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Study on Residual Vibration Suppression for
a Flexible Dual-Manipulator

Akira Abe and Kohei Yoshida

Abstract— This paper presents a feedforward control tech-
nique for suppressing residual vibrations of a flexible dual-
manipulator. To construct the mathematical model of the ma-
nipulator system accurately, the parameters of the equations of
motion are experimentally identified. In the control technique,
we express the joint angle by a cubic spline function, and then
use a particle swarm optimization to find an optimal path.
The optimal path thus obtained carries a minimum vibration
requirement. The suppression of the residual vibrations of the
flexible dual-manipulator can be accomplished by rotating the
joint angle along the optimal path. The validity and effectiveness
of the proposed vibration control scheme is substantiated by
simulation and experimental results.

I. INTRODUCTION

When lightweight manipulators perform a high-speed pick
and place operation, unwanted vibrations may occur be-
cause of their flexibility. How to suppress these unwanted
vibrations of flexible robotic manipulators is a significant
problem, and therefore a considerable number of research
regarding vibration control problems are available. Benos-
man and Vey [1] published an exhaustive literature review
on various vibration control techniques applicable to flexible
manipulators. Dwivedy and Eberhard [2] also compiled a
comprehensive list of publications (up to 2005), dealing with
the dynamic analysis and control of flexible manipulators.

Vibration control schemes can be broadly classified into
two categories: feedforward and feedback. The advantage of
feedforward control schemes is that the control systems can
be manufactured at low cost because they do not require
vibration-measuring sensors.

With regard to feedforward control, Yue et al. [3] devel-
oped a trajectory planning method to minimize the vibration
and/or execution time of a point-to-point (PTP) motion
for flexible redundant robot manipulators based on genetic
algorithms. Lee and Park [4] proposed a modified input
shaping method to reduce the vibration of a two-link flexi-
ble manipulator after a rest-to-rest motion. To significantly
reduce the residual vibration of flexible manipulators in
the presence of obstacles [5] and under torque constraints
[6], Park proposed optimal path design techniques based on
a combined Fourier series and polynomial. A feedforward
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vibration control scheme for a flexible robot manipulator
system using input shaping and filtering techniques was
developed by Mohamed and Tokhi [7]. Feliu et al. [8]
investigated a method that combines feedforward control
with an optimal mechanical design to cancel vibrations in a
multimode single-link flexible manipulator. An evolutionary
learning acquisition method on residual vibration reduction
of a flexible robot arm consisting of a first rigid link and a
second flexible link was proposed by Kojima and Hiruma [9].
Alam and Tokhi [10] applied a multi-objective genetic algo-
rithm to design command-shaping techniques and achieved
vibration control of a single-link flexible manipulator. Diaz
et al. [11] dealt with active vibration cancellation in flexible
manipulators. They developed a novel concurrent design
of a robust multimode input shaper and a modification of
the link dynamics. The present authors proposed residual
vibration suppression techniques for a two-link rigid-flexible
manipulator [12] and a flexible Cartesian robot manipulator
[13] with a PTP motion. In the techniques, a particle swarm
optimization (PSO) algorithm (e.g., [14], [15]) was utilized
to generate the optimal trajectory satisfying the minimum
residual vibration requirements. However, there exist only a
few reports dealing with a flexible dual-arm robot [16], in
which two flexible links are attached to one vehicle. In [16],
an optimal trajectory planning method for vibration reduction
during a robot motion was presented.

This paper proposes a novel method for the trajectory
planning of two flexible manipulators attached to one motor
hub to suppress residual vibrations in a PTP motion. Unlike
the previous works of [12] and [13], we attempt here to
develop a feedforward technique for a system with two
vibration modes. The equations of motion for the manip-
ulator system, which are nonlinear differential equations, are
developed using the Lagrangian approach and the assumed
modes method. To construct the mathematical model accu-
rately, the coefficients of the obtained equations are identified
by an experiment. In the trajectory planning, the profile
of the joint angle of the two flexible links is expressed
using a cubic spline function, and then the interpolation
points satisfying the minimum residual vibration requirement
are tuned using a PSO. The suppression of the residual
vibrations of the two flexible links can be accomplished
by rotating the joint along the generated trajectory, that is,
the proposed control scheme is a feedforward control that
does not require sensors to measure unwanted vibrations.
The application of an input shaper (e.g., [7], [10]), which
is one of widely used feedforward controllers, is restricted
to linear systems. On the other hand, the proposed method
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Fig. 1. Schematic of a flexible dual-manipulator system.

