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Simulation and robust trajectory-tracking for a Quadrotor UAV

Sergio Salazar*, Ivan Gonzalez-Hernandez, Ricardo Lopez and Rogelio Lozano

Abstract—1In this article, a robust control algorithm
using sliding modes is proposed for the efficient regula-
tion on the trajectory tracking tasks, in the nonlinear,
multivariable, quadrotor system model, that ensures the
asymptotic convergence to a desired trajectory (reference
signal - r(t)) in presence of all possible uncertainties
and external disturbances. A smooth piecewise continuous
function trajectory is proposed where the corresponding
derivatives are bounded. Furthermore, we assume that
the disturbances on the vehicle are bounded and the
signal r(t) are available on line. The proposed algorithm
employs a sliding surface based on the errors generated
from the current state of the path in order to reach the
desired reference r(t). The stability analysis of the closed-
loop control system is proven via the use of Lyapunov
theory. Finally, a numerical simulation of tracking a smooth
trajectory is performed to demonstrate the validity and
effectiveness of the proposed robust algorithm in presence
of disturbances onto the vehicle.

I. INTRODUCTION

Technological developments in the realm of trajectory-
tracking have led to innovative concepts in the mission
management of current and next generation air, land
and sea vehicles. Particularly, the highly nonlinear
and coupled dynamics in this type of vehicles are
adequate for studying either linear and nonlinear control
techniques on the trajectory tracking tasks. For example,
in a recent article, by Zongyu and Lin [4], an application
of hyperbolic tangent function is made to the problem
of trajectory tracking for Quadrotors where the main
objective is to ensure the asymptotic convergence to any
desired trajectory in presence of parametric and external
uncertainties employing a continuous adaptive control
law with an online approximator. Afterwards, in [9] the
authors present a trajectory tracking controller utilizing
nested saturation control algorithm to track satisfactorily
the desired trajectory in real-time application.
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In recent years, several Quadrotor related papers have
presented their experimental flight results [1], [8]. The
nonlinear trajectory tracking control strategies, proposed
by Kendoul [11], [12], [13] were performed by a real-
time autonomous flight and showed great autonomous
capability of taking off, hovering and landing. The
control law designs in [10], [12] adopted nested
saturation technique [14] to account for the actuator
saturation limit explicitly and gave the analytical
expressions of parameter selection. These nonlinear
controller syntheses, the design parameter selections
and the stability proofs were quite intricate. So, we can
mention that the state of the art in the topic of trajectory
tracking is wide with good contributions that improve
the performance of the Quadrotors to accomplish a
given mission a desired optimal trajectory.

In this article, as part of our recent research to assess
the potential and robustness of the control algorithms
in the trajectory tracking for Unmanned Aerial Vehicle
(UAV) applications, we investigated the potential of a
nonlinear design tool called sliding mode methodology
for trajectory tracking of small size Quadrotor. The
control law is very well known for its robustness against
disturbances and invariance during the sliding regime.
A state feedback control algorithm were developed for
tracks a reference signal. Thus, we propose a sliding
mode control scheme for the trajectory tracking tasks in
the mini-Quadrotor UAV system model. The advantage
of this methodology is that it is possible to reduce and
eliminate disturbances by selecting the appropriate gain
in the sliding mode controller and the performance of
the overall system were tested in a numerical simulation.

This paper is organized as follows: Section II presents
the dynamical model of the mini-Quadrotor UAV via
a Lagrange approach. A smooth piecewise continuous
function trajectory is proposed in section III. The robust
control algorithm based on sliding mode methodology
for the trajectory-tracking is described in Section IV. The
effectiveness of the sliding mode methodology proposed
to the trajectory-tracking is evaluated through a series of
simulations in Section V. Finally, Section VI gives a brief
conclusion of the proposed robust trajectory tracking
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control design algorithm.

II. QUADROTOR MATHEMATICAL MODEL

Quadrotor unmanned aircraft, consisting of four
individual rotors of “X” arrangement, is an attractive
rotary-wing vertical take-off and landing (VTOL)
Unmanned Aerial Vehicle (UAV) for both military and
civilian usages. In this type of vehicles, vertical motion
is created by collectively increasing and decreasing the
speed of all four rotors; pitch or roll motion is achieved
by the differential speed of the front-rear set or the
left-right set of rotors, coupled with lateral motion;
yaw motion is realized by the different reaction torques
between the (1,3) and (2,4) rotors. The main thrust
is the sum of the thrusts of each motor, as shown in
Figure 1.

