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Abstract— In this paper we provide an algorithm for
nonlinear regular proper DAEs to derive a controller
for an associated state space system assuming the
algebraic variables and the error of the algebraic equa-
tions as fictitious inputs and outputs, respectively.
It is shown that the achieved controlled state space
representation has the same solution as the original
DAE in the case of consistent initial values. Therefore,
it can be used for stability analysis, designing control
laws, and the numerical integration with standard
methods. In contrast to the realization in minimal
coordinates this formulation can be derived straight-
forward and the computation is easy to implement on
a computer algebra system.

I. Introduction

Modeling complex systems naturally and intuitively
leads to differential algebraic equations (DAEs) which
are also depicted as descriptor systems, irrelevant whe-
ther these systems are mechanical, chemical, or economi-
cal (see e.g. [7], [9], [13]). DAEs that arise by modeling
realizable systems are always regular and proper. A
conventional way for the simulation, controller design,
and stability analysis for this class of systems is to
develop a state space representation in minimal coordi-
nates and use this system for the individual purposes.
Unfortunately, this transformation is very involved and,
in many cases, increases the complexity of the system
vector fields.

In contrast, another possibility is to use the system
in the differential algebraic structure for these tasks.
Although the simulation of low index DAEs is common,
it becomes very challenging and costly for higher index
DAEs [2], [5]. Even though in the last decades various
design methods for the control of DAEs have been de-
veloped, for state space representations there exist many
more, of course. Also the stability analysis for state space
systems is further developed compared to DAEs [13].

The purpose of this paper is to derive a state space
representation which is not in minimal coordinates but
is much easier to obtain. The DAE is associated to
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a fictitious state space system with fictitious in- and
output. For this state space system a coupling controller
[8] is designed. It is shown that in the case of consistent
initial conditions the solutions of a regular and proper
DAE and the controlled fictitious state space system
are the same. Therefore, a state space representation is
derived that can be integrated by standard integration
methods. Additionally, the design of this state space
system is much less involving than the computation of
the representation in minimal coordinates. Although the
purpose of the work carried out in [15] is related to ours,
their requirements are much more demanding than the
conditions in our approach.

The method presented in [10] and [11] for the simu-
lation of DAEs is the basis for our approach. In [11]
Manderla et al. derived the state space representation
for the DAE of a parallel robotic manipulator. Necessary
conditions for the success of the method are derived
during the algorithm, but properties of a general DAE
necessary for the success of the method are not stated.
With a new notion of the regularity for DAEs we can
additionally derive necessary and sufficient conditions for
the success of a slightly modified method.

This paper is organized as follows. In section II the
problem to be solved is introduced and additionally some
basic definitions are stated. With the new notion of
regularity derived in section III, and the requirements
for the state space representation stated in section IV,
together with the algorithm for designing the fictitious
control law in section V, we will state our main results
in section VI. We exemplify our approach with a DAE
modeling of a parallel robotic manipulator in section VII
and, finally, terminate this paper with the conclusion in
section VIII.

II. Problem Statement and Preliminaries

We will consider nonlinear descriptor systems

ẋ1 = f(x1, x2, u)

0 = g(x1, x2, u)

y = h(x1, x2, u)

(1)

in semi-explicit form (see [4]). x1 ∈ Mx1 and x2 ∈
R

m denote the differential and the algebraic variables,
respectively. Together they form the descriptor variables
x = (x1, x2) ∈ Mx. Mx1 and Mx are smooth r and
n-dimensional manifolds with n = r + m. Additionally,
u ∈ Rp is the input and y ∈ Rq the output of the
system. The vector field f : (Mx1 ×Rm×Rp) → Tx1Mx1
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and the maps g : (Mx1 × R
m × R

p) → R
m and h :

(Mx1 × Rm × Rp) → Rq are assumed to be sufficiently
smooth. Tx1Mx1 denotes the tangent space of Mx1 at
the point x1.

The modeling procedure for many systems leads to
descriptor systems in semi-explicit form. Moreover, a
general implicit DAE

0 = F (ẋ, x, u) (2)

with F : (T Mx × R
p) → R

n, where T Mx denotes the
tangent bundle of Mx, can always be transformed in
semi-explicit form via

ẋ = w

0 = F (w, x, u)
(3)

with w ∈ R
n (see [4]).