has the advantage of being applicable to nonlinear systems.
Numerical simulation results demonstrate the effectiveness of
the proposed vibration control scheme for the suppression of
residual vibrations. Furthermore, the validity of the proposed
method is also experimentally confirmed.

II. MATHEMATICAL MODELING

Fig. 1 shows the schematic of a flexible dual-manipulator
system, in which two flexible links are attached to one motor
hub. Here, a is the radius of the rigid hub, 0 is the joint angle,
and w; and u; are the transverse and axial displacements
of the flexible link i (i = 1,2), respectively. Noted that u;
represents the effects of geometric nonlinearities arising from
large transverse deformation [12], and is given by

1 /s aw,- 2 .
) o (a—sl) ds;, (l—laz)a (D

where s; is the coordinate along the deformed configuration
of the flexible link i. Since the two flexible links are con-
strained to move only in the horizontal plane, the influence
of gravity on the movement of the system is negligible.
According to the Euler-Bernoulli theory, the system’s
kinetic and potential energies T and U can be represented as

1 ., & li
T:§<wl+2mm[;ﬁmm+mﬁhhh>, )
i=1

12 li 82Wi2
U=-Y El ds;, 3
2;”/0(85%> s 3)

where J is the hub inertia and m is the tip mass of the flexible
link 1. The density, cross-sectional area, length, and flexural
rigidity of the flexible link i are denoted by p;, A;, /;, and
E;l;, respectively. The position vector r; of the flexible link
i relative to the inertial frame (X,Y) at an arbitrary location
s; can be expressed as

uj =

(a+si+u;) cos ¥;—w;sin V;

ri= (a+si+u;) sinOi+w;cos ;|- @
The angle ¥; is defined as
V=0, h=0+y, (5)

where 7y is the angle between the x; and x, axes.
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Fig. 2. Photograph of the experimental setup.

It is assumed that the motions of the two flexible links
are dominated by the first vibration mode, and that the dis-
placements of the higher vibration modes are negligible. This
assumption is justified by experimental results. According to
the assumed mode method, the transverse displacements of
the flexible links can be expressed using the eigenfunction
@;(s;) of the first vibration mode as

wi(t,si) = Wi(1)i(si), (©6)
where W;(t) is a time function. The equations of motion for
the two flexible links can be obtained from the Lagrangian
approach, which is represented as follows.

d [ JL dL

— | == —===0 7

di (8vv,~> aw, @
where L = T — U. Substituting (6) into (2) and (3) and
taking the partial derivatives in (7), we obtain the following
equations.

(14 2BiWAW; 4+ 2L0,W; + 0 W + (o + B3iW?) 6
+2BuWPW; + (B — BsW7)Wi6* = 0, (i=1,2),(8)

where @; is the natural frequency, and ; and Bj; are the
coefficients of the linear and nonlinear terms, respectively.
The damping coefficient ; is introduced because of the ex-
perimental setup. It is noted that the values of the coefficients
o; and fB;; are not dependent upon the angle 7. In this study,
we assume that the tracking control of the joint angle can
be realized. Under this assumption, the rigid body motion
of the links can be neglected [12], [13]. Therefore, only (8),
which expresses the dynamics of the flexible links, is used
in the present study.

III. EXPERIMENTAL SETUP AND PARAMETER
IDENTIFICATION

A. Experimental Setup

An overview of the experimental setup is shown in Fig.
2. Two flexible links, which are made of a brass beam
of length [ = 550 mm, width b = 50 mm, and thickness
h = 0.8 mm, are attached to a motor hub. The size of the
two flexible links is the same, while a mass of the weight
m =36 g, is attached to the endpoint of the flexible link
1. Fig. 3 depicts a schematic of the experimental setup.
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Fig. 3. Schematic of the experimental setup.

