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Forward Kinematics of Stewart Platforms
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Abstract— The Stewart Platform, one of the most successful
and popular parallel robots, has attracted the attention of many
researchers in recent decades. The solution of the forward
kinematics problem in real-time is one of the key aspects
that continues to garner interest. In this paper we propose a
new approach for solving this particular case using Support
Vector Machines, a popular Machine Learning method for
classification and regression. The algorithm involves a data
generation and preprocessing off-line phase, and a fast on-line
evaluation. The experiments show that this method is very
accurate and suitable for use in real-time.

Index Terms— Parallel Robots, Stewart Platform, Forward
Kinematics, real-time, Support Vector Machines, Support Vec-
tor Regression.

I. INTRODUCTION

XTENSIVELY used as manipulators in a wide variety

of fields, e.g. medicine, optics, astronomy and many
industries like aerospace, automotive and aviation, parallel
robots have attracted the attention of many researchers in
recent decades. They can be classified as closed—loop me-
chanisms, in contrast with serial robots, which are usually
open—loop kinematics chains. Instead, they consist of two
frames connected by means of active links, such as prismatic
actuators, sometimes called /egs. The advantages of this
type of structure include a greater dexterity, rigidity and
positioning capability, good dynamic performance and high
load carrying capacity, which makes them very attractive in
many applications and fields.

This paper considers a new approach for solving the
forward kinematics of Parallel Robots, one of the relevant
topics related to parallel manipulators in general, and to the
Stewart Platform in particular [1]. Whereas the inverse kine-
matics problem has a closed—form mathematical solution, the
forward case lacks one. It is an under—defined problem with
a high—degree nonlinear formulation in which the solution
in most cases is not unique. Although the kinematics is one
of the most studied aspects of parallel robots, the forward
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problem continues to gain interest, especially in terms of
those methods that can solve it in real-time, as it is essential
for a platform characterization and its closed control loop
to know the position and orientation (pose) by means of the
length of the linear actuators attached to the joints.

A review of the literature shows different methods and
strategies. One of the main groups are those that describe an
analytical solution [2]. Some authors propose a simplification
of the model [3], which is solved with numerical methods
like Newton—Raphson, or use an interval analysis [4] to
work the solution out. However, these kinds of methods
lack generalization, since they are proposed for a particular
type of platform. Other methods develop a solution to the
forward kinematics problem by directly applying a numerical
method [5] like Newton—Raphson. In general these kinds of
techniques achieve accurate solutions with enough iterations
of the algorithms, but may have convergence problems
and high computational requirements. Furthermore, there
are other solutions that add rotary type sensors or extra
links [6] — [7] to obtain additional information, in order to
aid and simplify the algorithms. However, these approaches
may be difficult to generalize and in some cases will not
be applicable due to structural or mechanical constrains.
A second group of techniques are those which obtain ap-
proximate solutions using a wide variety of methods, from
neural networks [8] to polynomial fitting [9]. These types of
strategies are more suited to real-time applications and yield
good enough approximations for a wide variety of fields.

In this context, we present a different approach for ob-
taining approximate but accurate solutions in real-time for
the forward kinematics of Generalized Stewart Platforms
using Support Vector Machines (SVMs). Whereas many of
the main concepts and features of the SVMs have been
present in Artificial Intelligence and Machine Learning since
the 60’s, they were first formally introduced in the 1992
paper published by Vapnik and his co—workers [10]. SVMs
were developed initially as a classification tool, and a few
years later were extended to solve regression problems [11].
More specific terms for both cases are Support Vector
Classification (SVC) and Support Vector Regression (SVR).
Whereas the former was developed as a pattern recognition
tool [12], the latter was proposed for estimating regressions,
constructing multidimensional splines and solving linear
operator equations [13]. When solving pattern recognition
problems, a SVM is able to find a decision rule with good
generalization by selecting a small subset of the training
data, called the Support Vectors (SVs). It can be shown that
optimal separation of the SVs is equivalent to the optimal
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separation of the entire data [11]. Hence, SVMs can be used
to summarize the information contained in a data set.