For nonlinear DAEs different definitions for regularity
exist in the literature. Actually, some are not consistent
with the well-known definition in the linear case (see [3]).
In this paper we will consider regularity definitions which
are consistent with the linear case, such as [12], [16]. In
the sense of [12] the following definitions are used.

Definition 2.1: [12] A function x : I → Mx is called
a solution of system (1) if x ∈ C1(I, Mx) and x satisfies
(1) pointwise for a given input function u. It is called a
solution of the initial value problem consisting of (1) and

x(t0) = x̂ (4)

if x is a solution of (1) and satisfies (4). An initial
condition (4) is called consistent if the corresponding
initial value problem has at least one solution.

Cκ(I, M) denotes the set of all κ-times continuously
differential maps from I ⊂ R to M.

Definition 2.2: [12] A system (1) is called regular in a
neighborhood of (x̂, û) satisfying (1) if it has a unique
solution for every sufficiently smooth input function u

and every initial value in a neighborhood of (x̂, û) that
is consistent.

Definition 2.3: A regular system (1) is called proper

if it has a unique solution for every input function u ∈
C1(I,Rp) and every initial value in a neighborhood of
(x̂, û) that is consistent for the system. Otherwise it is
called improper. If the unique solution already exists for
every input function u ∈ C0(I,Rp), it is called strictly

proper.
Additionally to the definitions for DAEs, some defini-

tions for state space systems are required.
Definition 2.4: [1] A state space system

ξ̇ = a(ξ, ω)

φ = c(ξ, ω)
(5)

with the state ξ ∈ Mξ on a smooth manifold Mξ, the
input ω ∈ R

p, and the output φ ∈ R
p, where a : (Mξ ×

Rp) → TξMξ and c : (Mξ × Rp) → Rp are sufficiently
smooth, is called invertible in a neighborhood of (ξ̂, ω̂) if
the system has rank p in this neighborhood.

For the definition of the rank of a state space system
see [1], [14].

It is possible to locally determine the unique input
function ω(t) from the knowledge of the initial value ξ̂

at time t0 and the output function φ(t) if and only if a
systems is invertible [17, condition (NL4)].

Definition 2.5: A regular static feedback for a state
space system (5) with rank p in a neighborhood of (ξ̂, ω̂)
is of the form

ω = r(ξ, v),

v ∈ R
p, such that the rank of the controlled system is

again p in a neighborhood of (ξ̂, v̂) with ω̂ = r(ξ̂, v̂).
This definition directly leads to
Lemma 2.6: The invertibility of a state space system

(5) is invariant under regular static feedback.
At this point we want to extend some definitions for

state space systems stated above to state space represen-
tations with time-variant parameters.

Definition 2.7: A system

ξ̇ = a(ξ, ω, ζ)

φ = c(ξ, ω, ζ)
(6)

with state ξ ∈ Mξ, input ω ∈ Rp, output φ ∈ Rp,
and the time-variant parameter vector ζ ∈ Rm, where
the vector field a : (Mξ × Rp × Rm) → TξMξ and the
map c : (Mξ × Rp × Rm) → Rp are sufficiently smooth,
is called invertible in a neighborhood of (ξ̂, ω̂, ζ̂) with
respect to 〈φ, ω〉 if it has rank p in this neighborhood
for all sufficiently smooth ζ ∈ Cκ(I, U ⊂ Rm) with
appropriate κ.

Finally, we need the notion of an attractive submani-
fold.

Definition 2.8: [8] A submanifold N of Mξ defined by
N = {ξ ∈ Mξ | γ(ξ) = 0} is called locally attractive for
system (5) in a neighborhood U of (ξ̂, ω̂) with γ(ξ̂) = 0 if
limt→∞ γ(ξ(t)) = 0 holds for for every (ξ(t0), ω(t)) ∈ U ,
t ≥ t0.

