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Analytical Tuning Rules of Digital PID Controllers for Integrating
Processes via the Symmetrical Optimum Criterion

Konstantinos G. Papadopoulos', Nikolaos D. Tselepis?, Nikolaos I. Margaris?

Abstract— Explicit tuning rules for digital PID regulators
are presented regarding the control of integrating processes.
Controller parameters are determined analytically as a function
of the process parameters and the sampling time of the
controller. The derivation of the proposed PID control law
lies in the principle of the Symmetrical Optimum criterion.
The performance of the proposed control law is compared
with the conventional tuning of the PID regulator via the
Symmetrical Optimum criterion when controlling the same
process. Simulation examples show improvement of output
disturbance rejection of up to 71.05% decrease of settling time.

I. INTRODUCTION

The demanding problem of controlling integrating pro-
cesses comes up over many industry applications quite
frequently, i.e. vector control of induction motor drives. For
coping with this issue, many researchers have exploited the
principle of well known control methods such as the PID
control law, the IMC principle and the Smith predictor.
Further to the aforementioned control schemes, it is evident
that the PID control law proves still to be an effective and
efficient method when comes the critical question of the
real time implementation issue regarding the control of such
processes [1]. Careful review of the current state of the art
regarding the tuning of the PID controller for controlling
integrating processes shows that, in principle, for developing
a PID control law, simple process models are employed,
(FOPDT)!. The approach of designing a controller based
on model reduction techniques leads often to poor tuning
and instability of the control loop. This can be justified by
the fact that the controller is often tuned based on two,
or maximum three basic parameters of the process”. For
that reason and further to the proposed theory, in this work
a general process model in the frequency domain will be
adopted. Taking into account the analytical PID control law
that has recently been proposed in [2], [3], scope of this
work is to present an explicit solution for the P, I, and D
parameters regardless of the process complexity and when
the controller is implemented digitally. For achieving this
target, the same line as proposed in [2] will be followed. For
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zkp plant’s dc gain, T, time delay of the process output, dominant time
constant of the process.
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that reason, the modelling of the process takes place in the
frequency domain and consists of the plant’s dc gain k,, n
poles plus unknown time delay d. The basis of the proposed
control law is again the Symmetrical Optimum criterion [4],
see Appendix

Taking into account that the performance of the control
law proposed in [2], [3] shows promising results regard-
ing the control of integrating processes compared to the
conventional PID tuning, in this work, sampling time 7
is considered as one more parameter in the control loop.
Since in many industry applications the PID controller is
nowadays implemented digitally, after the proof of the pro-
posed theory, control engineers are given the opportunity to
make 1) extensive and accurate investigation of the affect
of the sampling time to the closed loop performance 2)
investigate how model uncertainties affect the stability of
the control loop. To that end and for the sake of a clear
presentation of the proposed theory, this work is organized
as follows. In section II the conventional tuning of the
PID controller via the Symmetrical Optimum criterion is
presented. Based on this principle, in section III the proposed
theory for controlling integrating processes is presented. The
potential of the proposed theory is justified in section IV via
simulation examples for two benchmark processes met in
various industry applications.

II. THE CONVENTIONAL SYMMETRICAL OPTIMUM
CRITERION

The closed loop system of Fig.1 is considered. Let the
integrating process G(s) met in many industry applications
be defined by

1

Gl = Z0 5T, ) (11 5Ts,)

where T,, is the integrator’s plant time constant, 7, the
plant’s dominant time constant and 75, the process parasitic
time constant, [5]. For controlling (1), the PID control
defined by

(D

(1+sT,)(1+sT,)
sT;(1 4+ sTxc)

is applied. Time constant Ty, stands for the controller para-
sitic dynamics. If 7,, = T, = 0, I control cannot be applied,
because it is easily proved that the closed loop transfer
function is unstable®. If the dominant time constant T, is
evaluated, PI control through (2) by setting 7, = T, and

C(s)=

2

3Intermediate terms of s/ from the denominator polynomial at the final
closed loop transfer function are missing, see Appendix VI-B
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Fig. 1. Block diagram of the closed loop control system. G(s) is the
plant transfer function, C(s) is the controller transfer function, r(s) is the
reference signal, d, (s) and d;(s) are the output and input disturbance signals
respectively and n,(s), n,(s) are the noise signals at the reference input and
process output respectively. k, is the plant’s dc gain and kj, is the feedback
path.

