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Abstract—This paper presents a new approach to active 
fault-tolerant control for non-linear systems, based on fault 
estimation and compensation for time-varying faults. The work 
is a motivation for utilising the extension of the well known so-
called fast adaptive fault estimation strategy to non-linear 
systems via a multiple-model strategy involving Takagi-Sugeno 
(T-S) fuzzy observer-based estimation and linear model-
reference state tracking control. Moreover, the proposed 
strategy handles the case of unmatched uncertainty in the 
tracking error dynamics. The stability proof of the appropriate 
non-linear augmented system is derived via a Lyapunov 
condition and formulated as an efficient one step Linear Matrix 
Inequality (LMI) problem constraining the time-varying 
system eigenvalues to lie within specified regions in the complex 
plane. The fault compensation strategy is illustrated using a 
non-linear example of an inverted pendulum which includes 
Stribeck friction and a loss-of effectiveness actuator fault.* 

I. INTRODUCTION 
HE increase in demand for maintaining controlled 
system performances and stability under different 
operation conditions and in the presence of 

malfunctions or faults has led to the development of the 
subject of Fault-Tolerant Control (FTC). The increasing rate 
of recent publications on FTC shows strong evidence of 
popularity of this topic with some literature also considering 
strategies for application to real engineering problems often 
driven by the safety-critical requirements in the aerospace 
industry [1-5]. 

FTC loops can be classified as either Passive Fault 
Tolerant Control (PFTC) or Active Fault Tolerant Control 
(AFTC). Studies of the significance of FTC as well as 
survey material are to be found in [6, 7], whilst the book by 
[8] provides a useful theoretical framework. 

All physical systems are non-linear and can be subject to 
system faults (e.g. in sensors, actuators or in internal process 
components). This motivates research into the field of robust 
FTC methods based on the use of nonlinear model dynamics 
and robust control and estimation. An approach to control of 
non-linear systems that is becoming popular in the literature 
with the availability of efficient LMI solutions [13] is the use 
of T-S fuzzy and linear parameter varying modeling and 
control [9-11]. 

The T-S approach to multiple-model control is always 
characterized by a trade-off between the complexity of 
gaining suitably stabilizing control action and the degree of 
accuracy of representing the nonlinear system via T-S fuzzy 
inference modelling, i.e. in terms of the number of local 
models or “fuzzy rules” [12]. 

During the last 5 years several research papers have 
described the use of T-S modeling and control within the 
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framework of FTC involving actuator and sensor faults [13-
16]. 

An excellent way to use the T-S framework in AFTC is to 
develop a model-reference strategy for robust tolerance to 
actuator faults as discussed by [14] for discrete time systems. 
The authors in [16] have used the approach of [14] directly 
for continuous-time systems. In their work they use a T-S 
(non-linear) reference model which is chosen to precisely 
replicate the fuzzy model of the real closed-loop plant. 
Clearly, the works in [14, 16] hide the main challenge 
involved in model-reference strategies which is the need to 
deal with the unmatched uncertainty in the tracking 
dynamics. Recently, in [17] the nonlinear model reference 
approach proposed in [14, 16] is extended to handle 
uncertain T-S fuzzy continuous system with unmeasurable 
premise variables. It is more logical and more practical to 
use a linear reference model with T-S estimation and control. 

Whilst the current paper is also based on the use of T-S 
within a model-reference FTC system, the research enhances 
the strategy proposed in [18, 19], by the considering the 
effects of time-varying actuator faults using observer-based 
estimation and tracking control. 

The example used is the nonlinear inverted pendulum 
system described via fuzzy-inference (T-S) modelling with 
the vertical angle used as the measurable premise variable. 
The idea is to use an approach of estimation and fault 
compensation, by augmenting a proportional observer with 
proportional plus integral feedback aiming to achieve two 
requirements: (i) to provide estimation of system states and 
fault signals simultaneously, and (ii) to cover the situation in 
which the fault is of fast variation with an assumed bounded 
fault first time derivative. The control law is designed to 
minimize the tracking error during normal operation (the 
fault-free case). The tracking system tolerates actuator fault 
effects, including varying friction forces. The actuator faults 
are compensated using an additive fault observer-based 
estimation signal. Finally, the design approach is formulated 
as an LMI optimization problem that can be solved using 
MATLAB software. 