We have chosen the paper presented by M. Tarokh [9] as a
reference to compare our results against the exact analytical
solution for a Generalized Stewart Platform presented by Liu
et al [2]. This paper is organized as follows. Support Vector
Methods and Support Vector Regression are described in
Section II. Then, after a detailed description of the proposed
procedure presented in Section III, the results are discussed
in Section IV. Finally, the main conclusions are summarized
in Section V.

II. SUPPORT VECTOR METHODS

A. Support Vector Classification

The training algorithm requires a set of p pairs (x;,¥;),
with a sample vector x; € R™ and a class label y; € {—1,1}.
The algorithm finds the parameters of a decision function
D(x) using these training samples. An unknown pattern will
belong to the first class if D(x) > 0 and to the second
otherwise. The direct space decision function is:

D(x;) = (w,x;) +b . (1)

The goal of the algorithm is to find the parameter w and the
bias b that represents the optimal separating hyperplane.

The decision function has a dual space representation,
which reduces the number of computations required to train
the classifier [10]:

P
D(x) =Y aiK(xi,x)+b )
i=1

where the coefficients «; are the parameters found by the
algorithm and x; are the training samples. K (x;,x) is the
kernel function, which allows operations to be performed in
the input space rather than in a high dimensional feature
space. The kernel performs the non-linear mapping into the
feature space, and can be chosen from among the most
commonly employed functions, such as polynomials, radial
basis functions and certain sigmoid functions.

The samples are sparse over the input space and we can
assume that they are linearly separable. Classes separated
with a generalized optimal hyperplane are subject to:

where w is normal to the hyperplane and &; is a measure
of the misclassification error. The perpendicular distance
from the hyperplane to the origin is m, and the optimal
hyperplane is the one that minimizes,

1
o(w,&) = 5wl +CY & )

which can be solved with Quadratic Programming (QP)
optimization. This optimization problem can be transformed
by means of the Lagrangian, and the solution is given by the
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saddle point:
1, o -
i j=1

> ailyil(w, ) + 0 -1+ &), )

i=1

where «, 3 are the Lagrange multipliers. Thanks to the
duality of the classical Lagrangian, (5) is minimized with
respect to w, b, x and maximized with respect to «, 5. The
dual problem is given by:

max W (a, 8) = max(min ®(w,b, o, &, 8)) . (6)

o a,f w,b,§

Differentiating (5) and setting the derivatives to zero leads
to the dual problem formulation,

1 22 P
max W(a) = max — Z Z oYY (X, xj)—z o,
i=1 j=1 k=1
(N
subject to the constraints,
0<, <C i=1,...,p (8a)
P
Z ajy; =0 (8b)
j=1

The given value C' is a regularization parameter, which must
be chosen to reflect the noise in the data [14].

Maximizing the margin between classes and training sam-
ples is an alternative to other optimizing cost function me-
thods, e.g., mean squared error. This provides some impor-
tant features to SVMs, like automatic capacity tuning of the
classification function, the representation of the data relevant
for the classification by a small subset (data compression),
and uniqueness of the solution.

B. Support Vector Regression

As a regression tool, a SVR employs an alternative loss
function, which includes a distance measure. Vapnik pro-
posed the e—insensitive loss function [13], a more sophis-
ticated penalty tool, which defines a region between y;,
the predicted value, and ¢;, the actual value. Only when
[t; —yi| > € does the function add one of two slack variable
penalties, depending on whether they lie above (£€7) or below
(&™) the region called the e—insensitive tube. The data to be
modeled is a vector x; € R™ and a value y € R, with a
linear function:

f(x) = (w,x) +b . ©

The optimal regression function is given by the minimum of
the functional,

1
O(w,§) = 5wl +CY (& +&) A0

with a given value C'.
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The primal form can be obtained by introducing the
Lagrange multipliers o > 0,a; > 0, > 0,pu; >
0 Vi