As shown in Figs. 2 and 3, an AC servomotor (Yaskawa
Electric Co.: SGMMIJ-A3EAAJ361K) is employed as the
actuator. The servomotor is driven by a servo drive unit
(Yasukawa Electric Co.: DGDV-A3ESY32). In this case, the
servomotor can be operated in the speed control mode. The
joint angle is measured by a serial encoder mounted on the
servomotor. A strain gauge is attached on one side to measure
the deflection of the flexible links. The signals from the strain
gauges are amplified with a dynamic strain amplifier (Tokyo
Sokki Kenkyujo Co.: DA-36A). The monitor and control
of the experimental setup are implemented on a DSP board
(dSPACE: DS1104), which has a sampling rate of 500 Hz.

B. Parameter Identification Technique

The proposed method for residual vibration suppression
belongs to a group of feedforward control techniques that
generally require exact mathematical models. Thus, in or-
der to construct the mathematical model accurately, the
parameters of the obtained equations are first identified
experimentally.

First, in the identification experiment [13], the joint angle
is rotated along a cycloidal motion path

t 1 2mt
—0p | — — —sin( 2= <t<
Ocyc(t) = O |:TE o sm( o ﬂ , (0<t<Tg), (9

and then the displacements of the flexible links are measured
for 3 s. Here, the traveling time 7z and the target angle Og
are set to 1 s and 7/2 rad, respectively. To track a given
reference angle 6.7, the input voltage supplied to the servo
drive unit v is given as

V=Vref—FK](@rgf—9)+K2(9rgf—9), (10)
where v.r is the reference voltage corresponding to 9re1~(t)
in the speed control mode, and K; and K, are feedback gains
of the PD control. The feedback gains are set to K; =20 and
K> = 0.1, which are determined by trial and error.

Next, we attempt to equalize the displacements obtained
by the numerical integration of (8) and those obtained by the
above experiment. For this purpose, an objective function is
defined as follows.

K
fi=Y [Weir — Witl, (11)
k=1
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TABLE I
IDENTIFIED PARAMETERS

Parameter Link 1 Link 2
o [rad/s] 7.961 10.37
¢ - 9.671 x 1073 1.967 x 1073
a [kgm?] 3.899 x 107! 2.389 x 107!
Bi [-] 3.583x 1073 3.020x 1073
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Fig. 4. Identified results (7g = 1.0 s, 6 = n/2 rad): (a) joint angle,
(b) angular velocity, (c) tip displacement of flexible link 1, and (d) tip
displacement of flexible link 2.

where Wej and Wyg;, are the experimental and simulation
results, respectively, for each of the flexible links at the
sampling time A =2 ms. To minimize the objective function
as much as possible, the parameters of (8) are tuned by
the PSO algorithm developed by Clerc and Kennedy [15].
Finally, the PSO tuning method for the parameters ;, «;,
Bji, and {; yields the accurate models of the flexible links.

Table I lists the values of the identified parameters. Noted
that the parameters f3,;—fs; are negligible (i.e., the values are
equal to zero) because the effect of those parameters on the
dynamics of the flexible links is very small.

The identification results are presented in Fig. 4. The joint
angle and angular velocity are displayed in Figs. 4(a) and
(b), respectively. From these figures, it can be seen that the
experimental results (solid line) are in fair agreement with
the reference values (dotted line). Therefore, we can confirm
that the control law (10) is valid for tracking the joint angle.
A comparison of the simulation and experimental results of
the tip displacements is given in Figs. 4(c) and (d). These
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figures show that the tip displacements of the two flexible
links obtained from the simulation and experimental results
are in reasonable agreement with each other. Consequently,
we can say that the identification results of the parameters
in (8) are accurate.