The problem to be solved in this paper is finding a
state space representation of a regular and proper DAE
(1) which features the same solutions for consistent initial
values. As the derivation of the state space representation
in minimal coordinates is very involving, we are not
interested in reducing the dynamical order of the system,
i.e. we are seeking for a state space representation of
order r. If we are successful, as the solutions coincide,
controller design tasks and stability analysis can be
transferred to the state space system.

Using the achieved system also for simulation tasks
additional requirements must hold. Obviously, the coin-
ciding solutions will evolve on a submanifold of the state
manifold of the state space system. Because of numerical
errors in every integration method the invariance of the
submanifold will not be sufficient for this task. Additio-
nally, the attractiveness of the submanifold for the state
space system is required.
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For solving this problem, a new notion of regularity of
DAEs will be presented in the next section.

III. Regularity

We now consider the fictitious state space system

ẋ1 = f(x1, x2, u)

z = g(x1, x2, u)
(7)

with the vector field f and the map g of (1), the r-
dimensional state x1 ∈ Mx1 , the fictitious input x2 ∈
Rm, the time-variant parameter vector u ∈ Rp, and the
fictitious output z ∈ R

m. Note that the fictitious in- and
output of (7) are different from the in- and output of (1).

Together with the definition of invertibility the regu-
larity of (1) can be checked with

Proposition 3.1: Suppose (x̂1, x̂2) is a consistent initial
value for the DAE (1). The DAE (1) is regular in a
neighborhood of (x̂1, x̂2, û) if and only if (7) is invertible
with respect to 〈z, x2〉 in a neighborhood of (x̂1, x̂2, û).

Proof: Sufficiency: If ϕ(t) = (ϕx1 (t), ϕx2 (t), ϕu(t))
is a function with x1 = ϕx1(t), x2 = ϕx2(t), u = ϕu(t),
and x̂ = (ϕx1 (t0), ϕx2 (t0)) pointwise fulfilling (1), then
ϕ(t) also pointwise fulfills (7) with z = 0. Hence, the
regularity of the DAE (1) is equivalent to the possibility
of finding a unique function ϕx2(t) for a given initial va-
lue x̂ and an arbitrary sufficiently smooth input function
ϕu(t). Then ϕx1 (t) is uniquely specified with (7). Because
(7) is invertible with respect to 〈z, x2〉, ϕx2(t) is uniquely
specified by z(t) = 0 and x̂. Therefore, the DAE (1) is
regular.

Necessity: If (1) is regular, there exists a unique
ϕ(t) pointwise fulfilling (1) with u = ϕu(t) and x̂ =
(ϕx1 (t0), ϕx2 (t0)). Suppose (7) is not invertible with
respect to 〈z, x2〉. Hence, a ϕ̃(t) exists, such that ϕ̃x2 (t) 6=
ϕx2 (t), ϕ̃x2(t0) = ϕx2(t0), ϕ̃x1 (t0) = ϕx1 (t0), and
ϕ̃u(t) = ϕu(t) pointwise fulfill (7). Therefore, also ϕ̃(t)
pointwise fulfills (1) and therefore (1) is not regular.

This proposition will be used later to prove our main
results. Prior to this, in the following section we will
derive requirements for a state space system to have the
same solution as the DAE (1). These requirements will
directly lead to the algorithm stated in section V.

IV. Requirements

Let ϕu(t) be the input and (x̂1, x̂2) a consistent initial
condition for the regular DAE (1). If we can find a
fictitious control law

x2 = α(x1, u), (8)

such that z(t) = 0, t ≥ t0 for (7) with the same initial
value x̂1 and u = ϕu, the solutions of (1) and (7) will be
identical.

In the next section an algorithm deriving (8) is provi-
ded. Together with the necessary and sufficient conditi-
ons for the success of the algorithm, also the existence of
(8) will be shown. However, at this point we only assume
that a fictitious control law (8) exists.

All solutions of (7) controlled by (8) with arbitrary
consistent initial values for (1) and arbitrary inputs will
evolve locally on a submanifold N of the state manifold
Mx1 . This submanifold has the following properties

• output-nulling:

0 = g
(

x1, α(x1, u), u
)

• controlled invariance:

f(x1, α(x1, u), u) ∈ Tx1N

for all x1 ∈ U1 ⊂ N , u ∈ U2 ⊂ Rp with some
neighborhoods U1 and U2.