The paper is organized as follows: Section II summarizes 
the main T-S fuzzy inference modeling concepts. Section III 
describes the proposed observer based fault-tolerant tracking 
control technique. Section IV gives a tutorial example of a 
non-linear inverted pendulum with friction to illustrate the 
proposed strategy. The paper is concluded in Section V. 

II. TAKAGI-SUGENO FUZZY MODEL 
Consider the general form of a nonlinear system without any 
exogenous effects, to illustrate the basic idea of system 
representing in T-S fuzzy model form: 

ݔ̇� = ݂൫(ݐ)ݔ, 					൯(ݐ)ݑ
ݕ = ݃൫(ݐ)ݔ൯															

ቋ	 (1) 

T 
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where (ݐ)ݔ ∈ ℛ௡ is the state vector,	(ݐ)ݑ ∈ ℛ௠ is the input 
vector and (ݐ)ݕ ∈ ℛ௟ is the output vector. 
As mentioned, the basic idea of this approach is to describe 
the nonlinear system locally around different operating 
points using linear models and then the overall system can 
be obtained by a fuzzy blending of the appropriate local 
systems. Hence, the nonlinear system is then approximated 
by the following equation: 

ݔ̇� = ෍ ℎ௜	൫(ݐ)݌൯{ܣ௜(ݐ)ݔ {(ݐ)ݑ௜ܤ	+
௥

௜ୀଵ
ݕ = 																																																			(ݐ)ݔ	ܥ

ቑ (2) 

where	ܣ௜ ∈ ℛ௡∗௡,	ܤ௜ ∈ ℛ௡∗௠, ݅ = 1, . . , ܥ and	ݎ ∈ ℛ௟∗௡ are 
the system matrices, ݎ is the number of fuzzy rules and the 
term ℎ௜	((ݐ)݌) is the weighting function that depends on the 
premise variable (ݐ)݌ that is assumed to be measured. The 
weighting function must satisfy the following properties for 
all time	ݐ. 

෍ ℎ௜	൫(ݐ)݌൯ = 1	; 1 ≥ ℎ௜	൫(ݐ)݌൯ ≥ 0; 	i = 1, 2, . . . , r
௥

௜ୀଵ
 (3) 

III. ACTUATOR FTC STRATEGY 
The faulty system considered here is represented by the 
following smooth and differentiable non-linear differential 
equation: 

�
௙ݔ̇ = ݂ ቀݔ௙(ݐ), ,(ݐ)௙ݑ ௔݂(ݐ)ቁ										

ݕ = ݃ ቀݔ௙(ݐ)ቁ																																			
ቑ (4) 

where ௔݂(ݐ) ∈ ℛ௠ is the fault signal. Based on the brief 
introduction given in Section II the T-S fuzzy model of the 
system (4) is of the following form: 

௙ݔ̇� =෍ ℎ௜	(݌)൛ܣ௜ݔ௙ ௙ݑ௜൫ܤ	+ + ௔݂൯ൟ
௥

௜ୀଵ
												

ݕ = 																																																																	௙ݔ	ܥ
ቑ (5) 

Consider the following reference model which has the same 
order ݊ as an individual local linear model of the T-S fuzzy 
system: 
ௗݔ̇ = ௗݔௗܣ +  ௗ݀ (6)ܤ
where ݔௗ ∈ ℛ௡ is the desired trajectory for ݔ௙	for all ݐ ≥ 0 , 
݀ ∈ ℛௗ is the bounded reference input, ܣௗ 	 ∈ ℛ௡∗௡	and 
ௗܤ 	 ∈ ℛ௡∗ௗ are a stable and controllable state space pair. 

