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Abstract— In this article an adaptive controller is devel-
oped in order to estimate the inertia tensor, the mass and
the wind parameters (considering wind as a parameter
in the input) for the underactuated quad-rotor mini-
aircraft. Experimental tests are performed in an educa-
tional platform. The proposed control scheme uses the
parameter estimation issued from gradient type algorithm.
Finally simulations and experimental results are included to
illustrate the performance of the parameters identification
for the quad-rotor helicopter.

I. INTRODUCTION

Unmanned Aerial Vehicles (UAV) such as quad-rotor
aircraft systems are an important research topic in recent
decades due to the wide range of applications [1], [2].
Fi-gure 1 shows the educative experimental platform
based on quad-rotor mini-aircraft. The control of UAVs
involve research in various areas such as digital filtering,
estimation of the position based on GPS [3], data fusion
of sensors, etc. Now is well known that in the real
world does not exist an ideal or perfect system without
certain disturbances or uncertainties affecting the perfor-
mance of the vehicle. Due this facts several researchers
worldwide have focused on the dynamical model [4] and
control techniques including adaptive control [5], [6],
[7], [8], [9]. The adaptive control is a strategy used for
different robots as in [10] where uses an algorithms for
identifying parameters of a cylindrical robot and in [11]
uses an adaptive nonlinear control of braking in a railway
vehicles. Recently in [12] the authors have proposed an
adaptive feedback control law for asymptotic attitude
and altitude stabilization of a quad-rotor mini-aircraft
using angular rates and absolute orientation with respect
to the inertial frame. The unknown parameters of the
quad-rotor mini-aircraft model are inertia matrix and
mass. As we know, it is somewhat difficult to know
exactly the inertia tensor of a quad-rotor mini-aircraft
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Fig. 1. Miniature Aerial Vehicle: Quad-Rotor Aircraft (Experimental
Plataform).

due to irregularities in its structure. Moreover the most
of authors assume many considerations in relation with
the structure of the vehicle. So we present an algorithm
for identifying parameters which involves directly the
moment of inertia tensor of a quad-rotor mini-aircraft
using an adaptive control law for each axis in which the
helicopter evolves. Besides the application of adaptive
control to estimate the mass of the vehicle as a parameter
that changes from one moment to another is presented,
this means that the vehicle loses or gains weight when
throw or add any payload. Finally is presented an
estimate of torques produced by the wind that affects
the attitude of the vehicle. Adaptive control is a design
approach tailored for high performance applications in
control systems with uncertainty in the parameters. That
is, uncertainty in the dynamic system is assumed to be
characterized by a set of unknown constant parameters.
However, the design of adaptive controllers requires the
precise knowledge of the structure of the system being
controlled. The advantage of estimating the unknown
parameters is obtain a better quad-rotor mini-aircraft’s
mathematical model.

This article is organized as follows: section 2 presents
the description of the educative platform. Dynamic
model of the quad-rotor mini-aircraft system and the
parameter identification of the inertial tensor, mass and
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wind using adaptive control for the quad-rotor mini-
aircraft are described in section 3. The simulation results
of the parameter identification for the quad-rotor mini-
aircraft using Simulink environment are described in
section 4. In section 5 the experimental results are
shown. Finally we present some conclusions.

II. DESCRIPTION OF THE EDUCATIONAL
SETUP

The dynamics of a real flying quad-rotor aircraft
has 6 degrees-of-freedom (DOF) movement [13]. The
educational setup platform proposed allows movement
in roll, pitch angles and y and z axes. The coordinated
control of all four rotors will provide the desired altitude
z, y movement is produced by changing (f1 + f4) −
(f2+f3). The pitch torque is a function of the difference
(f1+f4)− (f2+f3), the roll torques is produced by the
difference (f1+f2)−(f3+f4) (see Figure 2). According
to this setup we can obtain a similar result as a real
aircraft in a limited space. The quad-rotor mini-aircraft
is fixing with two metal bars which limit the movements.

