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Abstract— In this paper, we define Lagrange stability and
input-to-state stability on manifolds. Furthermore, we present
necessary and sufficient conditions for stability by using con-
tinuous positive definite proper functions.

I. INTRODUCTION

Stability is defined by Euclidean norms in Euclidean
spaces [1]. Although some definitions are extended to more
general topological spaces [2], some are not.

In Euclidean spaces, necessary and sufficient conditions
for stability are provided by using Euclidean norms or
continuous positive definite proper functions [1]. In metric
spaces, the same conditions are obtained by using metrics or
continuous positive definite proper functions [2]. However,
dependence on metrics causes inconvenience.

In [3], stability on manifolds is analyzed by using sample-
and-hold solutions. However, conditions for stability are not
rendered by continuous positive definite proper functions.

In this paper, we define Lagrange stability and input-
to-state stability on manifolds. Furthermore, we present
necessary and sufficient conditions for stability by using
continuous positive definite proper functions.

II. PRELIMINARIES

Let R := (−∞,+∞), R≥0 := [0,+∞), X and U be
connected C1 manifolds without boundaries, 0 ∈ X and
0 ∈ U the origins, and U a set of essentially bounded
functions u : R≥0 → U , i.e. there exist a constant c ≥ 0 and
a continuous positive definite proper function VU : U → R≥0

satisfying
VU (u(t)) ≤ c a.e. t ≥ 0. (1)

We consider the following dynamical system:

ẋ = f(x, u), (2)

where x ∈ X is a state, u ∈ U is an input, f : X×U → TX
is a mapping, and TX is the tangent bundle of X .

We assume that for each x ∈ X and u ∈ U , there exist
an interval [0, T ) with 0 < T ≤ +∞ and at least one local
Carathéodory solution ϕ : [0, T ) → X ; t �→ ϕ(t;x, u) with
ϕ(0;x, u) = x. For subsets X ′ ⊂ X and U ′ ⊂ U , S(X ′,U ′)
denotes the set of all local Carathéodory solutions with initial
states x ∈ X ′ and inputs u ∈ U ′.
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Substituting u(t) = 0 ∀t ≥ 0 into system (2), we obtain

ẋ = f(x, 0). (3)

For autonomous system (3), we simply write ϕ(t;x) or S(X)
instead of ϕ(t;x, 0) or S(X, 0).

Definition 1 [1][2] The origin of system (3) is called Lya-
punov stable if for each neighborhood W1 of 0 ∈ X there
exists a neighborhood W2 of 0 ∈ X such that all ϕ ∈ S(W2)
are continuable on R≥0 and

ϕ(t;x) ∈ W1 ∀ϕ ∈ S(W2) ∀t ≥ 0. (4)

�

Definition 2 [1][2] The origin of system (3) is called glob-
ally asymptotically stable if it is Lyapunov stable, all ϕ ∈
S(X) are continuable on R≥0, and

lim
t→+∞ϕ(t;x) = 0 ∀ϕ ∈ S(X). (5)

�

Remark 1 If X has a boundary, the existence of a Lyapunov
function does not guarantee global asymptotic stability be-
cause the solutions may go outside of X . �

Remark 2 Note that the choice of VU causes no change in
inputs. �

Remark 3 Note that continuity of f is not assumed. If
f is continuous and the origin of system (3) is globally
asymptotically stable, X is contractible [4]. �

Remark 4 A local Carathéodory solution ϕ(t;x, u) is con-
tinuable on R≥0 if all solutions ϕ̄ ∈ S(x, u) stay in a
compact subset of X . �

Definition 3 [1] Let 0 < r1 ≤ +∞ be a constant. A
continuous strictly increasing function α : [0, r1) → R≥0

with α(0) = 0 is called class K0. A class K0 function defined
on entire R≥0 is called class K̄0.