On the other hand, we observe in Figs. 4(c) and (d) that
residual vibrations (i.e., the displacements after positioning)
occur when the dual-manipulator system is driven along
the cycloidal motion. In the next section, we will present
a trajectory planning method for suppressing the residual
vibrations.

IV. OPTIMAL TRAJECTORY PLANNING FOR RESIDUAL
VIBRATION SUPPRESSION

In this study, we consider a PTP motion of a flexible dual-
manipulator for a fixed traveling time 7 and target angle Og.
To suppress the residual vibrations of the two flexible links,
we developed an optimal trajectory planning method for the
joint angle by using a cubic spline function.

The concept of the proposed method can be illustrated
using the scheme shown in Fig. 5. We divide the travelling
time Tr into 2N divisions and define the discrete joint angle
6,. Noted that 81 denotes Og. To generate the trajectory of
the joint angle 6(¢), a cubic spline, which is defined as a set
of polynomial functions, is used to interpolate the discrete
angles. The joint angular velocity 8(¢) and acceleration 6 (t)
are obtained by differentiating the spline curves with respect
to time. In the present study, the discrete angles are defined
by introducing parameters A6, as follows.

}. (12)

9n+1:90yc(tn+l)+A9nv (l’l:l72,--',N—l)
(I’l: 1727"' 7N_2)

As shown in (12) and Fig. 5, the parameters A6, represent

the deviation from the trajectory for the cycloidal motion (9).

In the cubic spline interpolation, we employ the following

initial and final conditions.

0(0)=0, O(Tx) =6, 6(0)=6(Tp)=0.

ON—1-n = O — B4y,

13)

To realize a smooth motion, it is desirable that not only the
velocity but also the acceleration of the joint angle be equal
to zero at the start and end points of the PTP motion. In
the present study, the discrete joint angles 0; and Ory_;
are determined such that they satisfy the condition 6(0) =
6(Tg) = 0. Consequently, the abovementioned technique
enables the trajectory 0(z) to be expressed in terms of the
parameters A8,, whose number is only N — 1 for the 2N
divisions of Tg.

The proposed trajectory planning method, which is a
feedforward controller for the two flexible links, can be
summarized as follows. The angular velocity 6(z) and ac-
celeration 6(t) are obtained from the differentiation of the
joint angle 0(¢). Next, the numerical integration of (8) yields
the displacements W;(z). Aiming to minimize the residual
vibrations of the two flexible links simultaneously, we define
an objective function as follows.

FZI?EaSXHWl(le)\+|W2(l712)|]a (8:Te <t<Tg+1), (14)
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Fig. 5. Schematic of trajectory planning (N =5)

where F indicates the maximum value of the sum of the two
displacements at 1 s after the positioning. The parameters
A6, (n=1,2,--- ]N—1) are considered to be optimized, and
the minimization of the objective function (14) is carried
out using the PSO. Finally, this algorithm generates the
optimal trajectory of the joint angle for the residual vibration
suppression.

V. RESULTS AND DISCUSSION

To verify the performance of the proposed trajectory
planning method described in Section IV, some simulation
and experimental results are presented in this section.

A. Simulation Results

In the following numerical simulations, the PSO used 50
particles and a maximum of 200 iterations. The search space
of the optimized parameters is taken to be

Af, € [_ecyc(tn+l)/37 9cy6<tn+1)/3]a

(n=1,2,---,N—1). (15)

The number of trajectory partitions N is set to 5. The ranges
of the search space and the number of the partitions are
determined by trial and error.

First, we consider the PTP motion in which the traveling
time and target angle are the same as in Fig. 4. Fig. 6
is a comparison of the simulation results obtained by the
present method and the cycloidal motion. In the figures, the
solid and dotted lines denote the present method and the
cycloidal motion, respectively. From Figs. 6(c) and (d), it can
be seen that the residual vibrations of the two flexible links
are completely suppressed by using the present approach.
When the joint angle is rotated along the trajectory of the
cycloidal motion, the amplitudes of the residual vibrations of
links 1 and 2 are approximately 28 and 8 cm, respectively.
Therefore, it can be said that the proposed trajectory planning
method is quite effective for residual vibration suppression.