Fig. 2. Schematic Educational Testbed.

III. PROBLEM FORMULATION

A. The quad-rotor mini-aircraft model

Consider the following model of the quad-rotor mini-
aircraft, as derived through Euler-Lagrange formalism in
[14], for the translation motion are:

 mẍ
mÿ
mz̈

 =

 −u sin θ
u sinϕ cos θ
u cos ϕ cos θ

+

 0
0

−mg

 (1)

where m is the mass of the quad-rotor mini-aircraft,
u = f1+f2+f3+f4 and for i = 1, ..., 4, fi is the force

produced by the motor Moti. and define the position
vector as ξ = (x, y, z)T

The equations for the rotational motion are:

Jη̈ = τη − C(η, η̇)η̇ (2)

where x and y are the coordinates in the horizontal plane
and z is the vertical position, whereas that ϕ is the roll
angle around the x-axis, θ is the pitch angle around the
y-axis and ψ is the yaw angle around the z-axis for the
vector η = (ψ, θ, ϕ)T . knowing that:

J =WT
η IWη. (3)

where W(η) is a transformation matrix and is given by

Wη =

 − sin(θ) 0 1
cos(θ) sin(θ) cos(ϕ) 0
cos(θ) cos(ϕ) − sin(ϕ) 0

 (4)

The η-dynamic [14] can be written in the general form
as:

M(η)η̈ + C(η, η̇)η̇ = τη (5)

where

M(η) =

 m11 m12 m13

m21 m22 m23

m31 m32 m33



C(η, η̇) =

 c11 c12 c13
c21 c22 c23
c31 c32 c33


with

m11 = (Ixxs
2
θ) + (Iyyc

2
θs

2
ϕ) + (Izzc

2
θc

2
ϕ)

m12 = cθcϕsϕ(Iyy − Izz)
m13 = −Ixxsθ
m21 = cθcϕsϕ(Iyy − Izz)
m22 = (Iyyc

2
ϕ) + (Izzs

2
ϕ)

m23 = 0
m31 = −Ixxsθ
m32 = 0
m33 = Ixx
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and

c11 = Ixxθ̇sθcθ + Iyy(−θ̇sθcθs2θ + ϕ̇c2θsϕcθ)

−Izz(θ̇sθcθc2ϕ + ϕ̇c2θsϕcϕ)

c12 = Ixxψ̇sθcθ − Iyy(θ̇sθsϕcϕ + ϕ̇cθs
2
ϕ

−ϕ̇cθc2ϕ + ψ̇sθcθs
2
ϕ) + Izz(ϕ̇cθs

2
ϕ − ϕ̇cθc

2
ϕ

−ψ̇sθcθc2ϕ + θ̇sθsϕcϕ)

c13 = −Ixxθ̇cθ + Iyyψ̇c
2
θsϕcϕ − Izzψ̇c

2
θsϕcϕ

c21 = −Ixxψ̇sθcθ + Iyyψ̇sθcθs
2
ϕ + Izzψ̇sθcθc

2
ϕ

c22 = −Iyyϕ̇sϕcϕ + Izzϕ̇sϕcϕ
c23 = Ixxψ̇cθ + Iyy(−θ̇sϕcϕ + ψ̇cθc

2
ϕ − ψ̇cθs

2
ϕ)

+Izz(ψ̇cθs
2
ϕ − ψ̇cθc

2
ϕ + θ̇sϕcϕ)

c31 = −Iyyψ̇c2θsϕcϕ + Izzψ̇c
2
θsϕcϕ

c32 = −Ixxψ̇cθ + Iyy(θ̇sϕcϕ + ψ̇cθs
2
ϕ − ψ̇cθc

2
ϕ)