Comparing these properties with the constrained dy-
namics algorithm of Nijmeijer and van der Schaft [14], N
is the maximal locally controlled invariant output-nulling
submanifold for (7).

If the controlled system is numerically integrated, even
with high accuracy, f(x1, α(x1, u), u) will not exactly lie
in Tx1N because of numerical errors. As N will not be a
locally attractive submanifold in general, the solution of
the state space system with any standard integration me-
thod will leave N noticeably and is therefore unfeasible.
But if we can design (8) such that N is locally attractive
for the controlled system, solutions will always lie on N
except for small numerical errors.

In [8] the authors present a method for deriving an
attractive maximal locally controlled invariant output-
nulling submanifold and the feedback required for input-
affine nonlinear state space systems. In the next section
this algorithm is applied to (7) considering the non-affine
structure of (7) and the time-variant parameter vector u.

V. Algorithm

We will use the abbreviation

∂x1 =
∂

∂x1

for the partial derivative in the coordinates x1 and

Lf z = (∂x1 z) f

for the Lie derivative of a map z in the direction of a
vector field f .

Step 0

Set M0 = Mx1 , m0 = m, m1 = m − 1, . . ., mm =
0, and i = 0. Denote the system (7) by Σ0 and set
z0 = g(x1, x2, u). The elements of z0 are denoted by
z1

0 , . . . , zm
0 .

Step 1

If ∂x2 z1
i = 0 holds, increase i by 1, define the new

constraint z1
i = Lf z1

i−1, set γ1 =
(

z1
0 , . . . , z1

i−1

)

, and
assume that the rank of γ1 with respect to x1 is constant
around (x̂1, û) and

rank(γ1) = i. (9)
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Step 2

Repeat step 1 until ∂x2 z1
i 6= 0. Set δ1 = i and

M1 = {x1 ∈ M0 | γ1 = 0}. Choose parameters ν1
j , such

that the roots of the polynomial

P 1(s) =

δ1
∑

j=0

ν1
j · (s)j (10)

are all in C−. It is possible to find a control law x2 =
α1(x1, u, x21) with the m0-dimensional vector field α1

and x21 ∈ Rm1 , in order to achieve

δ1
∑

j=0

ν1
j z1

j (x1, u, x2)
∣

∣

∣

x2=α1(x1,u,x21)
= 0

locally on M1. Denote the system Σ0 controlled by x2 =
α1(x1, u, x21) by Σ1.

In the following step we proceed with the second
output which is denoted by k = 2.

Step 3

Let ẋ1 = f̃(x1, x2(k−1), u) with x2(k−1) ∈ Rmk−1 be
the description of the system Σk−1 and set i = 0.

Step 4

If ∂x2(k−1)
zk

i = 0 holds, increase i by 1, define the

new constraint zk
i = Lf̃ zk

i−1, set γk =
(

zk
0 , . . . , zk

i−1

)

and
assume that the rank of γk is constant with respect to
x1 around (x̂1, û) and

rank (γ1, . . . , γk) = i +

k−1
∑

j=1

δj. (11)

Step 5

Repeat step 4 until ∂x2 zk
i 6= 0. Set δk = i and Mk =

{x1 ∈ Mk−1 | γk = 0}. Choose parameters νk
j to ensure

that the roots of the polynomial

P k(s) =

δk
∑

j=0

νk
j · (s)j (12)

are all in C−. It is possible to find a control law x2(k−1) =
αk(x1, u, x2k) with the mk−1-dimensional vector field αk

and x2k ∈ Rmk in order to achieve

δk
∑

j=0

νk
j zk

j (x1, u, x2(k−1))
∣

∣

∣

x2(k−1)=αk(x1,u,x2k)
= 0

locally on Mk. Denote the system Σk−1 controlled by
x2(k−1) = αk(x1, u, x2k) by Σk.

Step 6

Increase k by 1 and repeat steps 3 – 6 until k = m.