To further evaluate the efficacy of the trajectory planning
method, we change the traveling time 7r and target angle Og.
Fig. 7 shows the simulation results under the conditions Tg =
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Fig. 6. Comparison of simulation results obtained by the present method
and cycloidal motion (7z = 1.0 s, 6g = /2 rad): (a) joint angle, (b) angular
velocity, (c) tip displacement of flexible link 1, and (d) tip displacement of
flexible link 2.

1.25 s and 6 =27/3 rad. In the case of cycloidal motion, it
can be determined from Fig. 7(d) that the residual vibration
amplitude of the flexible link 2 is relatively smaller than that
in Fig. 6 (d) The reason is that the travelling time is nearly
twice the natural period. As can be seen from Figs. 7(c) and
(d), the simultaneous cancelation of the residual vibrations
again takes place, which reconfirms the effectiveness of the
proposed method.

B. Experimental Results

From the simulation results, it is clear that the trajectory
planning method can perfectly eliminate the residual vibra-
tions of the two flexible manipulators attached to one motor
hub. To consolidate the validity of the proposed vibration
control technique, we carry out the following experiment.

Figs. 8 and 9 illustrate the experimental results under
the conditions used in Figs. 6 and 7, respectively. In these
figures, the results obtained from the present method (solid
line) and the cycloidal motion (dotted line) are compared. If
residual vibrations occur when the manipulator is operating
along the cycloidal motion trajectory, the vibrations after the
positioning are canceled using the present approach. In the
experimental setup, the vibration controls are realized by
driving the joint angle along the optimal path. Thus, we can
conclude that the proposed feedforward control technique is
valid and effective for suppressing the residual vibrations.
The fact that the residual vibrations are suppressed in the
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Fig. 7. Comparison of simulation results obtained by the present method
and cycloidal motion (Tg = 1.25 s, 6 = 2m/3 rad): (a) joint angle,
(b) angular velocity, (c) tip displacement of flexible link 1, and (d) tip
displacement of flexible link 2.

experiment also demonstrates the effectiveness of the identi-
fication technique and tracking control presented in Section
1.

On the other hand, as can be observed from the ex-
perimental responses shown in Figs. 8(c), 8(d), 9(c) and
9(d), the present method is not influenced by the higher
vibration modes. This proves that the higher modes are
not activated when the manipulator is rotated along the
trajectory obtained through the cubic spline function whose
interpolation points are tuned by the PSO. Therefore, we
can say that the assumption adopted for the mathematical
modeling in Section II is valid and the present method
generates a smooth motion.

VI. CONCLUSION

In this study, we dealt with a PTP motion task of two flex-
ible manipulators attached to one motor hub, and presented
an optimal trajectory planning technique for suppressing
residual vibrations of the flexible links. A cubic spline
function was utilized to generate the optimal trajectory of
the joint angle. To suppress residual vibrations of the two
flexible links simultaneously, the maximum value of the sum
of the two displacements after positioning was defined as an
objective function. A PSO was employed to minimize the
objective function, and then the optimal trajectory satisfying
the minimum vibration condition was obtained. Numerical
simulations revealed that when the joint angle was driven
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Fig. 8. Comparison of experimental results obtained by the present method
and cycloidal motion (7z = 1.0 s, 6g = /2 rad): (a) joint angle, (b) angular
velocity, (c) tip displacement of flexible link 1, and (d) tip displacement of
flexible link 2.

along the optimal trajectory generated by the cubic spline
function, the residual vibrations were perfectly canceled in
comparison with the results obtained by a cycloidal motion.
To demonstrate the feasibility of the proposed method, we
also conducted experiments. From the experimental results,
we concluded that the trajectory planning method developed
in this study is effective and useful for the PTP motion of
the flexible dual-manipulator. The proposed method requires
exact mathematical models, and the robustness to parameter
uncertainties has not been considered at present. However,
the main feature of the proposed technique in which a cubic
spline function and PSO are utilized, is that a feedforward
controller can be constructed without the use of advanced
control techniques.
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