−Izz(ψ̇cθs2ϕ − ψ̇cθc
2
ϕ + θ̇sϕcϕ)

c33 = 0

B. Inertia Parameter estimation
In this section, we present an adaptive control to esti-

mate the parameters of the inertia tensor for a controlled
quad-rotor mini-aircraft system. The nonlinear system
(5) has a property called ”Linearity in the parameters”,
this means that the model can be rewritten as the product
of a matrix of known function Yη(η, η̈) which contains
nonlinear terms of the state (the generalized coordinates
and its derivatives) and the vector of dynamic parame-
ters, pη , as:

M(η, pa)uη + C(η, wη, pa)vη = Yη(η, uη, vη, wη)pη
(6)

where, we defined

uη = η̈d + Λξ
·
η̃

vη = η̇d + Λξη̃

wη = η̇

where η̃ = ηd − η is the position error and Λη is a
nonsingular constant matrix. The vector of the unknown
dynamic parameters pη depends only on the dynamic
parameters of the system. Taking this into account, the
unknown parameters are the inertias Ixx, Iyy and Izz ,
we identify the vector of dynamic parameters as

pη1 = Ixx
pη2 = Iyy
pη3 = Izz

now, considering pη we need to build a matrix Yη
necessary to satisfy the property of linearity in the
parameters with the form:

γ =

 γ11 γ12 γ13
γ21 γ22 γ23
γ31 γ32 γ33

 (7)

and the terms of this matrix are:

γ11 = s2θu1 − sθu3 + w2sθcθv1 + w1sθcθv2
−w2cθv3

γ12 = c2θs
2
ϕu1 + cθcϕsϕu2 + (−w2sθcθs

2
ϕ

+w3c
2
θsϕcϕ)v1 − (w2sθsϕcϕ + w3cθs

2
ϕ

−w2cθc
2
ϕ + w1sθcθs

2
ϕ)v2 + w1c

2
θsϕcϕv3

γ13 = c2θc
2
ϕu1 − cθcϕsϕu2 − (w2sθcθc

2
ϕ

+w3c
2
θsϕcϕ)v1 + (w3cθs

2
ϕ − w3cθc

2
ϕ

−w1sθcθc
2
ϕ + w2sθsϕcϕ)v2 − w1c

2
θsϕcϕv3

γ21 = −w1sθcθv1 + w1cθv3
γ22 = cθcϕsϕu1 + c2ϕu2 + w1sθcθs

2
ϕv1

−w3sϕcϕv2 + (−w2sϕcϕ + w1cθc
2
ϕ

−w1cθs
2
ϕ)v3

γ23 = −cθcϕsϕu1 + s2ϕu2 + w1sθcθc
2
ϕv1

+w3sϕcϕv2 + (w1cθs
2
ϕ − w1cθc

2
ϕ

+w2sϕcϕ)v3
γ31 = −sθu1 + u3 − w1cθv2
γ32 = −w1c

2
θsϕcϕv1 + (w2sϕcϕ + w1cθs

2
ϕ

−w1cθc
2
ϕ)v2

γ33 = w1c
2
θsϕcϕv1 − (w1cθs

2
ϕ − w1cθc

2
ϕ

+w2sϕcϕ)v2

now we introduced the vector of adaptive parameters
p̂η such that, for a given adaptive system, if the limit of
p̂η(t) when t→ ∞ exists and is such that

lim
t→∞

p̂η(t) = pη (8)

then we say that the adaptive system guarantees para-
metric convergence. Substituting θ̂a by the vector of
unknown, dynamic parameters θa we obtain

M(η, p̂η)uη + C(η, wη, p̂η)vη = Yη(η, uη, vη, wη)p̂η
(9)

Taking into account, is proposed a control law as
follows:

τ = Kpη η̃ +Kdη

·
η̃ + Yη p̂η (10)

where, Kpη , Kdη are symmetric positive definite gain
matrices for rotational control, an adaptive control law
used for the continuous adaptive systems is the so called
integral law or gradient type

p̂η(t) = Γη

∫ t

0

Y Tη [ ˙̃η + Λη η̃]ds+ p̂η(0) (11)
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where Λη = K−1
vη Kpη and Γη is the adaptive gain

whose magnitude is proportional to the adaptation
speed, and p̂η(0) is an arbitrary vector even though in
practice, the adaptive gain is chosen to obtain the best
approximation of the unknown parameters vector pη.