L 1 L
- 2 e
Lp=CY (6 +&) +5 wl® = Y (uf &+ &)~
i=1 i=1

L L
_Za;r(5+§;r+yi_ti)—ZOZZ(E—Ff;—yi-‘rti)

i=1 i=1

(1D

Differentiating (11), setting the derivatives to zero and
substituting leads to the optimization problem:

L L
+ =\ + _ _
e | Slo et —e Yo o)
! (af —a;)(af —a;)x; - x; (12)
9 2\ i j G )% X5 )
]
subject to,
0 <af <C (13a)
0 <o <C (13b)
L
> (af —a;)=0 VY, (13¢)
i=1
Predicted values can be found with:
L
y = Z(o@-F —a;)x;-x +b (14)
i=1

Those samples with 0 < «a; < C' and {;r =0 (or ¢ =0)
will be elements of the set S of Support Vectors xs.

Finally, the bias can be obtained as the average over all
elements in S:

L
1
_ +
b—m g ts —e— g (o) — )X, * X (15)
ses mesS

C. SVM Implementation

There are several libraries that implement SVMs, and one
of the most widely used is LIBSVM [15]. We have chosen
it for its ease of use, outstanding performance and because
it can interface with MATLAB, which allows working with
a rapid prototyping and testing framework. It is a library
under active development, and provides a set of tools that
quickly yield acceptable results. It implements a set of
SVM formulations, multi—class classification and probability
estimates.

III. ALGORITHM

The algorithm consists of an off-line and on—line. In the
former, the algorithm generates a SVM regression model
from each division (or cell) of the link space, that is
partitioned by a fixed amount in each dimension. In the latter
phase, the model corresponding to the region whose pose is
going to be predicted is recovered from a look-up table, and
then the forward kinematics can be approximated with simple
and fast operations, suitable to real-time applications.
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A. Model Representation and Data Generation

As shown in Fig. 1, the generalized configuration is com-
posed of two frames and a set of linear actuators, typically
six. A platform is modeled with two 4 x 6 matrices, A and
B, which represent the end effector and fixed frame, res-
pectively, by the Cartesian homogeneous coordinates where
each joint is connected. Thus, it is computationally easy
to solve the inverse kinematics by simple mathematical
operations (16) where needed.

<— End effector

<— Linear actuators

<— Fixed base

Fig. 1. A class of Parallel Robot.

Consider a fixed base B, with a coordinate frame XY Z
attached to it, and another coordinate frame xyz fixed to
the end effector A as well. Let us define the link space as
the 6-D space consisting of the position (as length) of each
linear actuator. A link vector represents a position in the link
space, as a 6-coordinate vector 1 = (I1ly---lg) ". Similarly,
the pose space is the 6-D space that represents the position of
the mobile plane (or end effector), as a combination in 3-D
Cartesian coordinates of position (z,y,z) and orientation
(o, B,7). A pose is defined by the vector p = (zyzaBy)'.

Given D and R as the position vector and rotation matrix
of the end effector, the inverse kinematics can be solved
as the Euclidean distance between the positions where each
joint is attached:

lZ:\/HRal—FD—bZH i:1,2,"',6
= filp) . (16)

where a; and b; are the i—th row of the matrix that represents
the end effector and fixed frame respectively.

In order to simplify the complexity of the approximation
method, the link space needs to be partitioned. The method
in the reference paper [9] involves fitting a set of polynomial
equations to obtain a parametric model to approximate the
forward kinematics solutions in each partition. In this paper
we propose a different approach by using SVR machine
models to represent the behavior of the platform in a given
region or partition of the pose and link space. As we stated
before, one of the advantages of SVMs is their ability to
easily fit complex non—linear functions, but there is a tradeoff
with the size of the dataset and the parameters used in
terms of training time and accuracy: large training sets will
not significantly improve the accuracy of the solutions and
will add a time penalty. At the same time, more aggressive
parameters will improve the solutions, but will worsen the
training time as well. Therefore, the size of the divisions
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made to the link space balances the tradeoff, because it
affects the complexity of the machines to be tuned.