Let 0 ≤ r2 < +∞ be a constant. A continuous
strictly increasing function α : [r2,+∞) → R≥0 with
limr→+∞ α(r) = +∞ is called class K∞. A class K∞

function defined on entire R≥0 is called class K̄∞.
A continuous strictly increasing function α : R≥0 → R≥0

with α(0) = 0 and limr→+∞ α(r) = +∞ is called class
K∞

0 ; K∞
0 = K̄0 ∩ K̄∞.
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A continuous decreasing function α : R≥0 → R≥0 with
limr→+∞ α(r) = 0 is called class L.

A function β : R≥0 × R≥0 → R≥0 is called class LK if
it is class L with respect to the first variable and class K̄0

with respect to the second one. �

III. LAGRANGE STABILITY

In this section, we define Lagrange stability for au-
tonomous system (3).

In Euclidean spaces, Lagrange stability is defined [1].
In subspaces of Euclidean spaces, Lagrange stability for
bounded sets is defined [5]. Although these definitions
are equivalent in Euclidean spaces, Lagrange stability for
bounded sets is not appropriate as the extension of Lagrange
stability by the following reasons:

i) Lyapunov stability, Lagrange stability and asymptotic
stability are invariant under diffeomorphic coordinate
transformations. However, Lagrange stability does not
hold under diffeomorphic ones.

ii) Global asymptotic stability implies Lagrange stability on
Euclidean spaces [5]. However, it does not guarantee
Lagrange stability for bounded sets on subspaces of
Euclidean spaces [5].

We extend the definition of Lagrange stability to manifolds
as follows:

Definition 4 System (3) is called Lagrange stable if for each
compact neighborhood W̄1 of 0 ∈ X there exists a compact
neighborhood W̄2 of 0 ∈ X such that all ϕ ∈ S(W̄1) are
continuable on R≥0 and

ϕ(t;x) ∈ W̄2 ∀ϕ ∈ S(W̄1) ∀t ≥ 0. (6)

�

Remark 5 In Euclidean spaces, Lagrange stability in Def-
inition 4 coincides with the traditional Lagrange stability.
Moreover, it is invariant under diffeomorphic coordinate
transformations. Furthermore, global asymptotic stability
implies the extended Lagrange stability as shown in the
following section. �

IV. NECESSARY AND SUFFICIENT CONDITIONS

In this section, we show necessary and sufficient con-
ditions for stability of autonomous system (3) by using
continuous positive definite proper functions.

Let domϕ denote the domain of ϕ. Then, we obtain the
following propositions.

Proposition 1 For system (3), the following are equivalent:
i) the origin is Lyapunov stable;

ii) for a given continuous positive definite proper function
VX : X → R≥0, there exist a positive constant 0 <
r1 ≤ +∞ and a class K0 function α1 : [0, r1) → R≥0

satisfying

VX(ϕ(t;x)) ≤ α1(VX(x))

∀ϕ ∈ S({x ∈ X | VX(x) < r1}) ∀t ∈ domϕ.
(7)

�

Proposition 2 For system (3), the following are equivalent:
i) system (3) is Lagrange stable;

ii) for a given continuous positive definite proper function
VX : X → R≥0, there exists a function α2 ∈ K̄∞

satisfying

VX(ϕ(t;x)) ≤ α2(VX(x)) ∀ϕ ∈ S(X) ∀t ∈ domϕ.
(8)
�

Proposition 3 For system (3), the following are equivalent:
i) the origin is Lyapunov stable and Lagrange stable;

ii) for a given continuous positive definite proper function
VX : X → R≥0, there exists a function α3 ∈ K∞

0

satisfying

VX(ϕ(t;x)) ≤ α3(VX(x)) ∀ϕ ∈ S(X) ∀t ∈ domϕ.
(9)
�

Proposition 4 For system (3), the following are equivalent:
i) the origin is globally asymptotically stable;

ii) the origin is globally asymptotically stable and La-
grange stable;

iii) for a given continuous positive definite proper function
VX : X → R≥0, there exists a function β ∈ LK
satisfying

VX(ϕ(t;x)) ≤ β(t, VX(x)) ∀ϕ ∈ S(X) ∀t ∈ domϕ.
(10)
�

All of the proofs are given in Section VI.