The control objective here is to force the nonlinear plant 
state in both faulty and healthy cases to follow the states of 
the reference model. To achieve this objective the following 
fuzzy controller is proposed: 

௙ݑ =෍ ℎ௜	(݌)൛ܭ௜൫	ݔො௙ − ௗ൯ݔ + ௗݔ௜ଶܭ + ௜ଷ݀ܭ − ௔݂෡ ൟ
௥

௜ୀଵ
 (7) 

where ݔො௙	is the estimate of the faulty state. 
Subtracting (6) from (5) and substituting for ݑ௙ from (7) 

the dynamics of the tracking error (݁௧ = ௙ݔ −  ௗ) are givenݔ
by: 

݁̇௧ =෍ ෍ ℎ௜	(݌)ℎ௝	(݌)
௥

௝ୀଵ
൛൫ܣ௜ + ௝൯݁௧ܭ௜ܤ − ௝݁௫ܭ௜ܤ

௥

௜ୀଵ

+ ൫ܤ௜ܭ௝ଶ + ௜ܣ − ௗݔௗ൯ܣ + ௝ଷܭ௜ܤ)
− ݀(ௗܤ + ௜ܤ ௙݁ൟ 

(8) 

where e୶	and ௙݁ are the state and fault estimation errors. It 
can clearly be seen from (7) that the performance of the 
proposed control strategy is highly related to the accuracy of 

simultaneous estimation of both the system state and the 
fault signal. It is also of interest to consider cases fast fault 
scenarios for which it can be assumed that the first time 
derivative of each fault signal is bounded. Therefore, we use 
a fuzzy observer-based fast fault estimator where the 
observer is designed to estimate the system state and fault 
signal. The observer proposed originally for linear systems 
by [20] is illustrated below: 

Assuming that the time derivative of the fault (݂̇) is 
bounded, then the following fuzzy observer is proposed to 
simultaneously estimate the system states and actuator fault 
signal: 

�
ො̇௙ݔ =෍ ℎ௜	(݌)൛ܣ௜ݔො௙ + ௙ݑ	)௜ܤ + መ݂௔) + ݕ௜൫ܮ − ො௙൯ൟݔܥ

௥

௜ୀଵ

መ݂̇௔(ݐ) =෍ ℎ௜	(݌)ܨ௜ܥ(݁̇௫ + ݁௫)
௥

௜ୀଵ
																																									

ൢ (9) 

where ݔො௙ ∈ ℛ݊ is the estimate of the state vector ݔ௙, ܮ௜ ∈
ℛ௡×௟	ܽ݊݀	ܨ௜ ∈ ℛ௠×௟ are the observer gains to be design, 
e୶	is the state estimation error defined as: 

e୶ = ௙ݔ −  ො௙ (10)ݔ

The state estimation error dynamics are given by: 

݁̇௫ =෍ ℎ௜	(݌)൛(ܣ௜ − ௫݁(ܥ௜ܮ + ௜ܤ ௙݁ൟ
௥

௜ୀଵ
 (11) 

where ௙݁ is the fault estimation error defined as follows: 

௙݁ = ௔݂ − መ݂௔	 (12) 
From Eqs. (9) & (11) the fault estimation error dynamics can 
be written as: 

݁̇௙ =෍ ෍ ℎ௜	(݌)ℎ௝	(݌)൛݂௔̇
௥

௝ୀଵ

௥

௜ୀଵ

− ௝ܣ൫ܥ௜ܨ − ܥ௝ܮ + ൯݁௫ܫ − ௝ܤܥ௜ܨ ௙݁ൟ 
(13) 

In Eq. (13) the first time derivative of the fault is considered 
as a bounded exogenous input signal that affects the 
estimation dynamics. Using Eqs. (6), (8), (11) & (13), the 
augmented system takes the form: 

(ݐ)෤̇௔ݔ =෍ ෍ ℎ௜	(݌)ℎ௝	(݌)൛ܣሚ௜௝ݔ෤௔ +	 ෩ܰ௜௝̃ݖൟ
௥

௝ୀଵ

௥

௜ୀଵ
 (14) 

where: 

ሚ௜௝ܣ = ቎
௜ܣ + ௝ܭ௜ܤ ௝ܭ௜ܤ− ௜ܤ

0 ௜ܣ − ܥ௜ܮ ௜ܤ
0 ௝ܣ൫ܥ௜ܨ− − ܥ௝ܮ + ൯ܫ ௝ܤܥ௜ܨ−

቏ ෤ܽݔ; = ൥
ݐ݁
ݔ݁
݂݁
൩	 

ݖ̃ = ൥
ௗݔ
݀
݂̇
൩ ; 		 ෩ܰ௜௝ = ൥

2݆ܭ݅ܤ + ݅ܣ − ݀ܣ 3݆ܭ݅ܤ − ݀ܤ 0
0 0 0
0 0 ܫ

൩			 

The objective here is to compute the gains 
௜ܮ ,݅ܨ, ௜ܭ	݀݊ܽ 	such that the input		̃ݖ in (14) is attenuated 
below the desired level	̅ߛ, to ensure robust tracking 
performance. 