C. Mass parameter estimation

Using a similar strategy of adaptive control to estimate
the mass of the quad-rotor mini-aircraft, the control law
has the form

F = Kpξ ξ̃ +Kdξ

·
ξ̃ + Yξp̂ξ (12)

where, Kpξ, Kdξ are symmetric positive definite gain
matrices for translation control. we define uξ

uξ = ξ̈d + Λξ

·
ξ̃

where ξ̃ = ξd − ξ is the altitude error and Λξ is a
nonsingular constant matrix. Applying the property of
the linearity in the parameters in equation (1) we obtain:

muξ +

 0
0
mg

 = Yξ(uξ)pξ

In this case the dynamic parameter is only the mass
(pξ = m) and the Yxi is a vector of known functions
with the form:

Yξ =

 uξ1
uξ2

uξ3 + g


an the integral law is

p̂ξ(t) = Γξ

∫ t

0

Y Tξ [
˙̃
ξ + Λξ ξ̃]ds+ p̂ξ(0) (13)

where Λξ = K−1
vξ Kpξ and Γξ is the adaptive gain

whose magnitude is proportional to the adaptation speed,
and p̂ξ(0) are a design parameters.

D. Wind force estimation

In this section we estimated the wind affecting in Euler
angles of the quad-rotor mini-aircraft based in [15]. If
considering wind as a parameter in the input we can use
the Model-Reference Adaptive Control (MRAC). So the
model (5) is rewritten as

M(η)η̈ + C(η, η̇)η̇ = τη +W (14)

where W = (Wψ,Wθ,Wϕ)
T is the vector containing

the wind parameters affecting in yaw, pitch and roll. The
following reference model is used:

η̈m + λη̇m + λ2ηm = r(t) (15)

Considering η̃ = η̂ − η. Following control law is
proposed:

u =M(η)v + C(η, η̇)η̇ − Ŵ (16)

with v = (η̈m − λ
·
η̃m − λη̃) and note that the control

contains the adjustable parameter Ŵ . Substituting the
control law (16) in the model (14) we obtain

ṡ+ λs =M(η)−1(W̃ ) (17)

where s a combined tracking error measure, is defined

by s =
·
η̃ + λη̃ and ṡ = η̈ − η̈m. The adaptation law of

the adjustable parameter is given by:

·
W̃ =

·
Ŵ = −Γ(M(η)−1)T s (18)

Using the following Lyapunov function candidate
[16]:

V =
1

2
sT s+

1

2
W̃TΓ−1W̃ (19)

Its derivative can be easily shown to be

V̇ = sT ṡ+ W̃TΓ−1
·
W̃ (20)

Using equations (17) and (18) in equation (20) it is
obtained:

V̇ = −sTλs < 0 (21)

This mean that V decreases along the trajectory of the
system and using Barbalats lemma: If the differentiable
function f(t) has a finite limit as t → ∞, and if ḟ is
uniformly continuous, then ḟ(t) → 0 as t→ ∞, one can
easily show that s converges to zero. Due to the relation

(s =
·
η̃ + λη̃), the convergence of s to zero implies that

the position tracking error η̃ and the velocity tracking

error
·
η̃ converge to zero too.

IV. SIMULATION RESULTS

A. Inertia Tensor Tests

The main objective is the parameters estimation of the
inertia tensor of our quad-rotor mini-aircraft. To obtain
the value of inertia on the y axis (Iyy) the values of the
Euler angles of roll and yaw must be (ϕ = 0 and ψ = 0),
while the angle pitch (θ)must follow a desired trajectory
generated with the following functions:

ηd = C1(1− e−2t3) sin (ωt) (22)
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where C1 = 10 ∗ (pi/180) and ωt = 15 ∗ (pi/15).
This signal works like a persistent excitation during
the estimation of unknown dynamical parameters, the
Figure (3) presents the desired trajectories and the actual
position of the Euler angles.