Remark 6 If X = R
n and VX(x) = ‖x‖ := (

∑n
i=1 x

2
i )

1/2,
Propositions 1–4 coincide with results in [1]. �

Remark 7 Lyapunov stability means stability in a neighbor-
hood of the origin. This locality appears in the domain of
α1. �

Remark 8 Lagrange stability means stability far from the
origin. This locality appears in the image of α2; Im(α2) =
[r2,+∞) (0 ≤ r2 < +∞). �

Remark 9 Although every smooth σ-compact manifold can
be smoothly embedded in R

n [6], Euclidean norm is not
appropriate for evaluation of stability. For example, X1 :=
{(x, y) ∈ R

2| (x + 2)2 + y2 > 1} can be embedded in R
2.

However, Euclidean norm is not proper on X1 as shown in
Figs. 1 and 2. On the contrary, Figs. 3 and 4 illustrate a
continuous positive definite proper function on X1. �

Remark 10 In [3], smooth σ-compact manifolds are em-
bedded in Euclidean spaces as closed subsets. However, the
embedded manifolds may not be smooth [6]. �
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Fig. 1. Euclidean norm on X1
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Fig. 2. Level sets of Euclidean norm on X1

Continuous positive definite proper functions on manifold X
have the following relation:

Proposition 5 For continuous positive definite proper func-
tions V1, V2 : X → R≥0, there exist functions α, α ∈ K∞

0

satisfying

α(V1(x)) ≤ V2(x) ≤ α(V1(x)) ∀x ∈ X. (11)

�

The proof is also given in Section VI. Proposition 5 is the
extension of a result in Euclidean spaces [1].

V. INPUT-TO-STATE STABILITY

In this section, we define input-to-state stability (ISS) for
system (2) and show that the existence of an ISS-Lyapunov
function guarantees input-to-stability.

For u ∈ U , set

V ∞
U (u) := inf{c ≥ 0| VU (u(t)) ≤ c a.e. t ≥ 0}. (12)

Input-to-state stability for system (2) is defined by adding
an input term to (10).

Definition 5 Let VX : X → R≥0 be a continuous positive
definite proper function. System (2) is called input-to-state
stable if all ϕ ∈ S(X,U) are continuable on R≥0 and there
exist functions β ∈ LK and γ ∈ K̄0 satisfying

VX(ϕ(t;x, u)) ≤ β(t, VX(x)) + γ(V ∞
U (u))

∀ϕ ∈ S(X,U) ∀t ≥ 0.
(13)

Fig. 3. Continuous positive definite proper function on X1
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Fig. 4. Level sets of continuous positive definite proper function on X1

�

Remark 11 If X = R
n, U = R

m, VX(x) = ‖x‖ and
VU (u) = ‖u‖, input-to-state stability in Definition 5 coin-
cides with the traditional input-to-state stability [1]. Our
definition is also compatible with the definition for sample-
and-hold solutions on Riemannian manifolds [3]. The level
sets of VX correspond to precompact sets in [3]. �

Remark 12 Input-to-state stability in Definition 5 does not
depend on the choice of VX and VU . Assume that (13) is
satisfied, and let V̄X : X → R≥0 and V̄U : U → R≥0 be
continuous positive definite proper functions. By Proposition
5, there are functions αX , αX , αU , αU ∈ K∞

0 satisfying

αX(VX(x)) ≤ V̄X(x) ≤ αX(VX(x)) ∀x ∈ X (14)
αU (VU (u)) ≤ V̄U (u) ≤ αU (VU (u)) ∀u ∈ U . (15)

By (12)–(15),

V̄X(ϕ(t;x, u))

≤ αX(β(t, VX (x)) + γ(V∞
U (u)))

≤ αX(2β(t, VX(x))) + αX(2γ(V∞
U (u)))

≤ αX(2β(t, α−1
X (V̄X(x)))) + αX(2γ(α−1

U (V̄ ∞
U (u)))).

