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A Learning-Based Fuzzy LQR Control Scheme for Height Control of
An Unmanned Quadrotor Helicopter*
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Abstract—In this paper, a novel learning-based fuzzy Linear
Quadratic Regulator (LQR) control method using Extended
Kalman Filter (EKF) to optimize a Mamdani fuzzy LQR
controller is presented. The EKF is used to adjust the shape
of membership functions and rules of the fuzzy controller
to adapt with the working conditions automatically during
the operation process to minimize the control error. Then,
the LQR controller is tuned according to the modified fuzzy
membership functions and rules. The proposed approach in this
paper is verified by testing and comparing performance of the
height control problem of an unmanned quadrotor helicopter
between the conventional LQR and learning-based fuzzy LQR
controllers in the Matlab/Simulink. Simulation results show that
developed method is effective for online optimization of fuzzy
LQR controllers, improving control performance significantly.

I. INTRODUCTION

As a relatively affordable, simple and easy to fly platform,
the quadrotor helicopter has been widely employed to de-
velop and implement flight-test approaches in control, fault
diagnosis, fault tolerant control [13], multi-agent based tech-
niques in cooperative [21], formation and distributed control
[4], surveillance and search missions [23] as well as mobile
wireless networks and communications [22]. However, few
research laboratories are carrying out advanced theoretical
and experimental works on the quadrotor Unmanned Aerial
Vehicle (UAV) system [14].

In modern control theory, LQR is a widely used approach
that analyzes a system by employing state-space method.
Using state space method, it is relatively easier to work with
a multi-input and multi-output system. The system can be
stabilized using full-state feedback system by designing a
LQR controller which can be developed to determine the
value of the gain of the state feedback control [4]. Several
existing LQR methods have been addressed in the literature
for quadrotor helicopter design. In [15], a LQR controller
for the vertical flight mode has been developed and its
performance has been tested with several simulations. In
[16], the authors developed a LQR controller and applied it
to the vertical flight mode for all possible yaw angles which
has been shown to be quite effective. The optimal guidance
law of the quadrotor helicopter, using LQR is presented in
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[17] which is based on linearizing the dynamic equations
of the quadrotor in different operation conditions. A non-
linear dynamic model based on quaternions for attitude was
proposed and its corresponding LQR gain scheduling control
were given in [18] where a good performance of trajectory
tracking and attitude control of a quadrotor was achieved.
An application of LQR in obstacle avoidance that defines
sets of control inputs which leads a robot to avoid collision
with obstacles was reported in [19], then this method was
extended for reciprocal collision avoidance among multiple
robots . It is worth mentioning that in [20], the authors
employed LQR combined with Kalman filter to achieve
motion control in pitch, roll, and yaw directions.

Motivated by the works in [3] and [4], this paper designed
a learning-based fuzzy LQR controller for tuning the state
feedback gains of the quadrotor helicopter on-line. This con-
troller is used for height control of an unmanned quadrotor
helicopter by step response and partial loss of control effec-
tiveness respectively. The controller simultaneously makes
use of learning function of EKF, the effectiveness of fuzzy
logic control and the good performance of LQR.

One of contributions of this presented paper is using EKF
as a learning method to tune the membership functions and
rules of Mamdani fuzzy LQR on-line. In addition, this paper
simulated this control scheme on the height control of an
unmanned quadrotor helicopter, compared its performance
with a conventional LQR method and verified its improved
performance.

This paper is organized as follows: The control system
structure is stated in the next section. In Section 3, the
dynamical equations of the unmanned quadrotor helicopter
which is used for testing the proposed control approach are
presented. Simulation results for illustrating the effectiveness
of the proposed control method are given in Section 4. Some
conclusion remarks are drawn in the last section.

II. CONTROL SYSTEM STRUCTURE
A. Linear Quadratic Regulator

The well-known LQR approach might be a suitable option
[6]. Assume a system can be described in the following state
space form:

z(t) = Ax(t) + Bu(t) )]

where z(t) € R, u(t) € R™, A € RV*" B € R"*™,
The objective of LQR is to find an appropriate control input
u(t) to force the system from any initial state x(tg) to the
equivalent state tli)r& x(t) = 0 within an infinite time interval
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by minimizing a quadratic equation of the form:

oo

J= / ()7 Qa(t) + u(t)” Ru(t))dt

to

2)

where () € R™*" is a symmetric matrix, at least positive
semidefinite and R € R"™*" is a symmetric positive definite
matrix as well. Then the state feedback gain K can be
obtained by solving algebraic Riccati equations [S]. And the
optimal control input can be computed as follows:

u(t) = —Kuz(t) 3)

B. Fuzzy System

Mamdani Fuzzy Logic Control (FLC) is conceived as an
excellent method for many control system applications with
non-linearity, real-time and complex mathematical computa-
tion need [2].

