On
most occasions, the utilised functions create local minima
in the area. If the robot path passes through these points,
its motion will be stagnated; the existence of attractive
stable local minima in the derived potential has been the
major drawback of this theory. Various attempts to solve this
problem have been proposed in the literature [16,17] one
of which is to find functions that have few unstable local
minimum points [18-20].

For the present case harmonic functions have been utilised
to describe the potential in the area. First mentioned in
[18] as a solution to the local minima problem, a harmonic
function is a twice continuously differentiable function U :
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2 — R, which satisfies Laplace’s equation:

9 VU 92U
VU_0x2+q9y2_O' 2)
The computed harmonic function satisfies the maximum
(minimum) principle, which is given by the following corol-
lary:

Corollary 1: [21] Suppose () is bounded and U is a
continuous real valued function on €2 that is harmonic on
Q. Then U attains its maximum (minimum) values on its
boundary 0.

From the above corollary it can be concluded that minima
or maxima appear only on the boundary 0f); any possible
critical points within 2 \ 92 will only be unstable saddle
points. Defining target as P and X = 9 \ Pp the edges
of the obstacles, the Dirichlet boundary conditions can be
derived for X = (z,y) € Q as

UXex) = A, 3)
UXePr) = B,A>B, A Be®R, 4)

where A and B are the upper and lower desired bounds of
the potential of the area 2. By solving the partial differential
equation (2), with the boundary conditions, (3,4), the poten-
tial of the area can be found. To compute the desired path
a deepest gradient descent method is utilised. The i-th path
point, X;, is given from the following equation

vU -

Xi:Xi__] — = izl,...,N,
VU]

(5
where «; is the step size. In general o; € (0, ming{H?})
and H Zz is the Hausdorff distance [22] of the robot from the
i-th obstacle. To be able to create an accurate path, «; should
be arbitrarily small.

I1I. BEZIER—-CURVE BASED TRAJECTORY GENERATION

The path points, X;, found from the harmonic potential
fields provide a discrete description of the path. The step
size from equation (5) even though is arbitrarily small, gives
a discrete path. A trajectory generation algorithm must be
utilised, that will meet the kinodynamic constraints imposed
by the wheeled robot and transform the path into a smooth
continuous curve.

A. Robot’s Kinodynamic Model

A differential drive robot is assumed with its kinematic
equations be defined as:

& cos(f) 0
g | = sin(6) o0 [”] , (©6)
1

where v(w) is the tangential(angular) velocity of the robot,
x(y) is the horizontal(vertical) displacement, and 6 €
[-7, ] is the heading of the robot. In a differential drive
robot, its motion is directly controlled by the right vr and
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left v, wheel velocities of the vehicle’s two motor wheels,
which affect the following expressions for v and w, as:
vr, + VR

- L2, ™
w = A, ®)

where ) is the distance between the two wheels. The velocity
constraints are depended on the maximum allowable veloci-
ties of the two wheels. Given that vy, (VRr) € [—Umax, Umax)»
hard velocity bounds are:

v S [_Umaxa Umax] 9 (9)

2Umax 2Umax

. (10
e S0 (10)
The feasible kinodynamic area (w x v) within which a
differential-drive motor can operate is (w X v) = £3(v £
Umax; depending on the sign, the area’s four boundary edges
can be computed.

w €

[_wmaxawmax] - [_

B. Bezier Curve Based Optimization

Based on the kinodynamic model of the robot (6,7,8)
and its constraints, the trajectory generation method can be
derived relying on Beézier curves [23,24]. Given n 4+ 1 2D-
control points (Py, P ...P,), the n-th order Bezier curve [25]
is given from:

n n—igi
P(t)—z<i>(1 O R, te[0,1] .

=0

Y

If the curve must be traversed in time 7 € [1g, 7] then ¢
is given from ¢t = Z—%. Bezier curves have two distinct
properties: 1) the starting and ending segment of the curve
is tangent to the first (PyP;) and last (P,,—1 P,,) edges, and
2) P(t) € convex hull(Py, P;...P,).

For this case study in order to generate a trajectory
accurate relative to the initial path, a segmented trajectory
is created, consisting of sequential third order Bezier curves.