(16)

By β ∈ LK, γ ∈ K̄0 and αX , αX , αU ∈ K∞
0 ,

β̄(t, s) := αX(2β(t, α−1
X (s))) ∈ LK (17)

γ̄(s) := αX(2γ(α−1
U (s))) ∈ K̄0. (18)
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�

For a locally Lipschitz continuous positive definite proper
function V : X → R≥0, DV (x, v) denotes the Dini
derivative defined by

DV (x, v) := lim infε→0+
V (x+ εv)− V (x)

ε
. (19)

Definition 6 Let VX : X → R≥0 be a continuous positive
definite proper function. A locally Lipschitz continuous pos-
itive definite proper function V : X → R≥0 is called an
ISS-Lyapunov function if there exist a function α1 ∈ K̄0 and
a continuous positive definite function α2 : R≥0 → R≥0

satisfying

x ∈ X, u ∈ U and VX(x) ≥ α1(VU (u))

⇒ DV (x, f(x, u)) ≤ −α2(VX(x)).
(20)

�

Theorem 1 System (2) is input-to-state stable if an ISS-
Lyapunov function exists. �

Proof: By Proposition 5, there exists functions α, α ∈
K∞

0 satisfying

α(VX(x)) ≤ V (x) ≤ α(VX(x)) ∀x ∈ X. (21)

Let Ω := {x ∈ X | V (x) ≤ α ◦α1(V
∞
U (u))}. For simplicity,

we write ϕ(t) instead of ϕ(t;x, u). By (20), (21), and Lemma
6.1 in [1], we obtain

ϕ(t) /∈ Ω ⇒ VX(ϕ(t)) ≥ α−1 ◦ V (ϕ(t)) ≥ α1(V
∞
U (u))

⇒ VX(ϕ(t)) ≥ α1(VU (u)) a.e. t

⇒ V̇ (ϕ(t)) ≤ −α2(VX(ϕ(t))) a.e. t
⇒ VX(ϕ(t)) ≤ β(t, VX(ϕ(0))),

(22)

where β ∈ LK. By (21),

ϕ(t) ∈ Ω ⇒ V (ϕ(t)) ≤ α ◦ α1(V
∞
U (u))

⇒ VX(ϕ(t)) ≤ α−1 ◦ α ◦ α1(V
∞
U (u)).

(23)

By α, α ∈ K∞
0 and α1 ∈ K̄0, γ := α−1◦α◦α1 ∈ K̄0. Hence

by (22) and (23), system (2) is input-to-state stable.

Remark 13 If U = {u : R≥0 → 0}, an ISS-Lyapunov
function becomes a Lyapunov function. Namely, the origin
of autonomous system (3) is globally asymptotically stable if

DV (x, f(x, 0)) ≤ −α2(VX(x)) ∀x ∈ X (24)

for a locally Lipschitz continuous positive definite proper
function V : X → R≥0, a continuous positive definite proper
function VX : X → R≥0, and a continuous positive definite
function α2 : R≥0 → R≥0. �

VI. PROOFS OF PROPOSITIONS 1–5
Let R>0 := (0,+∞), Λ := {. . . , 1/3, 1/2, 1, 2, 3, . . .},

and �·� : R>0 → Λ be the ceiling function defined by

�s� := min{λ ∈ Λ| s ≤ λ}. (25)

For a subset X ′ ⊂ X , IntX ′ denotes the interior of X ′.
For a subset I ⊂ R>0, we define sup I := +∞ if I is not
bounded above.

In order to prove Proposition 1, we provide the following
four lemmas.