In this paper, error “e(t)” and derivative of error “é(t)” are
chosen to be two inputs to the fuzzy controllers. For each
inputs, the triangle membership functions are used and its
mathematical expression is described as follows:

L+ (z5 —cij) /by if —b; < (25 —cij) <0
1= (2 —eij) /bl if 0< (25 —cij) < b
0

fij(z5) =
otherwise, j=1,2,.... N

“)
where z; is the jth input, ¢;;, b;. and bj'j are the centroid,
lower half-width, and upper half-width of the th triangle
membership function of the jth input, respectively. N is the
number of triangles.

Max-min aggregation method and Centroid defuzzification
as one of the popular defuzzification methods are used to
compute the control output with a pair of inputs. Further-
more, it is assumed that there is only one output in this
fuzzy system. Similar to input, the defuzzification rule for
output can be given as:

L+ (y—)/8; if =B <(y—7)<0

mi(y) =4 1= (y—)/B8 if 0<(y—) <8
0 otherwise.
(5)
where m;(y) is the jth fuzzy output, 75, y, 5; and Bj‘ are

the modal point, crisp number, lower half-width, and upper
half-width of the jth output rule respectively. The jth rule is
a result of z; which is based on fuzzy set ¢ and 25 is based
on fuzzy set k. Then the activation grade of the result of the
jth rule can be denoted by w;, which can be illustrated as:

wj = min[fi1(21), fra(22)] (6)

So the fuzzy output while z; € fuzzy set ¢ and 25 € fuzzy
set k is addressed as:

m;(y) = wym;(y) )
The whole fuzzy output m(y) is proposed as:
M
m(y) =Y m;(y) ®)
j=1
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By using centroid defuzzification technique, the fuzzy
output can be mapped to a crisp number ¢ as below:

YL, w;CsS;
ZM

j=1 w; S

y= )

where C; and S; are the centroid and area of the jth fuzzy
membership function of output. The centroid C; is defined

~ _ Jym;(y)dy
T [my(y)dy

Since the fuzzy membership functions here are assumed
to be triangle, thus the error function is can be given by:

(10)

N

E= %ZgnEiEn = — Yn (11)
n=1

where ¢,, Un, yn and N are time-dependent weighting

function, the actual output of the fuzzy system, the target

output of the fuzzy system and the amount of training

samples respectively.

C. Extended Kalman Filter (EKF)

Kalman filter is a powerful mathematical tool for stochas-
tic estimation from noisy sensor measurements. A Kalman
filter that linearizes about the current mean and covariance
is referred to as an extended Kalman filter which has been
widely applied in many engineering fields and control system
designs [12].

In this paper, EKF is used for on-line optimization of
the fuzzy membership functions. Assume that the stochastic
variable x; is the state of a system at time ¢;( = 1,2,...). In
next stage, the state can be denoted by a stochastic difference
equation [9]:

Tiv1 = f(@i) +w;

wi ~ N(0,Qi) (42

and the measurement vector y; which associates with the
system state is expressed as:

yi = h(x;) +v;

where w;, v;, (Q; and R; are the process noise, measurement
noise, process noise covariance of w; and the measurement
noise covariance of v; respectively. f(-) and h(-) represent
nonlinear vector functions of the state. The desired estimate
Z; can be calculated by the EKF recursive equations:

_ 0f(x)

FZ - ox T=x;
_ Oh(x)

HZ o 6$ I::ii

(14)
K;=PH!(R; + H;P,H)™!

Ty = f(#i—1) + Ki[di—1 — h(2-1)]
Pip1 = Fy(P, — K;H;P)F + Q;

where d; is the observation vector, K; is the well-known
Kalman gain. P; is the covariance matrix of the state



estimation error, and the estimated state %;;; is the op-
timal solution that approaches the conditional mean value
E[$i+1|(d0, dl, ey dz)]

D. Learning-Based Fuzzy LOR

The traditional LQR controllers cannot achieve reasonable
performance over a wide region of operating conditions since
the feedback state gains are fixed.

Motivated by the successful use of fuzzy LQR [8] as well
as EKF for training model predictive control [7] and fuzzy
logic control [3], a similar approach is applied to train the
fuzzy LQR systems to determine best values for parameters
in fuzzy control rules in which the control performance can
be improved.

In this research, the system is considered as a single
input and single output control problem. The main idea is to
design a supervisory fuzzy controller capable of adjusting the
controller parameters in order to obtain the desired response.
The reason behind this scheme is to combine the best features
of EKF, fuzzy control and those of the optimal LQR. On top
of that, to synthesize a fuzzy controller, we pursue the idea
of making it suitable to the LQR with small inputs since the
LQR was so successful. At the same time, we still have the
additional tuning flexibility with the smart fuzzy controller
to reshape its control surface so that it can still perform
differently from the conventional LQR even for the larger
inputs.