VI. Main Results

If the constant rank assumptions at step 1 and 4 are
satisfied, (x̂1, û) is a regular point for this algorithm.

If (9) or (11) are not fulfilled in the k-th step for any
i, the k-th output zk

0 is not influenced by any of the
remaining inputs x2(k−1). In this case the algorithm is
not successful.

If the algorithm is successful, it leads to the manifold
Mm, the smooth control law

x2 = α1 (x1, u, α2 (x1, u, . . .)) = α(x1, u), (13)

and the system Σm

ẋ1 = f(x1, α(x1, u), u) = f̃(x1, u)

y = h(x1, α(x1, u), u) = h̃(x1, u).
(14)

Note that the choice of the feedback in this algorithm is
always suitable for the constrained dynamics algorithm
in [14]. As shown there, the particular choice of the
feedback has no influence on the success of the algorithm
and the computed manifold Mm.

The following theorems state necessary and sufficient
conditions for the success of the presented algorithm and
the connection to the DAE (1) via their solutions.

Theorem 6.1: The algorithm terminates successfully if
and only if the DAE (1) is regular and proper.

Proof: Sufficiency: As the DAE is proper, ∂uzk
i =

0, ∀i < δk holds and therefore Lf̃ zk
i = żk

i . Hence, zk
i

denotes the i-th derivative of the k-th output of (7). Be-
cause the DAE is regular, (7) is invertible with respect to
〈z, x2〉 and therefore all zk

i , i < δk are independent (see
[17]). Hence, the rank assumptions during the algorithm
are fulfilled.

Necessity: Suppose the algorithm is successful. Then,
a function α in (13) is derived which is unique on Mm.
Therefore, with the knowledge of x̂1, û, and z = 0
it is possible to determine x2 uniquely. Hence, (7) is
invertible with respect to 〈z, x2〉 which is equivalent to
the regularity of (1) because of proposition 3.1.

Theorem 6.2: Let u(t) be the input and (x̂1, x̂2) a
consistent initial condition for the system (1). With the
initial value x̂1 and the input u(t) the solution of (14) is
equal to the solution of (1) if and only if the system (1)
is regular and proper.

Proof: Sufficiency: Let (1) be regular and proper.
Because of theorem 6.1 the state space system (14) can
be derived. Clearly, x̂1 lies on Mm. As Mm is invariant
for system (14) (see [8]), z(t) = 0 ∀t ≥ 0 holds. As (7) is
invertible (see proposition 3.1) (13) computes the unique
x2 satisfying z = 0. Hence, the solutions of (1) and (14)
coincide.

Necessity: Suppose the solutions coincide. If (1) is not
regular, (1) has more than one or no solution. As f̃ is
smooth, (14) has a unique solution and, therefore, not
all solutions coincide. If (1) is regular but not proper,
Lf̃ zk

i−1 = żk
i−1 does not hold for all 1 ≤ i < δk, 1 ≤ k ≤

m. Furthermore, as ∃i < δk: ∂uzk
i−1 6= 0 it follows that in
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(13) α has to depend on derivatives of u if Mm should
be controlled invariant for (7). Therefore, no state space
representation in the form of (14) with the property z =
0 for all u could be found.

As seen in the last proof, Mm fulfills the requirements
described in section IV and, therefore,

N = Mm (15)

is set.
At this point, we stated necessary and sufficient condi-

tions for the successful termination of the algorithm and
the possibility of deriving a state space representation
(14) of (1) with equal solutions. Comparing this result
with the literature, there are two main differences.

First, in contrast to [10] and [11], our necessary and
sufficient conditions are stated as properties of the origi-
nal DAE, i.e. the DAE is regular and proper. Therefore,
these basic properties are actually known before applying
the algorithm. Second, the pole placement procedure
inducing the attractiveness of N described in [15] is only
valid if (7) has relative degree (see [6]) for all u ∈ U ⊂
Rp. Obviously, requiring invertibility via proposition 3.1
in our new approach is less restrictive.

Just like the approach given in [11] the presented algo-
rithm consists of simple derivations and rank condition
tests which are easy to implement on a computer algebra
system.