T, = 0 cannot still be applied*, because the closed loop
transfer function becomes unstable again as for the case of
I control. Assuming again that the dominant time constant
Ty, is accurately measured, T, = T}, is set. The closed loop
transfer function becomes

kp TnS +k D

T (s)=
(s) S3T,'TmT):+S27}7;n+skhkan+khkp

for which Ty = Ty, +Txp and Ty T5, =~ 0 has been set. The
magnitude of (3) is given by

3)

Kok [1 + (a)T,,)z]

IT(jo)| = 7 @

Kk Ty —
kok, — T,T,@2)° + @2 P
(kpkn = TiTn ") T, Tr 0

The denominator of (4) is equal to

(TTTx)* @° + T, (TiTy, — 2k pky T, Tx) 0*

D(w) =
(@) | ek Th)? = 2Kk TiTy | @02 + K22
®)
and becomes minimum in the lower frequency range when
T2
kn=1, T,=4Ty, T,=8kky—=, T,=T,. (6)
Tn
see [2], [3]. Using (6) along with (3) results in
14+4Txs
T(s)= 33 20 ' )
8Ty's” + 8Ty s> +4Txs + 1

Normalizing the time by setting s’ = sTx, (7) becomes

, 1+4s

T() = g rsvrrav 1
The respective step and frequency response of (8) are shown
in Fig.2(a), 2(b). It is clear that the step response of the
closed loop control system exhibits an undesired overshoot
of 43.4%. In order to overcome that obstacle, the reference
input is filtered by adding an external controller C,,(s), Fig.3.
The great overshoot of the step response in (7) is owed to

®)

4The proposed theory is able to control (1) if no pole-zero cancellation
occurs.
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Fig. 2. Type-II closed loop control system. The effect of the two degree of
freedom controller to the (a) step and (b) frequency response of the closed
loop control system. (a) Step and (b) frequency response (solid black),
filtered step response (dotted black). y, (s) = S(s)d, (s) if r(s) = n,(s) =
di(s) =no(s) =0, yr(s) =T (s)r(s) if dp(s) = n.(s) =di(s) =ny(s) =0.
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Fig. 3. Block diagram of a two degree of freedom controller. Controller
Cex(s) filters the reference input towards the overshoot decrease.

the numerator of the transfer function, N (s) = 1 +47x. In
that, if an external controller of the form

() _ 1
r(s)  1+4Tgs’

is chosen, the overshoot decreases from 43.4% to 8.1%. Let
it be noted that the rise time increases from ¢, = 3.17x to
t;y = 6.6Tx. The choice of the external filter parameters is
not that critical regarding output disturbance rejection S, (s),

_ )

since it does not participate into S, (s) = 4 o

Cer(s) =

©))

r(s)=0"
III. OPTIMAL CONTROL LAW FOR DIGITAL PID
CONTROLLER

Let the integrating process in series with its constant gain
kp5 at steady state in Fig.3 be defined by

kp
S Pn+5" pp1 45 ps+
s*pa+3p3+52pa+spr+1

k,G(s) = ela. (10

The proposed PID type controller is given by

145X +52Y\" (1 —eT)
s2T? sT,

€)= 6)Czon(s) = ( (1)
where Czpp(s) stands for the zero order hold transfer
function T stands for the controller sampling period. C*(s)
represents the PID controller and the problem is to determine
analytically its parameters 7;, X, Y. In similar fashion with
2), X=T1T,+T,, Y =T,T,, allowing its zeros to become
conjugate complex. In the sequel, all time constants are

Sslope of the step response.