Once the size of the partitions is established, each region
needs to be populated with a meaningful number of poses so
that the SVR models can be successfully trained. A generated
pose is associated with its link space cell, thanks to the
inverse kinematics definition (16). The number of divisions
along an axis can be described by the equation:

li,maw - li,min
NZ - lc )
where [, defines the length of each cell. Each generated pose
must be tested to discard those that are invalid. A pose is
valid if its corresponding link lengths are within the feasible
range, and if they do not violate any platform—specific me-
chanical constraints, e.g., joint limitations or link collisions.

Randomly generated poses are a better choice for yielding
a valid dataset than regularly spaced intervals, which will not
produce uniform link space coverage due to the nonlinear
mapping of the forward kinematics. We have chosen a
pseudorandom number generator that belongs to the TGFSR
(Twisted Generalized Feedback Shift Register) family, intro-
duced in 2006 by L’Ecuyer and Panneton [16], called WELL
(Well Equidistributed Long-period Linear), a class of robust
generators with very good equidistribution, periods, speed
and other interesting properties.

A cell of the link space is mapped into a region of the
pose space, that can be identified by a unique index, which
resembles a change of numerical base. For a given link
configuration Ly = (Ig1, k2, k3, lka, lks, lke) T, the index
can be obtained by:

6
celly = Qlk_zﬂJ (Ni)“) +1 ,  (18)

i=1 ¢

i:1727"'76 ) (17)

where [; ,,,4, is the minimal length or position of the i—th
link and N; is the number of cells in each dimension, given
by (17). Then, the valid generated poses can be associated
by their region index and stored based on this index so they
can be processed in the next step.

B. Classification

It should be noted that some regions will represent more
than one forward kinematics solution, so before starting the
SVR training, they need to be identified and classified. As
shown in Fig. 2 (divided into two 3D representations for ease
of visualization), the stored data are organized by clusters
that need to be identified. In this case they appear overlapped
because of the 2D representation, but in other regions they
will look like a homogeneous cloud.

The number of clusters to identify, K,,,, partially de-
pends on the structure of the parallel robot: more general
configurations of the platform will have more solutions in
a given region, i.e. 6-6 (base—end effector link connections)
compared to more constrained versions like 6-3 or 3-3. For
the considered platform we have set K,,,, = 8 as in [9].

The method chosen to estimate the number of clusters
for each region starts by fitting a Gaussian Mixture model
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Fig. 2. 3D representation of region l: top — position subspace; bottom —
orientation subspace.

using an Expectation Maximization (EM) algorithm [17]
with maximum likelihood estimates, and then applying a
measure of the relative goodness of fit of a statistical model
called Akaike Information Criterion (AIC). Developed by
Akaike [18], it is widely used in model selection because it
is an estimate of the expected Kullback—Leibler information
of a fitted model. A simple way to apply this criterion is
by an iterative process, where the Gaussian Mixture model
is fitted with k& components, and where k iterates from 1
to the previously set K,,,, value. In each iteration the
AIC, a dimensionless quantity, is calculated by the following
expression:

AIC =2P —2In(L) , (19)

where P is the number of parameters in the statistical model
and L is the maximized value of the likelihood function for
the estimated model, obtained with the EM algorithm.

By means of a simple heuristic, it is possible to select a
value for K4, using the AIC. A procedure like the Elbow
method does not guarantee the most appropriate guess of the
number of clusters: when the data cloud is homogeneous and
the points are spread across the region, the presence of an
elbow point between two iterations might not be a proper
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estimation of K,,,,. One possible approach to improve the
estimation consists of setting a threshold to find a cutoff
iteration from which increasing the number of clusters does
not improve the fit significantly. If that iteration is greater
than the elbow point we have found that setting K4, as
the midpoint gives a good guess regarding the number of
clusters.

The main advantage of this procedure for estimating /44
is that we can calculate the posterior probability of each
component from the fitted Gaussian Mixture model. Hence,
in order to classify each pose we only need to determine the
cluster in which its posterior probability is a maximum.