Lemma 1 Let VX : X → R≥0 be a continuous positive
definite proper function. Then for each neighborhood X ′

of 0 ∈ X , there exists a positive constant 0 < r < +∞
satisfying {x ∈ X | V (x) ≤ r} ⊂ X ′. �

Proof: Since X is a locally compact Hausdorff space,
X has the one point compactification X∗ by Theorem 11.3,
I [6]. Let X∞ := X∗\X , R∗

≥0 := R≥0 ∪ {+∞}, and V ∗
X :

X∗ → R
∗
≥0 be the extension of VX with V ∗

X(X∞) = +∞.
For each neighborhood X ′ of 0 ∈ X there is a compact

neighborhood W̄ ⊂ X ′ of 0 ∈ X by Theorem 29.2 [7].
Note that min{V ∗

X(x)| x ∈ X∗\ Int W̄} > 0. Then for any
positive constant r < min{V ∗

X(x)| x ∈ X∗\ Int W̄}, {x ∈
X | VX(x) ≤ r} ⊂ {x ∈ X∗| V ∗

X(x) ≤ r} ⊂ Int W̄ ⊂ W̄ ⊂
X ′.

Lemma 2 Let V1, V2 : X → R≥0 be continuous positive
definite proper functions and assume that δ : Λ → R>0 is a
positive valued function satisfying

V2(ϕ(t;x)) ≤ λ

∀ϕ ∈ S({x ∈ X | V1(x) ≤ δ(λ)}) ∀t ∈ domϕ.
(26)

Then, there exists a positive valued increasing function δ̄ :
Λ → R>0 such that

i) for each λ ∈ Λ there exists ξ ∈ Λ satisfying ξ < λ and
δ(ξ) ≥ δ̄(λ);

ii) limλ→+∞ δ̄(λ) = sup{δ(λ)| λ ∈ Λ};
iii) limλ→0 δ̄(λ) = 0.

�

Proof: Define δ̄ : Λ → R>0 by

δ̄(λ) :=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

min
{
δ(ξ)

∣∣∣ ξ ∈ Λ and λ
λ+1 ≤ ξ ≤ 1

}
(λ ≤ 1)

max
{
δ(ξ)| ξ ∈ Λ and 1

λ ≤ ξ ≤ λ− 1
}

(λ > 1).
(27)

Note that limλ→0 δ(λ) = 0 by (26). Then by (27), δ̄ is an
increasing function satisfying ii), iii) and

λ ∈ Λ, λ ≤ 1

⇒ ξ :=
λ

λ+ 1
∈ Λ, ξ < λ, δ(ξ) ≥ δ̄(λ)

(28)

λ ∈ Λ, λ > 1

⇒ there is ξ ∈ Λ with ξ ≤ λ− 1 < λ, δ(ξ) = δ̄(λ).
(29)
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Therefore, i) is satisfied.

Lemma 3 Let V1, V2 : X → R≥0 be continuous positive
definite proper functions and assume that δ : Λ → R>0 is a
positive valued function satisfying (26). Then, there exists a
function δ̂ ∈ K̄0 satisfying

V2(ϕ(t;x)) ≤ s

∀ϕ ∈ S({x ∈ X | V1(x) ≤ δ̂(s)}) ∀t ∈ domϕ
(30)

lim
s→+∞ δ̂(s) = sup{δ(λ)| λ ∈ Λ}. (31)

�

Proof: By linear interpolation of δ̄ in Lemma 2, we
obtain the following continuous positive definite increasing
function δ̃ : R≥0 → R≥0;

δ̃(s) :=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0 (s = 0)
1

�s�2 {(�s�+ 1)s− �s�} δ̄(�s�)
+ �s�+1

�s�2 (�s� − s)δ̄
(

�s�
�s�+1

)
(0 < s ≤ 1)

(s+ 1− �s�)δ̄(�s�) + (�s� − s)δ̄(�s� − 1)
(s > 1).