189



n,(s) controller dy(s) d,(s)

.
oY e C'(5) [ Cronls) [“in k, |— G@s) — ()
T,
w(S)
- kh ?'
d

n,(s)
Fig. 4. Closed loop control system including the digital PID type controller.
normalized in the frequency domain with the sampling period

T;, where s’ = sT;. The resulting expressions (10) and (11)
take the form

k ’
kPG(S/) — — 14 - - e d
S o 5 s 8
s’3r3 45 s’ 41
(12)
and
1+sx+5%y\ (1—e)
C(s") = C*(s")Czon (s") ) ;
S[ N
(13)
X Y T;
=2 y= =2 14
X=ge Y T T. (14)
Ty Dj .
d==2 =P vi_1 n (15)
. ) /

respectively. We will make the transition from the Laplace
domain to the z domain by utilizing the following equation

/ s

1 Z e
i — 1
e (16a)
1 T.7 T,e*
72 2= /‘ 2 (16b)
s (Z—1) (ef —1)

In that, the digital PID type controller takes the form

C(s/) — C*(S/)CZOH(S) t12 ( 1 + — ) (1_‘5‘7?7”

a7
or finally
) = i2 (x+y)e* — (J/C+2y27 Ty)e' +y
z (& -1)
T, [(3+5)e® — (3425 - D' + 7 s
i (e 1)’
By making the following transformation
s X Y o Y
X=—=4+2=-1, =—+=. (19)
S A A
results in
S L | (20)
T; 5
By utilizing (20), (18) becomes
T [ (1—e )i+ (¥ —1)9+1
C(S/) — 723 ( ) ,( 5 )y (21)
; (-1
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In addition, the respective open and closed loop transfer
functions, see Fig.4 become

_ ) _ knk,C(s')G(s')

F (s 22
([(S) V(S) ( )
or
/ / TY
kpk,C(s)G(s') = khkptj
[(lfesl)f+(€25,71)y’\+l] (23)
(s/nrn 4. —|—S/3r3 +s’2r2 +5'r + 1) es'd (es/ 1)2
and T(s') = {2240 where Fy, = k,C*(s')Czon () G(s')°
T(s) kpC(s")G(s") N(s") N(s")
J) = _ _
L+kikyC(s')G(s') — D(s)  Di(s') + kN (s')

|

[ k;, [(l—e £+ (e — 1)+ ]
(" 4+ r2+sr1+1) d(gs
k! ((1—@ Vet (e — 1)y+1)

1)2

(24)

+ 5% + 5% + 51+
1)? and k;, = k,T;. Approximating the delay

where Di(s") = t2(s""ry + -+
1)es’d(es'_

time constant ¢*’ by the series

1 1 1 L s 1
e —l—s—|—2s +3's +4 S!S —i—as +--- (25)
and respectively by 7
/ 4 8 16 32 64
2s’ e L T X B 7/5 ST
L TR TR TR (e TR
(26)
results in
/ 1 1 1 1 1
s 2
(" —1)" = (s +5 +§ +E +§ +as Spoy? .
= +0.08615"° +0.255” +0.5833s* + 15 +5°
(27)
In addition, ¢*“ is equal to
/ 1 1 1 1
esd: 1+ds/+7dzsl2+7d3s/3+7d4s/4_’_7d5s/5
2! 3! 4! 5!
1o (28)
/
Additionally from (27) and (28) we have
eyd(eS,, 1)2 :s'2+d3sl3+d4sl4+d5s/5+d6s/6+~~ (29)
where
_ L d -
Cdy T + |
da 0.58334+d + 5dz
1 1
ds | _ 0.25+0.5833d + ~d* + —d°
ds 0.5833 1 1
0.0861 +0.25d + &+ -d®+ =d*
: 6 24
i (30)
®Forward path transfer function.
TWe substitute with 25’ where s’ in (25).
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According to the above, polynomial Dj(s’) can be rewritten
in the form of

Di(s) =2 (" rp+ - +s’3r3 +s’2r2+s'r1 + 1)esld(esl —1)?