Let Z = {i;,j1,ki} be the inertial frame, B =
{ip,jB,kp} denote a set of coordinates fixed to
the rigid aircraft as is shown in Figure 1. Let
q = (v,9,2,6,0,)7 € RS = (&,n)T be the gen-
eralized coordinates vector which describe the position
and orientation of the flying machine, so the model could
be separated in two coordinate subsystems: translational
and rotational. They are defined respectively by

k

Inertial
frame
"=
Fig. 1. The coordinate system of the Quadrotor aircraft platform.
o & = (x,9,2)T € R3: denotes the position of the

vehicle’s mass center relative to the inertial frame
Z.

e = (¢,0,9)T € R3: describe the attitude of
the aerial vehicle, i.e. roll, pitch and yaw angles

respectively.

As for the modeling of our Quadrotor, a few
reasonable assumptions are made:

o Assumption 1. Quadrotor fuselage is a rigid body.

o Assumption 2. The structure is symmetrical.

o Assumption 3. The center of gravity (CoG) and the
body fixed frame origin are assumed to coincide.

o Assumption 4. The propellers are rigid.

The dynamic model is obtained via Lagrange ap-
proach. We can decompose the equations into trans-
lational and rotational displacement. As first step, we
obtain the Lagrangian of the aerial vehicle, which is
given by L(q,q) = (Ttrast + Trot) — U where,

1 .

Ttrasl = imng

1.,

Tror = QUTJU
U = mgz

The model of the full Quad-rotor aircraft dynamics
is obtained from the Euler-Lagrange equations with
external generalized force F and generalized moment
T, where Fr is the translational force applied to the
Quad-rotor aircraft due to the control input. Then

Fg = (0,0,u)" 4))

where u is the sum of mechanical thrust forces: ©v =
.fl + fg + f3 + f4 with f1 = kzwf for i=1,2,34, k; > 0
is a constant and w; is the angular speed of motor %, as
shown in Figure 1. This force vector can be expressed
in the inertial frame as

Fr = RB7TFy 2)

where RB~7 is the rotation matrix which is defined by
three Euler angles n = (¢,0,¢)” € R*and R € SO (3),

CHCyp Sy Co —Sp
RB-T = CySeSe — SyCy  SpSeSy + CypCs  CoS4
CySeSy + SyCy  SypSeSe — CyCy  CoCy

Then the control torques generated by the four rotors are

To (fs = f1)l
™m=1 T | = (fo— fa)l
Ty {(hi+f2)=(fs—=fi)}d
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Let [ denote the distance from the rotors to the center
of mass and d is the drag coefficient produced by
coordinated reactive torque involving the four rotors
because of the geometry of the mini-Quadrotor UAV.
Since the lagrangian contains no cross terms in the
kinetic energy, combining £ and 7 vectors in the Euler-
Lagrange equation can be partitioned into the dynamics
for the ¢ coordinates and the n dynamics. So, we obtain

Fr = mé +myg )
7y = Jij+ Jn — %a% (0T Jn)
Defining the Coriolis terms and gyroscopic and centrifu-
gal terms as
. 10
C 7..:J._77 .TJ. 6
(m, 7)1 Ui 2877(" ) (6)

The equations of motion of the Quadrotor can be ex-
pressed as

x —sin 6 0
m| 4§ | =u| sin ¢ cos 0 + 0 7
Z cos ¢ cos 0 —mg
Iijp = 7 —Cn.n)n ®)

III. TRAJECTORY GENERATION

To start, we propose a smooth piecewise continuous
function trajectory as reference signal r(¢) for the mini-
Quadrotor UAV defined by the following polynomial

r(t) = at® — bt* )

then, the reference velocity is given as

7 (t) = 2at — 3bt* (10)

and
i (t) = 2a — 6bt (11)
r® (t) = —6b (12)

We choose the trajectory initial conditions so that a =
0.208 and b = 0.00231.

IV. NONLINEAR CONTROL DESIGN FOR
TRAJECTORY-TRACKING

In this section we present a control law for the
trajectory-tracking of the mini-Quad-rotor UAV based
on sliding-mode. The control objective is to design a
controller such that the tracking error |« (t) —r (¢)]|
converges to the origin asymptotically in order to track
a reference signal r(t), where

o 7(t) and its derivatives are bounded for all £ > 0.
« the signal r(¢) is available on line.