Remark 1: The estimator of Eq. (9) is proposed to 
overcome the limitation inherited in the use of the output 
signal for control. Also, the estimated fault signal can be 
used to compensate the effect of the actual fault. 

Clearly, a stability proof is required when considering the 
closed-loop behaviour of the overall augmented system. This 
stability requirement becomes more complicated for 
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multiple-model systems since the complexity increases as 
the number of local models is increased. Therefore, to 
obviate a “trial and error” design methodology the proposed 
LMI design formulation is derived so that the design gains 
are obtained through a one-step solution to the set of LMIs. 
 Theorem1: for t>0 and ℎ௜	(݌)ℎ௝	(݌) ≠ 0, The closed-loop 
fuzzy system in (14) is asymptotically stable and the H∞ 
performance is guaranteed with an attenuation level		̅ߛ, 
Provided that the signal (̃ݖ) is bounded, and ݇݊ܽݎ(ܤܥ௜) =
݉, if there exist symmetric positive definite matrices ଵܲ, ଶܲ,	 

and matrices ܪ௜,  satisfying the following ߤ	௜, and a scalarܨ,݆ܻ
LMI constraints ((15), (16), and (17)): 

ߛ̅	)	݁ݏ݅݉݅݊݅ܯ +    ݐℎܽݐ	ℎܿݑݏ	(߬	

ଵܲ > 0, ଶܲ > 0 (15) 

ቈ
ܫ߬ ௜்ܤ ଶܲ − ܥ௜ܨ

∗ ܫ߬
቉ > 0 (16) 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
Ψଵଵ ௜ܤ− ௝ܻ 2݆ܭ݅ܤ + ݅ܣ − ݀ܣ ௜ܤ 3݆ܭ݅ܤ − ݀ܤ 0 0 0 0 0 0 ଵܺ

∗ ߤ2− ଵܺ 0 0 0 0 ܫߤ 0 0 0 0 0

∗ ∗ ܫߤ2− 0 0 0 0 ܫߤ 0 0 0 0

∗ ∗ ∗ ܫߤ2− 0 0 0 0 ܫߤ 0 0 0

∗ ∗ ∗ ∗ ܫߤ2− 0 0 0 0 ܫߤ 0 0

∗ ∗ ∗ ∗ ∗ ܫߤ2− 0 0 0 0 ܫߤ 0

∗ ∗ ∗ ∗ ∗ ∗ Ψ଻଻ Ψ଻଼ 0 0 0 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ Ψ଼଼ 0 0 ܫ 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ܫߛ̅− 0 0 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ܫߛ̅− 0 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ܫߛ̅− 0

ଵܺ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ⎦ଵିଵݓ−
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

< 0 (17) 

 	:݁ݎℎ݁ݓ
௝ܭ = ௝ܻXଵିଵ, ௜ܮ = ଶܲ

ିଵܪ௜ 	, ߛ = ඥ̅ߛ	, ଵܺ = ଵܲ
ିଵ, Ψଵଵ = ௜ܣ ଵܺ + ௜ܣ) ଵܺ)் + ௜ܤ ௝ܻ + ௜ܤ) ௝ܻ)் 

Ψ଻଻ = ଶܲܣ௜ + ( ଶܲܣ௜)் − ܥ௜ܪ − Ψ଼଼ ,்(ܥ௜ܪ) = −ቀܤ௜் ଶܲܤ௝ + ൫ܤ௜் ଶܲܤ௝൯
்ቁ + ଷ , Ψ଻଼ݓ = ܥ௝ܪ௜்ܤ) − ௜்ܤ ଶܲܣ௝)் . 