:tiz("'+CI7S,7+q6S/6 +QSS/5+Q4S/4+q3S/3+S/2)
(€20)

where ¢, = Z';:O rid,_j, do=d; =0, d, =1 and rog = 1.
Since (1—e* )2+ (% —1)§+1 is equal to

(1—e )2+ (¥ —1)f+1=

1 4
=1+ (29— %)s' + (25— E)?)Slz +(39- gﬁ)s'B—i—
2.0 01 e 320 1 s 04 1 e
TEI O G O (G g

polynomial k,N(s') takes the form
khN(S/) = khk;,

s (17 —x7%) 8T + (69 — %) 8

+ (59— x52) 8™ + (a9 — x4%) S+ (y39 — x30) 5

+ (2 —x28) 82 + (29 —x18) 5’ + 1

(33)

where x, = L, (n€[1,7], n€Z) and the y; (€ [1,7], j€
Z) coefficients are given by y» =2, y3 = %, V4 = %, V5 =
%, Yo = %, V7 = %. Finally, the corresponding polynomials
N(s"), D(s') for both the numerator and denominator of the
closed loop transfer function are given by

m

N =Y {k;, (vi9—x;%) s”} (34)
j=0
where yo =x9 =0, y; =2, x; =1 and
D(l—n|:(.2 / DN /i
§ ) - Z qjli +khkp(yjy xj-x) s (35)

Jj=0

where g =1, g1 =0, y1 =2, xy =1 and go = yg =x9 =0.
Therefore, the resulting transfer function of the closed loop
control system is given by

N N(s")
") = B+ v )
Z;) [k; (9 —x,%) S'j] (36)
J— J:
Z [(qjtiz + khk;, (yjy— xjﬁ)) s']}

Jj=0
For determining the optimal control law, the principle proved
in the Appendix VI will be applied.
Optimization Condition 1: ay = by.
By applying the first optimization condition to the closed

loop transfer function results in
kp=1. 37)

which implies that the final closed loop control system
exhibits steady state position and velocity error. From, (36),
it is apparent that if k, = 1 then the respective terms
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s, s', of N(s') =+ +Kk,(29—%)s' + k), and D(s') = -+
kkl, (29 — %) 5"+ kyk), are equal.

Optimization Condition 2: a% —2arag = 0.
By making use of a} —2ayag = b7 —2byby we end up with
t; = 0. For that reason, we set a% —2arag = 0 as another
means of optimizing the magnitude of (56), [2], [3]. This

results in,

1
2= Ekhk;,[(Z)? — %)% = 2y79 + 2x2] (38)

Optimization Condition 3: a% — 2aza; + 2a4ap = b% —
2b3b1 +2baby.
The application of (60) to (36)
17 = 2kpk), [(x2 — q3)2+ (243 — y2)9 — 4]

Optimization Condition 4: a% + 2a1as — 2agag — 2aqay =
b3 +2b1bs — 2bebo — 2bsb;.
Finally the application of (61) to (36) leads to

qay2 —q3y3 - q3X3 —q4x2 |
X
2=\ —2¢s+y )77\ +g5—x . (40)
+q6

(qik"lz(’; ) For determining the optimal controller
—2q4
parameters w3e will manipulate (38), (39) and (39), (40)

together. Therefore, from (38), (39) we have
(29— £)* —2(4q3 —32) 9 +2 (2q3 —x2) £+ 4g4 = 0.
From (39), (40) we find
[(43 —244) (x2 — q3) — (q3%3 — qax2 + g5 — x4)| £
+ (45 —294) (243 — y2) — (qay2 — q3y3 — 245+ y4)|
= q4(43 —2q4) + 46-

(39)

where L =

(41)

(42)
Let us now make the following substitutions
A = 43—y (43)
B = 2¢3—x; (44)
C = 4q (45)
2 2 _ _
D - (95 —2q4)(x2 — q3) 46)
(q3%3 — qax2 +q5 — x4)
2—244)(2g3 —y2)—
r o~ | @37204)(293 —2) 47)
(qay2 — q3y3 — 295 +y4)
Z = (43—2q4)q4+qe (48)
Substituting (43)-(48) back into (41)-(42) results in
(25— %) —249+2BR+C = 0 (49)
DX+Ey = Z (50)
respectively. From (50) it is apparent that £ is equal to
Z—Ey
£ = . 51
f=" (51)