The optimization of fuzzy membership functions can be
viewed as a weighted least-squares minimization problem.
In this research, a two-input and one-output fuzzy system
is taken into account. Assume that this fuzzy system has n
fuzzy sets for the first input, m fuzzy sets for the second
input, and k fuzzy sets for the output. As Egs. (4) and (5)
denoted, the state of the nonlinear system can be represented
like:

T = [bﬁ b;rl C11 - -- b,;l b;tl Cn1

bio b Cimo (15)

By B m ... By B "

The vector = as the state (z;) of the EKF Eq. (12) which
consists of all the fuzzy membership function parameters.
The fuzzy system’s nonlinear mapping from the membership
function parameters to the fuzzy system’s output is h(zx;).
Then by applying the Kalman recursive equation Eq. (14),
assigning the output of the fuzzy system, the mapping,
the current membership function parameters and the partial
derivative of the fuzzy output to be d;, f(-), h(Z;) and H;,
respectively. F; is an identity matrix.

Based on the on-line tuned EKF fuzzy logic knowledge,
the learning-based fuzzy LQR (as described in Fig. 1) tuner
takes error “e” (the error between reference input and the
system output) and derivation of the error “é” as the inputs
to the fuzzy controller. Then, in order to meet the different
requirements of producing a reasonable performance, the
fuzzy input and output rules (Egs. (4) and (5)) can be made
use of to establish the fuzzy tuning parameters and use the

- pt
b12 b12 c12 ...
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Fig. 1. Learning-based fuzzy LQR controller

following Eq. (16) to modify the feedback state gain K on-
line

K = Ko+ TAK,T € [0,1] (16)

where T is the tuning parameter obtained from the output
of the learning-based fuzzy controllers which is equal to the
result of Eq. (9), AK = Ky — Kpmin is the allowable
tuning range of K, K is the value from conventional LQR,
K4, and K, are maximum and minimum tuning values
of K respectively.

Consequently, the feedback state gain K is added into the
feedback control system to get the optimal control input by

Eq. (3).

ITI. DYNAMICAL EQUATIONS OF UNMANNED
QUADROTOR HELICOPTER

A. Nonlinear Model of a Quadrotor Helicopter

According to the detailed description of the dynamical
equations of a quadrotor helicopter in [10] and [11], the
quadrotor helicopter with respect to the earth-fixed coordi-
nate system can be represented as:

_ (sinapsing + cospsinfcosd)uy — Kii
m
(sinysinfcosp — cospsind)u; — Koy

m
_ (cosflcosp)ur — K32
- m

é _ugl — Kyo amn
=—1

9' _ UQl — K59

Iy
v UWC — ng/}
Y= I

where K, (n =1,2,...,6), [, and ¢ are the drag coefficients
related with the aerodynamic drag force, the center distance
between the gravity of the quadrotor helicopter and each pro-
peller, and the thrust-to-moment scaling factor respectively.
I.,I,, and I, represent the moments of inertia along x,y,
and z directions. The movement vector components 1, U,

us, ug are respectively the throttle, roll, pitch and yaw that



is:

” 111 17 (R
w| |0 10 1]||R
ws| = 1=1 0 1 0] |R (18)
” 1 -1 1 -1||R

The thrust F; (i = 1,2,3,4) of each rotor is generated by
the pulse-width modulation (PWM) input. Their relationship

182
Wmotor

Fi = Kmotor
S + Wmotor

PW M; (19)
where wi,otor denotes actuator bandwidth, K0 1S the
gain and PW M;(i = 1,2, 3,4) represents PWM signals. Ta-
ble I shows the nominal system parameters of the quadrotor

helicopter used in the simulation.

TABLE I
THE SYSTEM PARAMETERS USED IN THE SIMULATION

Parameter ~ Value Unit
Wmotor 15 rad/s
Kmotor 120 N

m 1.4 kg

c 1 -

l 0.25 m
I 003  kg-m?
I, 0.03  kg-m?
I, 0.04  kg-m?

TABLE II

THE RULE BASE FOR LEARNING-BASED FuzZY LQR CONTROLLER

Error (e)
NL NS zZ PS PL
NL Z Z Z S M
Error NS Z Z S M M
Change Z Z S M M M
(é) PS S S M B B
PL M M M B B

B. Linearized Model

In this paper, using linearization to transform the nonlinear
quadrotor helicopter model to be the kind of expression as
Eq. (1) which is used for LQR controller design.