Fig. 3. Persistent disturbance signal applied on pitch axis of the quad-
rotor mini-aircraft, to identify the unknown moment inertia parameters.

The quad-rotor mini-aircraft begins to tracking the
desired trajectory at 20 seconds after the start of the
simulation, before at this time, the quad-rotor mini-
aircraft must be blast off the ground,this time was
considered in the simulation. Figure (4) shows the graph
of the estimated parameter value θ̂a, corresponding to
movement of the pitch angle. The estimation begins
when the tracking begins.

Fig. 4. Parameter identification of the vehicle’s inertia tensor.

B. Mass

The quad-rotor mini-aircraft must be tracking a sinus
signal in the altitude to estimate the mass, this signal
is a persistent disturbance necessary for the estimation
(Figure 5).

Fig. 5. Persistent disturbance applied on altitude z of the quad-rotor
mini-aircraft to identify the mass.

The test consist in estimated the initial mass of quad-
rotor mini-aircraft and increasing the mass (0.1 kg) in a
determinate time (t = 200s) to test the adaptation to the
new parameter. In Figure (6) we can see the simulation.

Fig. 6. Parameter identification of the vehicle’s mass changed the
parameter in t = 200s.

C. Wind

Figure (7) shows the stabilization in attitude of the
quad-rotor mini-aircraft, from a different to zero angle
in the Euler angles, this means that placed the vehicle
in hover mode is the goal of the control law

Fig. 7. Stabilization in attitude of the quad-rotor mini-aircraft using
Adaptive Control.

The estimation of the perturbation which affecting the
control input is used in a feedback to cancel these terms,
in Figure (8) we can see this parameter estimated.
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Fig. 8. Estimation of the wind parameters disturbance.

V. EXPERIMENTAL RESULTS

This section shows the experimental results, we can
observe in Figure (9) desired trajectory tracking in pitch
angle in real time. Figure (10) shows the results of the
estimation of the unknown parameter Iyy , which is a-
pproximately 0.018. because that it was considered that
the quad-rotor mini-aircraft has a symmetrical shape, the
value should be the same to Ixx, while for Izz should
be doubled (Izz = 0.036).

Fig. 9. Persistent disturbance applied on pitch axis of the quad-rotor
mini-aircraft to identify the unknown moment inertia parameters.

Fig. 10. Parameter identification of the vehicle’s inertia tensor.

The experimental results about the adaptation to the
changed mass parameter was show in the next graphics,
the Figure (11) shows the sinus signal is used as per-
sistent disturbance in altitude (z axis) and the tracking
performed by the quad-rotor mini-aircraft.

Fig. 11. Persistent disturbance applied on z axis of the quad-rotor
mini-aircraft to estimate the mass.

The Figure (12) shows initial and final mass estima-
tion, In the time t = 200s we increased the mass when
placing extra weight (0.1kg) to the vehicle.

Fig. 12. Parameter identification of the vehicle’s mass, changed the
parameter in t = 200s.

VI. CONCLUSIONS

In this paper we have presented an algorithm for
identifying parameters of the moment of inertia (Ixx,
Iyy , Izz) the mass (m) and the wind (Wψ ,Wθ,Wϕ) are
presented for a quad-rotor mini-aircraft based on an
adaptive control scheme. This control algorithms allows
to obtain a better description of the behavior of the
quad-rotor mini-aircraft in relation to the parameters
involved in the mathematical model. The convergence
of inertia tensor and mass parameters needs a persistent
excitation signal but the torque produced by wind is
estimated without a persistent excitation. Closed loop
stability was shown by a suitable Lyapunov function and
the Boundedness Lemma. The experimental results were
obtained using educational platform.
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