Substituting (51) into (49) results in
2 5 [(2D+E)Z+D(AD+BE)] . D(2BZ+CD)+Z7* 0
Y (2D +E)? (2D+E)? '

(52)

191



PID control

15

revised tuning |

}M \V/W | /:_ Ly

1

03 I ’ conventional tuning|
di(1)=r(T)
0 d,(r)=r(1)
0 500 1060 15;00 2060 25;00
T=4/T,

(a) Output y(t) of the control loop at the presence of
input and output disturbances. Settling time of output
disturbance is at t = 173174 576.9 (conventional tuning)
and (t = 17317 +425.19) (revised tuning).

Fig. 5.
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(b) Control signal u(t) of the control loop at the presence of
input and output disturbances.

Comparison between the conventional and the proposed control law. Control of an integrating process with equivalent time constants. Sampling

time is T = 20 than the dominant time constant. Input disturbance is applied at T = 865.42 and output disturbance is applied at 7= 1731.

Finally, the optimal control law is given by

1 =2kk),(x2—q3)  —2kk;, (2g3 —y2) 17
0 D E X
5 (2D+E)Z+D(AD+BE)] o
0 0 2 (2D+E)? Y
—2khk;,q4
_ z
_ DQBZ+CD)+7* _
(2D+E)?
(53)

IV. EVALUATION RESULTS

For justifying the potential of the proposed optimal control
law a comparison between the conventional analog PID tun-
ing, (Section II) and the proposed digital control law (Section
IT) will be performed when controlling the same process.
In both cases all time constants have been normalized with
sampling time Ty, s’ = sT;. Controller unmodelled dynamics
have been chosen equal to Ty, = 0.17,,. Special attention is
drawn on the output y(s) and the control input u(s) regarding
reference tracking r(s) and at the presence of input d;(s) and
output d,(s) disturbances, see Fig.1. For handling the issue
with the great overshoot (in both cases, conventional and
revised control law) as mentioned in Section II, an external
filter of the form C,, (s') = m is added to the reference
signal r(s), where x, y are the zeros of the corresponding PID
controller.

A. An integrating process with three equivalent time con-
stants

In the first example, the process defined by

6 ()= 0.5
s(1+20s") (1+16.585") (14 10.8s") (1 +8.85")

(1+1.565)
(54)
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is adopted. From Fig.5(a) it is apparent that both input
and output disturbance rejection has been improved without
paying this cost in the control effort Fig.5(b) as far as the
overshoot of the control signal u(t) is concerned. Output
disturbance rejection has been decreased by 26.29%.

B. An integrating process with time delay three times greater
than the dominant time constant

In the second example the integrating process defined by

G(s/) _ 0.5 56_125/
(1+4s)

is employed which involves a time delay three times greater
than its dominant constant. From Fig.6(a) it is apparent
that the conventional control law leads to unacceptable
performance regarding reference tracking at the presence of
input and output disturbance rejection. The revised control
law has led to a reduction of settling time regarding output
disturbance rejection of 71.05%, (832.41 — 240.977). Effort
of the control signal is acceptable since u(t) does not
oscillate, see Fig.6(b).

(55)

V. CONCLUSIONS AND OUTLOOK

Analytical expressions for the digital PID controller tuning
have been presented regarding the control of integrating
processes. The explicit control law takes into account all
modelled process parameters (model of n poles plus un-
known time delay d) plus the controller’s sampling time 7.
Basis of the proposed theory is the Symmetrical Optimum
criterion. The conventional PID tuning is thoroughly revised
and is replaced by the proposed control law. Comparison
between the conventional and the revised PID tuning shows
promising results in terms of reference tracking and dis-
turbance rejection. Future work deals with improving the
control law by introducing a process involving n poles, m
zeros plus unknown time delay d.
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(a) Output y(7) of the control loop at the presence of input
d;(s) and output d,(s) disturbances.