Given the path’s points X;, i = 1,..., N; (N; < N), two
control points A:t, Bt are introduced for each X; X
segment, as shown in Figure 1. These control points are
selected as,

AT = X+ 1 (X - Xa)
B = Xips + 17 (Xip1 — Xiya)

12)
13)

This selection ensures that each path point is G' continuous

(maintains first order geometric continuity).
Equation (11) for n = 3 can be rewritten:

Pt) = (1—t)*X; +3(1 — t)*t(Xs + 1} (Xis — Xi)) +
B(1— )t (Xiv s — 17 (Xive — Xit1)) +£° Xy 1 .(14)

. . . [l x; Al
Using the normalised quantity ¢; = L

= m, the angle

9, — XiXivr X'1+IB;+
( XXy ol (| X, BITH
| XA = | B Xip 4 ||, (I} = 12) the expression of the
Bezier curve with respect to the local coordinate system
(origin, x — axis, y — axis) = (Xit 1, X; Xij 1, Xiy1 V3) is

and under the assumption that
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B2a X,

i+1

Fig. 1. Bézier curve’s control points

zi(t) = —(1—1)°+3(1 —t)°t(~1+£;) +
3(1 — t)t*(; cos 0;) | (15)
yi(t) = 3(1—t)t°(Lising;) . (16)

The length of this curve is given from,

1
L; :/ \/ @2 + y2dt , where
0

@47 = 3t —1)> 3 —1)(3t—1)(t—1) +
30t cos 0; (3t — 2)]* + 967t sin” 0,(3t — 2)°.(18)

a7

Figure 2 present the attainable length , L;, of the Bezier
curve for various ¢; and 6; parameters. It should be noted
that max L; ~ 1.82 for /; =1 and 6; = 0.
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4

Fig. 2.

Bezier curve’s length vs. £; and 6; parameters

The curvature of the curve is:
K = =22 where

NCETH

yﬂ?l = (—18)& Sln(al)(& — 30t + 3&152 — t2) . (20)

19)

Tiljs —
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Both curve length and curvature are parameterized by
angle 6; and parameter ¢;. Given the robot’s velocity con-
straints, a kinodynamic planning must be used for the selec-
tion of parameter ¢; and the time 7; needed to traverse each
curve. It should be noted that the projection of the Bf“
control point should be at the semi—axis A§+1Xi+ 1, 0r

A proi(B AT XL, 20, @D

in order to avoid self-loops of the Bezier.

In general, the requirements are: 1) force the robot in
traversing each segment with constant translational speed,
while 2) avoiding making sharp turns. These requirements
amount to: a) 0 < v = % < Umax, and b) decrease(increase)
the curvature(radius) of the path, since w;(t) = wvk(t).
However the curvature along a segment varies and the worst
case corresponds to a min-max problem, where the objective
is to compute a path that minimizes the maximum value of
the curvature. Since the curvature depends on ¢; (given 6,)
this amounts to the following optimization problem for the
{; - selection

(22)
(23)

£; = argmin{max |k;(t; ¢;,0;)|}

bjectto 0 < ¢; < ——— .
subject 1o U = ~ 1+ cosb;

The constraint for this non-linear optimization problem
is posed in order to avoid self-loop in the Bezier curve. It
should be noted that

L; 2 (L;
= —Zmax|lii(t)| < —X (—’L —Umax) 5

max |ws (8)| = vmax [ki(t)] T, ™ T

which results to a lower bound on 7j.
Figure 3 presents the maximum curvature along the Bezier

curve in a logarithmic scale, log;,(max |x(t)|), for various
¢; and 0; parameters.
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Fig. 3.

Bézier curve’s maximum curvature vs. ¢; and 6; parameters

Let the path’s length from (5) be L, and assume N;
control points for the Bezier curves. If these control points
are selected in an equidistant manner along the path then
L, = N;L,;. Large N;—values lead to many segments, thus
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increasing the complexity. At the same time each Bezier
curve is ensured to lay inside its convex hull defined by
(X;, AT B X, ). The area of this hull is

A =

B [(XPXE, — X5, X))+

1
(X7 By = Bf X! )+ (Bia X! — XPBY, )] (25)

where,(-)* and (-)¥ corresponds to the 2- and y- component
of the (-)node. The larger this area, the larger the uncertainty
within which each segment of the Beézier curve resides.
Another crucial factor is related to the cumulative error
between: 1) the trajectory computed from the path under
the assumption of constant traversing velocity and 2) the
trajectory computed from each Bezier curve. This cumulative
error is expressed for the i-th segment as,

it T
Jio= Y [(a—(%) — T*(iT; +mdT))? +
m=1 v
T
xi(mj‘fi ) = T2(iT; +mdT))?] (26)

where T,(t), t € [0, N;T;] corresponds to the path’s point

under the assumption that T},(0) = Start Point , T,(N;T;) =

Final Point and the path is traversed with constant velocity.
The overall cost is formulated as

N; N;
J:wlNi+w22Aj +U13ZTJ‘ s

j=1 j=1

27)

where w; are positive weights. The selection of the number
of discretized nodes, IV;, is related to this multi term cost
function, with contradicting terms, since large N; leads to
smaller A; and possible small J;.