C. Model Training and Lookup Table

After the clustering process, the data is ready to be used as
training samples. An SVR is a MISO system, which supports
a very large number of inputs as data features. The output
or target value is predicted with a decision function, applied
to a data instance. Since a trained machine will output one
predicted value, then for every cluster we need to train one
SVR model for each dimension [zyzafv] using the same
data instances. Therefore, a given cluster will need a total
of six trained SVR machines to represent an estimated pose.
The training parameters will be described in Section IV.

Link data must be scaled to avoid numerical difficulties
and the negative effect of greater numeric ranges against
those which happen to be smaller. Both training and testing
data must be scaled with the same method and range, e.g.,
[-1,1] or [0,1]. In the experiments described in the next
section we have used the former to adjust the input data.

Since the method produces a large number of models, we
need to populate an indexed data structure or lookup table
in the off-line phase to store them. The morphology of this
lookup table should allow for fast indexation. Given that we
can apply (18) to obtain the address of the k—th element of
the input vector, the structure can be a sequence of elements
that contains the trained model parameters. As the input links
in the on—line phase must be scaled according to the training
data to obtain a valid prediction, the scaling information used
for training is also stored. This ends the off-line phase, which
only needs to be executed once for a single parallel robot.

D. On-line pose parameter estimation

Given a link vector 1, the address of the lookup table
where the model parameters are stored can be obtained by
applying (18). Then, after scaling the link coordinates, each
pose space parameter is predicted using 1 with the LIBSVM
function svmpredict. The time to retrieve the six model
parameters and generate the estimation is negligible.

The mean error obtained after the experiments is small
enough to satisfy a wide variety of applications, but if
needed, the accuracy of the approximation can be improved
by a correction step. Let p be the pose parameters estimated
for the 1 input vector after the on-line phase. We then
apply the inverse kinematics expression (16) to obtain the
link lengths 1 associated with the pose estimation p. The
difference between the target and the estimated link lengths
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can be calculated as Al = (1—1), and can be added to 1 to
obtain a new target link configuration A = 1+ Al. Finally,
solving the forward kinematics of the corrected link lengths
A will give an improved approximation of the initial link
vector 1.

IV. RESULTS AND DISCUSSION

The experiments were made on a workstation with an Intel
Xeon CPU E5440@2.83 GHz, 16 GB of RAM, with Linux
kernel version 2.6.24-24-generic and MATLAB R2011B,
both 64-bit versions. The most time—consuming steps of
this method are the classification and the fitting with SVR
machines. The data generation took 80 seconds, and the total
training time was 11255 seconds (about 3 hours). Since
regions are independent, some steps like classification and
SVR training processes can benefit from parallelization, but
for the purpose of this paper we have implemented a non-
parallel version of the method. Whereas the implementation
was mainly written in MATLAB, the random pose generator
was coded in C++ and compiled as a MATLAB EXecutable
(MEX) binary file to reduce the total computation time. The
LIBSVM library also provides a MATLAB implementation
of its functions with MATLAB MEX-files. The resulting
lookup table after the end of the off-/ine phase occupied
about 57 MB of memory.

The method was tested with the experimental model pro-
posed in [2], where the authors solved the forward kinematics
of a parallel manipulator analytically. The link space was
decomposed into cells of length [c = 3.5 m, which gives,
applying (17), N; = 2 divisions along each dimension.
Therefore, the number of cells and regions is 26 = 64. The
pose generation was carried out as described in Section III-A,
with random data generated within the ranges

r=[-2 2] (m) a=[-60 60] (°)
y=(-25 2] (m) B=[-50 0] () . QO
=] 2 13] (m) y=[-70 70] (°)