Fig. 6.

its dominant time constant. Step response of the closed loop control system. Input disturbance d;(s) =

3 T T
conventional tuning
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(b) Control signal u(7) of the control loop at the presence of
input and output disturbances.

Comparison between the conventional and the proposed control law. Control of an integrating process with time delay three times greater than

r(s) is applied at T = 1248 and output disturbance

d,(s) = r(s) is applied at T =2497. Sampling time is T;;‘_‘ =4 than the dominant time constant.
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APPENDIX
A. Proof of Optimization Conditions
Let the closed loop transfer function be defined by (56),

T(s) §"by 48" by 14+ 5*by+sby+by  N(s)
S) = —
s"an + 5" a1+ +s2ay+sa;+ap D(s)
(56)

where m < n. Target of the Symmetrical Optimum criterion is
to maintain |7 (s)| ~ 1 in the wider possible frequency range.
Thus, by setting s = j® into (56) and squaring |7 (j®)| leads
to

N (jo)?

(57)
D (jo)|?

T(jo)P =

By making equal the terms of ®/,(j = 1,2,...,n) in polyno-
mials |D(j®)|?, [N(jw)|? it is easily proved that conditions

ag = b() (58)
a2 —2ayag = b3 — 2bybg (59)
—2azay + 2azay = b3 — 2b3by + 2bsby (60)
a3 +2ayas — 2agap b} +2b1bs — 2bgby
—2614612 - —2b4b2 (61)

have to hold by.

B. The Conventional Symmetrical Optimum Criterion

Let the integrating process be defined by (1). If for
controlling (1), I control of the form
1

C(s)= —
A

(62)
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is applied, then the closed loop transfer function is given by
k
T(s)= d
(s) 2T T, (14 5T, ) (1 + sTx) + kyk)
where Ty, Ty, ~ 0 and Ty = Ty, + Ix.. From (63) it is evident
k
T(s)= 3 3 - 2
s T}TmTpl Ty +s°T;T), (TPI + T):) + 51T, + khkp
(64)
According to (64), it is evident that T (s) is unstable since
the term of s is missing. In similar fashion, if PI control of
the form

(63)

14T,
C(s) = #7
sT(1+sTx,)
is employed, then for determining controller parameter 7,
via the conventional Symmetrical Optimum criterion, pole-
zero cancellation must take place, T, = T}, . Therefore, T' (s)
becomes
kp

T =
) = ST + 52T + nky
which is unstable again for the same reason as stated for
(64). Finally, PID control by canceling two real or conjugate
complex poles of G(s) cannot be applied, since it is proved
that 7' (s) becomes unstable for the same reason as for (64).

(65)

(66)

REFERENCES

[1] Ang K. H., Gregory Chong, Yun Li, “PID Control System Analysis,
Design, and Technology”, IEEE Trans. Control Syst. Technol., vol. 13,
No 4, pp. 559-576, 2005.

[2] Papadopoulos K.G., Mermikli K., Margaris N.I,, “Optimal Tuning
of PID Controllers for Integrating Processes via the Symmetrical
Optimum Criterion”, Proceedings of 19th Mediterranean Conference
on Control and Automation, MED’11, pp. 1289-1294, 2011.

[3] Papadopoulos K.G., Margaris N.I, “Extending the Symmetrical Opti-
mum Criterion to the design of PID type-p control loops”, Journal of
Process Control, Elsevier, vol.22, No 1, pp.11-25, 2012.

[4] C. Kessler, “Das Symmetrische Optimum”, Regelungstechnik, pp. 395-
400 und 432-426, 1958.

[5] Poulin E., Pomerleau A., “PI Settings for Integrating Processes Based
on Ultimate Cycle Information”, IEEE Trans. Control Syst. Technol.,
vol. 7, No 4, pp. 509-511, 1999.

193