C. Mobile Robot Trajectory Tracking Control

The trajectory planner provides for each segment the
al (t), yi (t), and the heading 67 (t) = arctan 2(y,(t), (1)),
where the ‘"’ superscript has been added to demote the
reference signal. Assume the location of the robot be
(z(t),y(t),0(t)) as shown in Figure 4. The resulting errors

reference robot

real robot

»
»
X

Fig. 4. Relative Kinematic (position-orientation) Errors
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expressed w.r.t. the Body Fixed Frame of the mobile robot
is

(viki(t) — u2)

e1 cqs@(t) sinf(t) 0 xr(t) — z(t)
ez | = | —sinf(t) cosf(t) 0 | | yr(t)—y(t)
es 0 0 1 ) — 0(t)
0
|: — (vini(t) — ug) 0
0

The error kinodynamics is
0 el
0 e2 | +
0 0 es
uy
u2 :

€1
€3
0 1 0
sin(ez) {vi+ | 0 O
0 0 1

The controller
wr | [ —2Cwn(t) 0 0 el
H 115 0 ]3]

Uo 0 —y;(t)

where wy, () = v;\/kZ(t) +, places the poles of the error
dynamics [26] at s1 = —2Cwy,(t) and sg3 = —Cwy(t) £

wny/C2 — 1.

IV. SIMULATION STUDIES

The efficacy of the proposed scheme has been examined
two different simulation studies with a robot having vyax =
0.5 m/sec and wmax = 3 rad/sec.  is a square area
of 225m?, A = 1 at 99 and on the boundary of the
obstacles, B = 0 at the target Pr = (8,7) while the
robot is initially at X (0) = (3,12). The scattered obstacles
inside €2, along with iso-contours of the potential U and
the generated path from (5) is shown in Figure 5. For the

Fig. 5. Artificial Harmonic Potential Field and Generated Path (IN; = 84)

computation of the trajectory N; = 84 control points were
selected while the path could be traversed in Tp = 38sec.
The resulting trajectory is virtually on top of the path, while
the robot’s controller manages to track the trajectory. The
convex hull of the attainable tangential and angular velocity
from all Bezier curves appears in Figure 6, which is within
the feasible area. For the case of a smaller N; (N; = 5), the
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Fig. 6. Robot’s attainable angular and tangential velocity

resulting path along with the convex hulls of each Bezier
segment appears in Figure 7. In the second case, concave

Trajectory
Initial Path
[ Convex Hull of Bezier

y (m)

o
5
a

Fig. 7. Generated path and convex hulls of Bezier curves (N; = 5)

polygons surround the target Pr = (4,4). The robot is
initially at X (0) = (4,9) and the potential’s iso-contours
and the generated path appear in Figure 8. It should be
noted that in this case, if typical non-harmonic fields are

used with Uy = —rzrytgrmyyes and Uf = 3, with
K., K] gain parameters, then the robot’s path stops at the
local minimum (4, 6). For the case of N; = 8, the reference
trajectory and the robot’s trajectory appear in Figure 9, where
a close match is shown between these two. The resulting cost
with w; =1, 1 =1,2,3 is equal to J = 79.9 for N; = 77
and J = 53.5 for N; = 8, while the attainable convex hull
of the tangential and angular velocity appear in Figure 10.

V. CONCLUSIONS

In this paper a mobile robot navigation method based on
harmonic potential functions and Bezier curves has been
presented. The proposed scheme utilises the harmonic poten-
tial function path planner to extract a rough description of
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Fig. 8. Artificial Harmonic Potential Field and Generated Path (N; = 77)
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Fig. 9. Reference and Attainable Robot Trajectory

the path and then utilizes Bézier curves to create a smooth
trajectory and ensure that the robot tangential and angular
velocity is within their kinodynamic constraints. The efficacy
of the proposed scheme is tested in simulation studies for two
environments.
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