Proof: From Theorem 1 the tracking performance objective 
can be presented mathematically as follows [18, 19, 21]: 

න ෤௔்ݔ ഥܹ ෤௔ݔ	
ஶ

଴
ݐ݀ − ଶනߛ ݖ்̃ݖ̃

ஶ

଴
	≤ 0		 (18) 

Where ഥܹ = ൥
ଵݓ 0 0
0 0 0
0 0 ଷݓ

൩ 

Consider the following candidate Lyapunov function for the 
augmented system (14): 
(෤௔ݔ)߭ = 	෤௔்ݔ തܲ	ݔ෤௔		, 	݁ݎℎ݁ݓ തܲ > 0	 
To achieve the performance required by (18) and the 
required closed-loop stability of (14) the following 
inequality must hold [22]: 
(෤௔ݔ)̇߭ + ෤௔்ݔ ഥܹ ෤௔ݔ	 − ݖ்̃ݖଶ̃ߛ < 0 (19) 
where ߭̇(ݔ෤௔) is the time derivative of the candidate 
Lyapunov function. Using Eq.(14), this becomes: 

(෤௔ݔ)̇߭ =෍ ෍ ℎ௜	ℎ௝	൛ݔ෤௔்൫ܣሚ௜௝் തܲ 	+ തܲܣሚ௜௝൯ݔ෤௔
௥

௝ୀଵ

௥

௜ୀଵ
෤௔்ݔ	+ തܲ ෩ܰ௜௝̃ݖ + ்ݖ̃ ෩ܰ௜௝் തܲݔ෤௔ൟ 

(20) 

The inequality (19) (represented in matrix form) after 
substituting ߭̇(ݔ෤௔) from Eq. (20) becomes:  

෍ ෍ ℎ௜	ℎ௝	 ቊቂ
෤௔ݔ
ݖ̃ ቃ

்
ቈ
ሚ௜௝்ܣ തܲ 	+ തܲܣሚ௜௝ + ഥܹ തܲ ෩ܰ௜௝
෩ܰ௜௝் തܲ ܫଶߛ−

቉ ቂݔ෤௔̃ݖ ቃቋ
௥

௝ୀଵ

௥

௜ୀଵ

< 0 

 (21) 
Inequality (21) satisfied if condition (22) hold: 

ቈ
ሚ௜௝்ܣ തܲ 	+ തܲܣሚ௜௝ + ഥܹ തܲ ෩ܰ௜௝
෩ܰ௜௝் തܲ ܫଶߛ−

቉ < 0 (22) 

To be consistent with (14) തܲ is structured as follows: 

തܲ = ൥
ଵܲ 0 0
0 ଶܲ 0
0 0 ܫ

൩ > 0 (23) 

Then after simple manipulation and using the following 
equality: 

ܥ௜ܨ = ௜்ܤ ଶܲ (24) 

Hence, the inequality (22) can be re-formulated as: 
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Π୧୨ =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
ଵଵߗ⎡ − ଵܲܤ௜ܭ௝ ଵܲܤ௜ ଵܲ൫2݆ܭ݅ܤ + ݅ܣ − ൯݀ܣ ଵܲ(3݆ܭ݅ܤ − (݀ܤ 0

∗ ଶଶߗ ܥ௝ܪ௜்ܤ) − ௜்ܤ ଶ݆ܲܣ)
் 0 0 0

∗ ∗ 33ߗ 0 0 ܫ

∗ ∗ ∗ ܫଶߛ− 0 0

∗ ∗ ∗ ∗ ܫଶߛ− 0

∗ ∗ ∗ ∗ ∗ ⎦ܫଶߛ−
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

< 0 (25) 

where:  ߗଵଵ = ଵܲܣ௜ + ( ଵܲܣ௜)் + ଵܲܤ௜ܭ௝ + ( ଵܲܤ௜ܭ௝)் + ଶଶߗ ,ଵݓ = ଶܲܣ௜ + ( ଶܲܣ௜)் − ܥ௜ܪ −   ,்(ܥ௜ܪ)