according to the extreme link configurations reported in [2].
When exploring the best training settings for SVRs, we
found that the Radial Basis Function (RBF) kernel gave us
the best accuracy/training time ratio, especially as compared
to the sigmoid kernel. Given the cost of adjusting each
one individually, all the SVRs were trained with the same
parameters. In the model training function, svmtrain, we
choose the e~<SVM method, with the parameter v = 0.1 (the
width of the Gaussian basis function) and the cost equal
to 1000 (C' parameter in loss function). Also, we set the
tolerance of the termination criterion equal to 5 x 10~3 and
the epsilon parameter of the loss function equal to 1073,
There are six configurations of the linear actuators that
represent extreme positions of the end effector, relevant
when designing a parallel manipulator, since they provide
an insight into its workspace: the lowest and highest position
of the mobile plane, where all of the actuators are at their
minimum/maximum lengths; the most tilted position (with
two asymmetric cases) where one pair of the linear actuators
is at its maximum/minimum length, while the other two pairs

437



TABLE I
COMPARISON OF BOTH METHODS AND THE ANALYTICAL SOLUTION

z(m) y(m) z(m) o) B (°) v (°)
Lowest position

A 0.0000 0.0000 2.6460 0.0000 0.0000 0.0000

P 0.0000 0.0000 2.6460 0.0000 0.0000 0.0000

S 0.0000 0.0000 2.6458 0.0006 0.0001 0.0000

Highest position

A 0.0000 0.0000 12.9600 0.0000 0.0000 0.0000

P 0.0000 0.0000 12.9610 0.0000 0.0000 0.0000

S 0.0005 —0.0008 12.9610 0.0005 0.0009 —0.0016
Most Tilted position #1

A —1.2360 —2.1420 5.5030 58.9900 —73.8400 —46.0600

P —1.2390 —2.1390 5.5060 58.9900 —74.0000 —46.0700

S —1.2369 —2.1421 5.5036  58.9890 —73.8400 —46.0520
Most Tilted position #2

A —0.6930 —1.2000 10.4950 —47.7200 39.4200 —18.0100

S —0.6939 —1.2017 10.4940 —47.7280 39.4280 —18.0160
Most Twisted position #1

A 0.0000 0.0000 7.1920 0.0000 0.0000 68.3620

P 0.0000 0.0000 7.1940 0.0000 0.0000 68.3400

S 0.0001 0.0000 7.1924 0.0012 0.0000 68.3590
Most Twisted position #2

A 0.0000 0.0000 7.1920 0.0000 0.0000 —68.3620

S 0.0000 0.0001 7.1923 —0.0001 —0.0010 —68.3600

A : Analytical solution [2]
P : Polynomial method [9]
S : SVR machine method proposed

are at their minimum/maximum lengths; and the most twisted
position, where the three odd actuators are at their minimum
length with the even ones extended to their maximum (with
a symmetric opposite case).

Table I shows a comparison of the proposed approach and
the polynomial method described in [9] against the exact
analytical solution presented in [2]. There were no data avail-
able to compare with the polynomial method for the most
twisted and most tilted position symmetric and asymmetric
cases. It can be seen that, while our method has in some
cases a slight decimal error, it actually yields a very good
approximation of the exact solution. All results are presented
with the correction described in Section III-D. Finally, the
experiments yielded an average on—line evaluation time of
4.87 milliseconds, enough for real-time operation.

V. CONCLUSION

In this paper we have proposed the use of Support Vector
Regression Machines for solving a relevant topic within the
parallel robotics field. Unlike other methods, the proposed
algorithm is not dependent on the geometry of the platform.
Also, the results have shown that it can be applied to
problems that require high accuracy. Improvements can be
made, however. Smaller cell sizes would provide a rich
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variety of linear actuators configurations, but the time needed
to populate the regions with valid poses would increase as
well. The on-line phase is fast and suitable for real-time
applications, and like the accuracy, the computation and
evaluation time can be improved with an implementation in
a compiled language like C++. Furthermore, it does not have
high memory requirements as it only needs to accommodate
the lookup table. Finally, the accuracy of the solutions can
be easily improved adjusting the parameters of the SVRs, at
the cost of more off-line training time.
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