(32)
By (32) and ii) in Lemma 2,

lim
s→+∞ δ̃(s) = lim

λ→+∞
δ̄(λ) = sup{δ(λ)| λ ∈ Λ}. (33)

Since δ̃ is a continuous positive definite increasing function,
there is a function δ̂ ∈ K̄0 such that

δ̂(s) ≤ δ̃(s) ∀s ≥ 0 (34)

lim
s→+∞ δ̂(s) = lim

s→+∞ δ̃(s) = sup{δ(λ)| λ ∈ Λ}. (35)

Therefore, (31) is satisfied. By (32), (34) and i) in Lemma
2, for each s > 0 there exists ξ ∈ Λ such that

ξ < �s� (36)

δ(ξ) ≥ δ̄(�s�) ≥ δ̃(s) ≥ δ̂(s). (37)

By ξ ∈ Λ and (36),

0 < s ≤ 1 ⇒ ξ ≤ �s�
�s�+ 1

< s ≤ �s� (38)

s > 1 ⇒ ξ ≤ �s� − 1 < s ≤ �s�. (39)

By (26) and (37)–(39),

0 < V1(x) ≤ δ̂(s)

⇒ V2(ϕ(t;x)) < s

∀ϕ ∈ S({x ∈ X | V1(x) ≤ δ̂(s)}) ∀t ∈ domϕ.

(40)

V1(x) = 0

⇒ V2(ϕ(t;x)) = 0 ∀ϕ ∈ S(x) ∀t ∈ domϕ.
(41)

Therefore, (30) is satisfied.

Lemma 4 Let V1, V2 : X → R≥0 be continuous positive
definite proper functions and assume that δ : Λ → R>0 is
a positive valued function satisfying (26). Then, there exist

a positive constant 0 < r ≤ +∞ and a class K0 function
α : [0, r) → R≥0 such that

V2(ϕ(t;x)) ≤ α(V1(x))

∀ϕ ∈ S({x ∈ X | V1(x) < r}) ∀t ∈ domϕ.
(42)

Moreover, α can be chosen to be class K∞
0 if sup{δ(λ)| λ ∈

Λ} = +∞. �

Proof: Let δ̂ be a function in Lemma 3, r :=
sup{δ(λ)| λ ∈ Λ} and α := δ̂−1. Then α is a class K0

function defined on [0, r) and satisfies (42). Moreover, α
becomes class K∞

0 if sup{δ(λ)| λ ∈ Λ} = +∞.
By Lemmas 1 and 4, Proposition 1 is proved as follows:

Proof: [Proof of Proposition 1] Prove i)⇒ii). Let VX :
X → R≥0 be a continuous positive definite proper function.
Then by continuity of VX , {x ∈ X | VX(x) ≤ λ} is a
neighborhood of 0 ∈ X for each λ ∈ Λ. By i), for each
λ ∈ Λ there is a neighborhood W of 0 ∈ X such that

VX(ϕ(t;x)) ≤ λ ∀ϕ ∈ S(W ) ∀t ∈ domϕ. (43)

By Lemma 1 and (43), there is a positive valued function
δ : Λ → R>0 satisfying

VX(ϕ(t;x)) ≤ λ

∀ϕ ∈ S({x ∈ X | VX(x) ≤ δ(λ)}) ∀t ∈ domϕ.
(44)

Hence by Lemma 4, there are a positive constant 0 < r1 ≤
+∞ and a class K0 function α1 : [0, r1) → R≥0 satisfying
(7).

Prove ii)⇒i). By (7) and Lemma 1, for each neighborhood
W of 0 ∈ X there is a positive constant 0 < s < r1 such
that

ϕ(t;x) ∈ {x ∈ X | VX(x) ≤ α1(s)} ⊂ W

∀ϕ ∈ S({x ∈ X | VX(x) ≤ s}) ∀t ∈ domϕ.
(45)

Since {x ∈ X | VX(x) ≤ α1(s)} is compact, all ϕ ∈ S({x ∈
X | VX(x) ≤ s}) are continuable on R≥0. Therefore i) is
satisfied.