The collective input v in (7), is essentially used to make
the altitude reach a desired value. The control input 7
is used to set the yaw displacement to zero, 7y is used
to control the pitch and the horizontal movement in the
x — awxis. Similarly 74 is used to control the roll and
horizontal displacement in the y — axis. In order to
simplify, let us propose a change of the input variables

T=J7+C(n0)n (13)
where
s
7=\ 7o (14)
Ty
So, rewriting equation (7) we have
ma —u sin 6
my | = u cos 6 sin ¢
mz u cos 0 cos ¢ —mg
(15)
¢ To
0 = To
(8 Ty

where x and y are the coordinates in the horizontal plane,
and z is the vertical position, ¢ is the yaw angle around
the z — axis, 0 is the pitch angle around the y — axis,
and ¢ is the roll angle around the x — axis. The control
inputs u, T4, T and 7, are the total thrust or collective
input (directed out the bottom of the aircraft) and the
angular moments, respectively.

A. Altitude and Yaw control

To altitude control, we consider the dynamic in the
z-axis from (7),

1
Z = —(ucosdcosh —mg) (16)
m
using the following control input
mcy; + mg
=— 17
cos ¢ cos 0 17

where the variable ¢; is a PD controller, which is defined
by

C1 :—szZ—kpz(Z—Zd) (18)

with kp_.kp, > 0 and 24 the altitude desired. From (17)

we can see that control u is necessary bounded in: —5 <

¢ < 5 and —5 < 0 < 7 because when 6 and ¢ are 3

the altitude control u is indeterminated so there exists a
singularity. Then, using (17) into (16) we get

(19)

2261
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Now, the yaw angular position ¢ can be controlled by
applying

7~_¢ = _awlw = Gy (1/) - wd)

where 14 is the desired yaw angular position. Af-
terwards, substituting (17) into (7) and provided that
cosgcosf # 0, we obtain

(20)

mi = —% tan 6 (a)
my = (¢1 +mg) tan ¢ (b)
mi = c (c) 21
6 =7 @ Y
9.2 7:9 6)

(
'L.ZJ = _a’ﬂf1¢ — Qs (Q/) - ¢d) (f)

By selecting the correct values for ay,, a,, ensure a fast
and stable response in the yaw axis.

B. Roll-angle and y-trajectory control

As we know, attitude control is the most important
part of our Quad-rotor aircraft system, it stabilizes the
orientation of the vehicle. If ¢; is small enough means
that the vehicle has achieved the required altitude and
hence this variable ¢; — 0 for a time 7', so the dynamics
on x — axts and y — axis of (21) is reduced to

P 7gtan 0 22)
cos ¢
1y =g tan ¢ (23)

First of all, we consider the dynamics in Roll axis given
by (21.d) and (23). We will implement a non-linear
controller design based on Robust Nested Saturations.
This type of control allows in the limit to guarantee
arbitrary bounds for ¢, ¢, y and y. To further simplify
the analysis, we will assume that

tan =~ ¢ I |9 <%
which is arbitrarily small and the gravitational constant
g =1 (normalized)

Then, rewriting (21.d) and (23) we obtain

j=9¢
LY (24)
¢="y
and if we differentiate twice §j = ¢ implies that
y) =7, (25)

which represents four integrators in cascade as shown
in Figure 2.

Now, we assume external perturbations in the control
input of the system (25),

y ) =7y 4+ (26)

where ~ is the external perturbation which exist in
any realistic problem, affecting the trajectory-tracking
with ||y|| < L for L > 0 and is arbitrarily small.
Moreover, the assumption considers that the dynamic
system works in a small linear region (tan ¢ =~ ¢) and
the perturbations in the input of the system affect directly
the stability. Therefore, we propose a robust control
algorithm motivated in the sliding modes control (see
[2], Chapter 14), to ensure the stability on the trajectory-
tracking of our system (mini-Quad-rotor UAV) in the
presence of external perturbations. From Figure 2, we
can obtain the following differential equations set,

=Y =1
Yo=Yys=4y=2¢

. : 27
gs=ya=y® =0 @7
Ja=yW =Ty +y=0
We define tracking errors as
e1=x1—r(t)=x—r(t)
eo =9 — 7 (t) =2 — 7 (t) (28)