ଷଷߗ = −൫ܤ௜் ଶܲܤ௝ + ௜்ܤ) ଶܲܤ௝)்൯ +  ଷݓ

Inequality (25) contains several nonlinear terms and the next 
step is to formulate this as an LMI. The single step design 
formulation of the LMI in (25) is proposed to avoid the 
complexity of separate design steps characterised by 
repeated iteration to achieve the gains required to satisfy 
performance requirements. Hence, after partitioning the 
matrix inequality shown in (25) ߎ௜௝ becomes: 

௜௝ߎ = ൤ߎଵଵ ଵଶߎ
∗ ଶଶߎ

൨ (26) 

 ଶଶ is the lowerߎ ଵଶ is the upper right block of (25) andߎ
right block of (25). 
Lemma 1. (Congruence) Consider two matrices ܲ and ܳ, if 
ܲ is positive definite and if ܳ is a full column rank matrix, 
then the matrix ܳ ∗ ܲ ∗ ்ܳ is positive definite. 

Let ܳ = ൤ ଵܲ
ିଵ 0
0 ܺ

൨	, ܽ݊݀		ܺ = ൤ ଵܲ
ିଵ 0
0 ܫ

൨ 

Then ܳ ∗ Π୧୨ ∗ ்ܳ < 0	is also true and it can be re-written 
as: 

൤ ଵܲ
ିଵΠଵଵ ଵܲ

ିଵ
ଵܲ
ିଵΠଵଶX

XΠଵଶ ଵܲ
ିଵ ܺΠଶଶX

൨ < 0 (27) 

Inequality (27) implies that Πଶଶ < 0 so that the following 
inequality holds true: 

(ܺ + ܺ)Πଶଶିଵ)்Πଶଶߤ + (Πଶଶିଵߤ ≤ 0	 ⇔ ܺΠଶଶX
≤ ܺߤ2− −  	ଶΠଶଶିଵߤ

(28) 

where ߤ is a scalar. 
By substituting (28) into (27) and using the Schur 

complement, then (27) holds if the following inequality 
holds: 

቎
ଵܲ
ିଵߎଵଵ ଵܲ

ିଵ
ଵܲ
ିଵߎଵଶܺ 0

ଵଶߎܺ ଵܲ
ିଵ ܺߤ2− ܫߤ

0 ܫߤ ଶଶߎ
቏ < 0 (29) 

After substitution for ߎଵଵ, ,ଵଶߎ ,ଵଶߎ  from (26) and by	ଶଶߎ
simple manipulation, the LMI in (17) is obtained. The 
equality constraints given in (24) add conservatism to the 
design problem which may be reduced through an 
approximation via a minimization problem. Using the 
strategy proposed by [20, 23]: 
 ߬	݁ݏ݅݉݅݊݅ܯ

൤߬ܫ ௜்ܤ ଶܲ − ܥ௜ܨ
∗ ܫ߬

൨ > 0 
(30) 

This completes the proof. 

IV. SIMULATION RESULTS 
The control of systems that involve friction in moving 
mechanical components presents interesting challenges [24]. 
Recently, some interesting publications [25, 26] suggest that 
friction can be compensated by considering it to act as a type 
of actuator fault in the system. The system is made fault-
tolerant by fault estimation and compensation as an active 
FTC problem. 

Here a tutorial example is presented using a non-linear 
simulation of an inverted pendulum and cart together with 
simulated Stribeck friction force [26].  

The nonlinear inverted pendulum and cart system model 
is given as follows: 

⎣
⎢
⎢
⎢
⎢
⎡
ଵݔ̇
ଶݔ̇
ଷݔ̇
⎦ସݔ̇
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎢
⎡

ଷݔ
ସݔ

݃ (ଵݔ)݊݅ݏ − ଶଶݔ݈ܽ݉ (ଵݔ2)݊݅ݏ 2⁄
4݈ 3⁄ − ଶ((ଵݔ)ݏ݋ܿ)݈ܽ݉

−݉ܽ݃ (ଵݔ2)݊݅ݏ 	 2 + ଶଶݔ݈ܽ ⁄4݉/3(ଵݔ)݊݅ݏ
4 3⁄ − ଶ((ଵݔ)ݏ݋ܿ)݈ܽ݉ ⎦

⎥
⎥
⎥
⎥
⎥
⎤

+

⎣
⎢
⎢
⎢
⎢
⎢
⎡

0

0
−ܽ (ଵݔ)ݏ݋ܿ

4݈ 3⁄ − ଶ((ଵݔ)ݏ݋ܿ)݈ܽ݉
4ܽ 3⁄

4 3⁄ − ଶ((ଵݔ)ݏ݋ܿ)݈ܽ݉ ⎦
⎥
⎥
⎥
⎥
⎥
⎤

ݑ) − ௖݂) 