Proposition 2 is also proved in the same manner of the
proof of Proposition 1. Proposition 3 is easily proved by
Propositions 1 and 2. In order to prove Proposition 4, we
give the following lemma:

Lemma 5 Let VX : X → R≥0 be a continuous positive
definite proper function and assume that the origin of system
(3) is globally asymptotically stable and Lagrange stable.
Then, there exists a function γ : R≥0 × Λ → R≥0 such that

i) for all ϕ ∈ S(X) and for all t ≥ 0,

VX(ϕ(t;x)) ≤
{

γ
(
t, �VX (x)�

�VX (x)�+1

)
(0 < VX(x) ≤ 1)

γ(t, �V (x)� − 1) (VX(x) > 1);
(46)

ii) γ(t, λ) is class L with respect to t;
iii) γ(t, λ) is increasing with respect to λ;
iv) limλ→0 γ(t, λ) = 0 ∀t ≥ 0.

�
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Proof: By Proposition 3 and global convergence, there
are functions γ̄ : R≥0 × Λ → R≥0 and α3 ∈ K∞

0 such that
i’) VX(ϕ(t;x)) ≤ γ̄(t, λ) ∀ϕ ∈ S({x ∈ X | VX(x) ≤

λ}) ∀t ≥ 0;
ii’) γ̄(t, λ) is class L with respect to t;

iii’) γ̄(0, λ) = α3(λ) ∀λ ∈ Λ.
Define γ : R≥0 × Λ → R≥0 by

γ(t, λ) :=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

min
{
γ̄(t, ξ)

∣∣∣ ξ ∈ Λ and λ
1−λ ≤ ξ ≤ 1

}
(0 < λ < 1)

max{γ̄(t, ξ)| ξ ∈ Λ and 1 ≤ ξ ≤ λ+ 1}
(λ ≥ 1).

(47)
Then by i’) and (47),

0 < VX(x) ≤ 1

⇒ VX(ϕ(t;x)) ≤ γ

(
t,

�VX(x)�
�VX(x)� + 1

)
∀ϕ ∈ S({x ∈ X | 0 < VX(x) ≤ 1}) ∀t ≥ 0

(48)

VX(x) > 1

⇒ VX(ϕ(t;x)) ≤ γ̄(t, �VX(x)�) ≤ γ(t, �VX(x)� − 1)

∀ϕ ∈ S({x ∈ X | VX(x) > 1}) ∀t ≥ 0.
(49)

Therefore i) is satisfied. By ii’) and (47), ii) and iii) are
satisfied. By ii), iii’) and (47),

0 < λ < 1 ⇒ γ(t, λ) ≤ γ(0, λ) = α3

(
λ

1− λ

)
∀t ≥ 0

(50)

lim
λ→0

γ(t, λ) ≤ lim
λ→0

α3

(
λ

1− λ

)
= 0 ∀t ≥ 0. (51)

Therefore iv) is satisfied.
Then Proposition 4 is proved as follows:

Proof: [Proof of Proposition 4] Prove i)⇒ii). By global
convergence, for any compact neighborhoods W̄1, W̄2 of 0 ∈
X there is T > 0 such that

ϕ(t;x) ∈ W̄1 ∀ϕ ∈ S({x ∈ X | x ∈ W̄2}) ∀t ≥ T. (52)

Hence,

ϕ(t;x) ∈ W̄1 ∪ {ϕ(t;x)| t ∈ [0, T ] and x ∈ W̄2}
∀ϕ ∈ S({x ∈ X | x ∈ W̄2}) ∀t ≥ 0.