Simplified model can be obtained by assuming no yaw
motion (¢v = 0) as well as the angles of pitch and roll motion
are very small (sing ~ ¢ and sinf ~ 0). Here, only the
height motion model is illustrated as the state space form
which is used in the simulation:

: ||

= o] ]

N
IV. SIMULATION RESULTS

z
In this section, the above discussed learning-based fuzzy
LQR control is simulated with both step response control
and loss of partial control effectiveness performance of
a quadrotor helicopter, and the simulation results of the

0
1/m

0
-1

z
z

} g (20)
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Fig. 2. Initial membership functions of error (e) for the learning-based
fuzzy LQR before training.
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Fig. 3.  Initial membership functions of derivative of error (¢) for the
learning-based fuzzy LQR before training.

proposed control technique will be presented for performance
comparison with conventional LQR.

An illustrative example of the nonlinear system (equations
in Eq. (17)) is chosen to evaluate the remarkable performance
of the proposed method.

As shown in Table II, a fuzzy rule base with five member-
ship functions for each of the two inputs and one output was
defined. Where “NL” = “negative large”, “NS” = “negative
small”, “Z” = “zero”, “PS” = “positive small”, and “PL”
“positive large” are chosen as fuzzy values for the inputs.
“S” = “small”, “M” = “medium”, “B” = “big”, and “Z”
“zero” are selected as fuzzy values for output. Fig. 2, Fig.
3, and Fig. 4 illustrate the initial membership functions and
the shape sizes of error and derivative of this error for input,
and output respectively. The range of the error for input was
chosen as [—4, 4] and the switch rate of this error has been
selected as [—20, 20]. For fuzzy sets width of the output is
-1, 1].

The base weighting matrix () and R are the same for
conventional LQR and learning-based fuzzy LQR. Their
values are Q = [0.25 69.44 0.00137 2500] and R =
277.78. The input constraints are set to be 0.1 for both of
the two controllers.

A. Step Response Test

In the first set of experiments, the step response of two
controllers are compared and shown in Fig. 8. Dash black
line is the step input, solid green line is the response of con-
ventional LQR, and dash red line is the proposed learning-
based fuzzy-LQR response. Although the conventional LQR
controller was capable of rising to the desired height, it
was not able to eliminate the undesired overshoot. A signif-
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Fig. 4. Initial membership functions of output for the learning-based fuzzy
LQR before training.

\ //\ X ‘

Fig. 5. Membership functions of error (e) for the learning-based fuzzy
LQR after training.

level

icant decrease in overshoot is seen with the proposed LQR
controller and the settling time is shorten. The oscillating
nature of conventional LQR response is completely removed
in the proposed LQR controller response as well. Clearly, the
proposed learning-based fuzzy-LQR controller shows better
result than the conventional LQR. Fig. 5, Fig. 6 and Fig.
7 are the optimized results of the fuzzy LQR controller by
using EKF. As these results show, the membership functions
of the fuzzy LQR controller are automatically tunned on-line
by EKF.

B. Loss of Partial Control Effectiveness Test

In the second set of experiments, the proposed control
scheme was verified for its fault tolerant capability [13].
It is assumed that there is a fault (loss of partial control
effectiveness of 20%) occurred in all four motors at 10th
second. This kind of fault leads to a loss of altitude. Fig.
9 shows the performance of two controller’s height control
when control loss happened. As illustrated in the figure,
although the conventional LQR controller maintains the
desired height after the transient period induced by partial
loss of control effectiveness, it is not satisfactory in the
dynamic performance due to around 14% of tracking error at
the moment of fault occurrence. Comparing with the result
of the proposed controller, it reduced greatly the tracking
error, There is only about 4% tracking error, and the system
goes back to its desired position after around 2 seconds and
the input is also in the acceptable range of the quadrotor
helicopter’s motors.

940

Input

I |
[
L |
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Fig. 7. Membership functions of output for the learning-based fuzzy LQR
after training.

V. CONCLUSIONS AND FUTURE WORK

This paper addressed a novel online tuning fuzzy LQR
control method which was based on the traditional LQR
control combined with self-tuning fuzzy sets whose shapes
of Mamdani fuzzy system are tuned on-line by using an EKF
algorithm.

Simulations were carried out to evaluate the effectiveness
of the proposed control method applied for height control of
a quadrotor helicopter. The simulation results showed that the
proposed on-line tuning fuzzy LQR controller could achieve
good performance with respect to step reference input signal
and in case of partial loss effectiveness of the motors. In
addition, the proposed controller was compared with the
conventional LQR controller to prove convincingly that the
controller designed by fuzzy LQR methodology and EKF
technique could satisfy the performance requirement.

Future work in this area could focus on the convergence of
the Kalman filter, on-line model identification to yield more
precise performance, the optimization of the fuzzy systems
with other non-triangular membership functions.
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