As the solutions of both systems, the DAE (1) and
the state space system (14), are equal under the stated
conditions, a controller designed for (14) satisfying a spe-
cified behavior can directly be used for (1) satisfying the
same requirements. Therefore, both controlled systems
provide the same input-output behavior.

Furthermore, (1) and (14) locally have the same equi-
libria on N and also the stability properties of these
equilibria coincide. This directly leads to

Proposition 6.3: Let (1) be regular and proper.
(x̂1, x̂2) is an asymptotic stable equilibrium for (1) if
and only if (x̂1, x̂2) is consistent and x̂1 is an asymptotic
stable equilibrium for (14).

Proof: The proposition is a direct consequence of
theorem 6.2.

Moreover, (14) can be used for a numerical simulation
of the DAE (1) with common integration methods for
ordinary differential equations. As stated in section IV
the solution will always remain in N because of the
attractiveness of N for (14).

Summing up the last results we have that the state
space representation (14) can be used for

• controller design,
• stability analysis, and
• numerical integration

for the DAE (1).
Remark 6.4: All results stated for the DAE (1) can

also be applied to the fully implicit DAE (2). The requi-
rement of a regular proper DAE (1) has to be changed to

x1
1

x2
1

x3
1

x4
1

x5
1

x6
1

u1 u2

u3

TCP

Fig. 1. Parallel robot

a regular, strictly proper DAE (2). In this manner, the
requirements are not necessary any more, but they are
still sufficient.

VII. Example

To show the feasibility of the presented approach the
same parallel robot as described in [11] is considered,
which is presented in Fig. 1. The robot consists of three
arms with two links and legs each. The first link is actua-
ted in every arm, the second is a passive joint. The ends
of the second legs are connected with a further passive
joint corresponding to the tool center point (TCP). Every
link turns around a vertical axis, hence, the tool center
point moves in the horizontal plane.

As in [11] the equations of motion are derived via
decomposing the system into three subsystems consisting
of one arm each. The internal forces at the end of each
arm are regarded as external forces in the subsequent
Lagrangian modeling processes. Appending the algebraic
constraints, i.e. the positions of the ends of the second
legs have to be the same, a differential algebraic system
description (1) can be derived. Therein, x1 denotes the
angles and angular speeds of the six links, x2 contains
the internal forces, and u consists of the torques of the
actuated joints.

This modeling procedure is very descriptive and easy
to implement on a computer algebra system. For the
simulation using standard integration methods the pro-
posed coupling controller (13) is designed. This method
is also easy to realize on a computer algebra system.
As stated in the previous section, the system has to be
initialized with consistent initial values for deriving the
solution of the differential algebraic system.

As the submanifold N is attractive for (14), trajecto-
ries with non-consistent initial values will asymptotically
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Fig. 2. Simulation of the non-consistent coupled system

tend to N . Hence, if no consistent initial values are
known in advance, non-consistent initial values could be
used to derive consistent initial values, as shown in Fig. 2.
The arms will meet asymptotically and a consistent
initial value could be found with little effort.

For further control purposes the position of the TCP
and the sum of the input torques are assumed as the
output vector of the system. Therefore, a decoupling
control law for the input-output behavior of (14) is
designed. Because of theorem 6.1 this control law also
decouples the behavior of (1). Using the same feedback
and feedforward design as described in [11], Fig. 3 shows
the measurement of a trajectory driven on a real test
stand of the parallel robot.

The deviation from the reference trajectory is mainly
caused by the high friction and backlash in the gearbox
of the actuated joints.

VIII. Conclusion

We presented a constructive algorithm for deriving a
coupling control law for a fictitious state space repre-
sentation of a regular and proper DAE. It was shown,
that this controlled system locally has the same solutions
as the original DAE in case of consistent initial values.
Consequently, the controlled system can be used for con-
troller design tasks, numerical integration of the DAE,
and, in addition, also for the investigation of the stability
of equilibria. It was proven that the DAE being regular
and proper is necessary and sufficient for the success of
our approach. Finally, we showed the feasibility of our
approach via simulation and measurement of a parallel
robot test stand.
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Fig. 3. Measurement of trajectory
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