63:.”,?'3—?:(15):,%—7';@):9
64:9

— i (t)

Asymptotic tracking will be achieved if we design a state
feedback control law to ensure that e;(t) fori = 1,2,3,4
is bounded and converges to zero as ¢ tends to infinity.
For instance, boundedness of e; will ensure boundedness
of z because r(t) is bounded. We need also to ensure
boundedness of tracking errors. For that, we restrict our
analysis to the case where the system

U= fO (U,C)

with v = [el,eg,eg}T, v = [él,ég,ég]T and { = ey.
The previous system (29) is bounded-input-bounded-
state stable. This will be the case for any bounded
input ¢ and any initial state v (0) if the system © =
fo (v, ) is input-to-state stable. So, from this point on,
we concentrate our attention on showing boundedness
and convergence of e(t). Thus, we start with the system

(29)

él = €2
ég = €3 (30)
é3 = €4

where ey is viewed as the “control input”. We want to
design ey to stabilize the origin. For this linear system
(in the controllable canonical form), we can achieve this
task by the linear control

€eq = — (k161 + kzez + k363) (31)
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where the design coefficients k; to ks are chosen such
that the reconstruction error dynamics dominant charac-
teristic polynomial is Hurwitz, i.e.,

83+k352+k‘25+k1:0

Then, to design the sliding mode control, we start by
designing the “sliding manifold” along which the sliding
motion is to take place. For this trajectory-tracking
problem, the sliding manifold denoted by s is defined
by the tracking errors as follow

s = (k161 + koeo + k363) + eyq (32)
and
§= (/ﬁél + koéo + k3é3) + 64
§ = (k1é1 + koég + k3é3) + 0 (33)

§= (klez + koes + k3€4) + (7~'¢ + ’7)

Therefore, if the control law enforces the trajectories in
the phase space such that s = 0 in (32), then the tracking
errors converge asymptotically to origin due to

s = (k161 + koeo + kgeg) +e4=0 (34)

In order to provide global asymptotic stability about the
origin, we propose the following Lyapunov candidate

function given as )
V=-s
2

The time derivative of the Lyapunov function candidate
in (35) can be computed as follows

(35)

V = s§ (36)
differentiating with respect to time, we have that
V = s|[(kiea + kaes + kseq) + (75 + )] 37

Block diagram of four integrators in cascade for the trajectory tracking control onto the y-axis.

We can proceed by designing the input control (74) with
a pure switching component v,

7~'¢, = — (]42162 + koes + k364) +v (38)
and substituting it into (37) we obtain
V=s(yt)+v)=syt)+sv<|s|L+sv (39
then )
V <|s| L+ sv (40)
selecting
v=—p sign(s) 41)

where p > 0 and sign (s) = ﬁ substituting into (40)
we obtain

. s
V< 5L+s(p|8|> =|s|L—|s|lp (42
therefore

V< —Isl(p— L) (43)

This means that, the origin is stable and the trajectory
errors e;(t) for i = 1,2,3,4 are bounded. At last, using
(41) into (38), we have

This control law (44) will drive the mini-Quadrotor UAV
to the desired reference signal r(¢) in a finite time, if and
only if

p>1L (45)

where L is the upperbound of the external perturbation.
This condition ensures a stable performance of the
trajectory-tracking for our mini-Quadrotor UAV onto
Y — aris.
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C. Pitch-angle and x-trajectory control

We will use for x-trajectory control the same proce-
dure used in the previous section for y-trajectory control.
We now consider the dynamics in Pitch axis given by
(21.e) and (22). As before, we will use a control strategy
such that after a finite time 6 is small enough such that
tan 6 =~ 6. Therefore, we have

i=—0
i = “6)

Continuing in the same manner, it can be seen that

7:9 = _kleQ — k263 - k3€4 —p SZgn (S) (47)

As in the previous case, this control law (47) will drive
the mini-Quadrotor UAV to the desired reference signal
r(t) in a finite time, if and only if

p>1L (48)

likewise L denotes the upperbound of the external per-
turbation. This condition ensures a stable performance
of the trajectory-tracking for our mini-Quadrotor UAV
onto T — awis.

V. SIMULATION RESULTS

In this section, simulation examples are provided
to illustrate efficiency of the robust controller. The
parameters of the quadrotor are chosen according to a
quadrotor employed in [5]. For simplicity the dynamics
of DC motor is ignored. The controller parameters in
simulation are briefly described in Table I.