(32) 

where: 
 ,ଶ: Cart position (m)ݔ , ଵ: Pendulum angular positionݔ
 .ସ: Cart velocity (m s-1)ݔ , ଷ: Pendulum angular velocityݔ
m: Pendulum mass (2kg),   2l: Pendulum length (1m),M: 
Cart mass (8kg),  ܽ = ଵ

௠ାெ
  

The T-S model of the nonlinear system (32) is obtained by 
linearizing the system around two operating points at which: 
ଵݔ = 1ݔ	݀݊ܽ	0 =  radians, respectively. Details of the 4/ߨ±
fuzzy model of this system can be found in [27]. 

 By using ߤ = ଵݓ ,10 = 10ିଷ ∗ ൦

37 0 0 0
0 11 0 0
0 0 1 0
0 0 0 1

൪	, and 

ଷݓ = 10	 and solving the optimization design problem in 
Theorem 1, the minimum attenuation value ߛ = 2.2361, 
with: 

݇ଵ = [801.6 154.1 231.0 162.6]  
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݇ଵ = [950.3 181.4 282.3 194.4]  

݇ଶଵ = [290.8 19.6 46.4 11.8]  

݇ଶଶ = [376.1 29.4 74.4 17.8]  

݇ଷଵ = [−3.8 −15.7] ݇ଷଶ = [−5.9 −23.5] 

ଵܨ = [34.8 −177.0 991.3]  

ଶܨ = [5.5 −166.3 914.2]  

ଵܮ = ൦

65.2 5.5 0.3
−0.2 0.9 0.8
791.0 69.8 14.5
−2.9 −0.1 1.0

൪ 
 

ଶܮ = ൦

58.2 5.2 0.06
−0.1 0.9 0.8
698.7 64.7 11.3
−1.3 −0.04 0.7

൪ 
 

 Fig.1 shows the simulation signals illustrating the 
performance of the proposed strategy applied to the system 
affected by the bearing friction (causing uncertainty). The 
observer provides good estimation of the friction force the 
presented simulation signals shows how the proposed 
control strategy can also passively tolerate the effect of 
friction on the tracking performance.  

 

 

 

Figure. 1 Results for friction tolerant control. 

Fig.2 simulation signals when friction and additive fault 
signal are simultaneously affect the system. The results are 
also show how the proposed control strategy can passively 

tolerate the effects of friction and additive fault without 
compensation with performance degradation. However, the 
use of fault compensation recovers the fault-free traction 
performance. 

 

 

 

 
Figure. 2  Fault tolerant results for friction and additive fault. 

Fig.3 simulation signals when friction, additive fault, and 
loss of effectiveness of the actuator represented by (0.3 ∗  (݅ܤ
are simultaneously affect the system. Although the system 
remains stable for this severe fault scenario, the tracking 
performance degraded by this fault and hence the estimation 
of this combined fault has been used to compensate the 
effect of the fault. Results show how the proposed control 
strategy can actively tolerate the effects of this combined 
fault scenario. 
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Figure. 3 FTC results for active friction, additive fault, and 0.3 ∗  ௜ܤ
fault. 

V. CONCLUSION 
In this paper, a strategy for actuator FTC for nonlinear 

systems described via T–S fuzzy modelling is proposed. 
Robustness of the strategy is ensured through attenuation of 
the ℒଶ norm of the exogenous disturbance inputs on the 
dynamics of the augmented system. It is assumed that the 
friction force is inherited as a normal function of the system. 
The proposed approach shows a very effective 
discrimination between the friction force and the actuator 
fault. Furthermore, based on the fact that the fault can affect 
the system in different scenarios the dependency of the 
estimation and compensation FTC approach on accurate 
estimation requires that the estimation strategy must also 
take into account the effect of the fault derivative on the 
estimation accuracy. 
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