(53)

Since W̄1, W̄2 are compact and ϕ is continuous with respect
to t, W̄1∪{ϕ(t;x)| t ∈ [0, T ] and x ∈ W̄2} is also compact.
Therefore, the system is Lagrange stable.

Prove ii)⇒iii). By linear interpolation of γ in Lemma
5, we obtain the following continuous function γ̃ : R≥0 ×
R≥0 → R≥0;

γ̃(t, s)

:=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0 (s = 0)
1

�s�2 {(�s�+ 1)s− �s�} γ(t, �s�)
+ �s�+1

�s�2 (�s� − s)γ
(
t, �s�

�s�+1

)
(0 < s ≤ 1)

(s+ 1− �s�)γ(t, �s�)
+ (�s� − s)γ(t, �s� − 1) (s > 1).

(54)

By (54), ii) and iii) in Lemma 5, γ̃(t, s) is class L with
respect to t and increasing with respect to s. Hence, there is
a function β ∈ LK such that

β(t, s) ≥ γ̃(t, s) ∀t ≥ 0 ∀s ≥ 0. (55)

By (54), (55) and i) in Lemma 5,

VX(ϕ(t;x)) ≤ γ̃(t, VX(x)) ≤ β(t, VX(x))

∀ϕ ∈ S(X) ∀t ≥ 0.
(56)

Therefore iii) is satisfied.
Prove iii)⇒i). By (10),

ϕ(t;x) ∈ {y ∈ X | VX(y) ≤ β(0, VX(x))}
∀ϕ ∈ S(X) ∀t ∈ domϕ.

(57)

By β ∈ LK, α(·) := β(0, ·) ∈ K̄0. Hence by Proposition 1,
the origin is Lyapunov stable. Moreover, all solutions ϕ ∈
S(X) are continuable on R≥0 because {y ∈ X | VX(y) ≤
β(0, VX(x))} is compact for all x ∈ X . By (10) and Lemma
1, for each point x ∈ X and each neighborhood W of 0 ∈ X
there is T ≥ 0 such that

ϕ(t;x) ∈ W ∀ϕ ∈ S(x) ∀t ≥ T. (58)

Therefore (5) is satisfied.
Proof: [Proof of Proposition 5] By Lemma 1, there is

a positive valued function δ : Λ → R>0 satisfying

V1(x) ≤ δ(λ) ⇒ V2(x) ≤ λ (59)
lim

λ→+∞
δ(λ) = +∞. (60)

Substituting ϕ(t;x) := x ∀t ≥ 0 into Lemma 4, there is
a function α ∈ K∞

0 with V2(x) ≤ α(V1(x)) ∀x ∈ X .
Similarly, there is a function α ∈ K∞

0 with α(V1(x)) ≤
V2(x) ∀x ∈ X .

VII. CONCLUSION

We have extended Lagrange stability and input-to-stability
to manifolds. Moreover, we have obtained necessary and
sufficient conditions for stability by using continuous positive
definite proper functions. Our results contains the traditional
ones on Euclidean spaces.
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[2] N. P. Bhatia and G. P. Szegö, Stability theory of dynamical systems,
Springer, 2000.

[3] M. Malisoff, M. Krichman and E. Sontag, “Global stabilization for
systems evolving on manifolds,” Journal of Dynamical and Control
Systems, 2005, vol. 12, no. 2, pp. 161–184, 2006.

[4] E. D. Sontag, Mathematical control theory, Springer, 1998.
[5] V. Andriano, A. Bacciotti and G. Beccari, “Global stability and

external stability of dynamical systems,” Nonlinear Analysis, Theory,
Methods & Applications, vol. 28, no. 7, pp. 1167–1185, 1997.

[6] G. E. Bredon, Topology and Geometry, Dover, 2004.
[7] J. R. Munkres, Topology second edition, Prentice Hall, 2000.

978-1-4673-2529-5/12/$31.00 ©2012 IEEE 409