TABLE 1
THE SLIDING MODE CONTROLLER PARAMETERS FOR TRAJECTORY
TRACKING.
Parameters Value
Mass of the Quad-rotor aircraft, (m) [kg] 1.00
Gravitational acceleration, (g) [m / s2] 9.81
Reaching law parameter, (p) 1.2
Positive constant, (k1) 0.8
Positive constant, (k2) 0.8
Positive constant, (k3) 0.8

Simulation results of the mini-Quadrotor UAV using
the sliding mode for trajectory tracking are presented
below. In these simulations, a external disturbances in
the input has been added to test stability robustness
in the sliding mode for the trajectory-tracking of the
mini-Quadrotor UAV. Moreover, we present two cases to
demonstrate when the system can be stable or unstable
depending of the value of gain in the controller to
achieve the trajectory-tracking onto the reference signal

r(t).

A. Case I: Trajectory-tracking stable: p > L

The results of the simulation for the trajectory-
tracking based on sliding modes technique are shown
in Figures 4 to 6, while Figure 3 shows the random
signal with a flat as a bounded disturbance added. We can
observer that the Quadrotor UAV follows the trajectory
proposed 7(t) successfully in a reasonable time with
small oscillations around the desired reference signal.
This statement can be observed much better in Figure 5.

amplitude [crm]

Time [s]

Fig. 3. Plot of the random signal injected into the system to test the
performance of the controller.

300

B0 g

¥ -position [cm]

. ; ; ; ; ;

0 10 20 30 40 50 60
Time [s]

Fig. 4. Position-trajectory behavior (in this case: z(t)) and desired
reference signal r(t). The trajectory-tracking converges faster.

These Figures illustrates that the proposed controller
renders the mini-Quadrotor UAV follow the designated
trajectory asymptotically in presence of the external dis-
turbances in the input, although the sliding mode control
signal is not necessarily convergent to zero. The control
law also can improve the trajectory-tracking combining
and selecting different values of gain in the sliding mode
controller to get better tracking of the reference signal.
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x-position [cm)

= reference signal - r{t)
m—— trajectory-tracking signal

i i i i
30 32 34 36 38 40 42 44
Time [s]

Fig. 5. Zoom of the trajectory-tracking behavior towards the reference
signal 7(t).

Caontrol signal - T [1x10°3 Nm]

0 10 20 30 40 50 60
Time [s]

Fig. 6. Sliding mode control signal applied to the Quadrotor UAV to
reach the desired reference signal r(t).

B. Case II: Trajectory-tracking unstable: p < L

The simulation results for this case are presented in
the following Figures which shows that the trajectory-
tracking of the mini-Quadrotor UAV diverges from the
reference signal r(¢) when ¢ tends to infinity. This result
is due to the gain controller (p) is not big enough to
compensate the external disturbance (L) that affects the
vehicle on its mission to track trajectory. As a result the
trajectory-tracking is unstable.

Clearly, the trajectory-tracking (see Figure 7) is un-
stable as ¢ tends to infinity while the control signal
(see Figure 8) diverges along time and consequently the
system (Quadrotor UAV) is unstable and never reaches
the desired trajectory r(t).

VI. CONCLUSIONS

In this paper, we present a robust control algorithm
using sliding modes on the trajectory tracking tasks in a
mini-Quadrotor UAV system. This control law considers

350

x-position [cm]

Fig. 7.  Position-trajectory behavior (in this case: z(t)) and desired
reference signal r(t). The trajectory-tracking signal diverges from the
desired reference and it is unstable.

60 : : : : :

control signal - u [1x10-3 Nm]

@ i i i i i
1]

10 20 30 40 50 60
Time [s]
Fig. 8. Sliding mode control signal unstable. The Quadrotor UAV

never reaches the desired reference signal r(t).

external disturbances in the input. We developed several
simulations to demonstrate the effectiveness and merits
of the theoretical development. In these simulations, we
present the stability results of the system for two cases
of the variable p (controller gain), i.e., when p > L
the system is stable and when p < L the system
is unstable. These results show that it is necessary to
know the amplitude (L) of the disturbance affecting
the vehicle in order to choose the appropriate gain
which is used to evaluate the sliding mode controller
and achieve robustness in the trajectory-tracking to the
reference signal r(t) desired. We consider to implement
this control algorithm in a real time application for future
work.
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