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Abstract— In this paper a new algorithm for formation
control of autonomous flight vehicles is presented based on
multiple control objectives. The strategy includes using the
null space of a Jacobian matrix to achieve different control
objectives. The mission is decomposed in elementary tasks and,
for each one of them, command references are generated for
each robot. The different commands obtained for each task are
combined through a hierarchical method using the projection
in the null space, to cater multiple tasks. The proposed system
is scalable, whereby the control system can be easily expanded.
Finally, the stability analysis of the proposed controllers is
performed and simulation results are shown, to confirm the
good performance of the controllers.

I. INTRODUCTION

At present, formation control of aerial vehicles has become
an area of great interest for scientific community. The mo-
tivation of formation control is the achievement of tasks by
several aerial robots of reduced ability, that no individual ve-
hicle can effectively perform. The use of multiple robots has
several advantages, including the cost reduction, increased
strength, better performance and efficiency [1]. Instead of
designing a single powerful robot, a multi-robot system can
be simpler and cheaper [2]. The ability to control vehicles
that work cooperatively has been a challenging researchers in
the areas of robotics and artificial intelligence [3]. An aerial
formation can be defined as a set of more than one aerial
vehicles flying together, whose dynamic states are coupled
through a common control law. This coupling can be in terms
of translational and/or rotational degrees of freedom, and
position or velocity [4].

It can be made a preliminary classification of multi-
robot systems based on the type of control, in centralized
and decentralized systems. The main characteristic of a
centralized system is that a single processing unit takes
decisions and communicates with all vehicles in the team.
As the central unit stores a lot of information, it is more
efficient in obtaining solutions. As disadvantages, the central
unit will be continuously receiving data from the robots,
with the possibility of causing congestion when receiving
large amounts of data, thus reducing the speed of decision
making. In addition, if the central unit fails the whole system
stops operating because the robots have not the ability to
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decide by their own [5], [6]. In decentralized systems each
vehicle can communicate and share information. However,
as each vehicle is assigned a specific part of the overall
objective, each one of them only can achieve part of control
objetive, and has not knowledge about the rest of tasks. This
type of control system is more dynamic and faster, as it
is not necessary to send or to store information, besides
other advantages as robustness in case of an agent failure,
scalability of the system, less communication requirements
and distributed computational efforts.

Basically there are three structures in the literature for con-
trol of multi-robot systems: leader-follower, behavior-based
methods and virtual structures, each of them with their re-
spective advantages and disadvantages. In the leader-follower
structure, an agent is considered the leader and other agents
are considered followers who follow the appointed leader [7],
[8]. In this structure, only the follower has information of the
leader, so if this fails there is no mechanism to ensure that the
target control is achieved. However, this structure is easy to
understand and implement. In the behavior-based structure,
the behavior of the group is defined as a combination of the
individual behavior of the members [9]. The main problem
with this approach is to mathematically formalize it, and
therefore it is not easy to ensure the convergence of the
formation to the desired settings. In the virtual structures,
geometry relationship remains rigid between the robots and
the reference system, which can be a virtual point or a virtual
agent. An advantage of this method is that the virtual leader
never fails. Therefore, the formation will be maintained
during the execution of the task.

A control scheme based on virtual structure is presented
in [10] called cluster space control. The position control
(or trajectory tracking) is performed considering the cen-
troid of the geometric structure (one triangle) correspond-
ing to a formation of three robots in the plane. In [11]
it is expanded the control scheme for non-planar robots,
although considering just a formation of two robots. In [12]
it is addressed the inherent problem of centralized control
systems. More specifically a technique was developed to
extrapolate capabilities intrinsic generalization not discussed
in [10], allowing to apply the control approach based on
the formation centroid for a team of n > 3 robots. Obstacle
avoidance of the formation were also analyzed so that it
can modify its structure momentarily, allowing an elastic
behavior of the formation.

Nowadays, the tasks in which robots are used require a
large data processing in real time, while serving many tasks
like manipulation, exploration, obstacle avoidance, etc. This
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means that different control objectives have to be achieved
at the same time, sometimes causing conflict of interest be-
tween them and the order of priority that has been assigned.
In [13] several control schemes are analyzed decomposing
the control problem into several sub-problems, eventually
solved individually. Among the options based on the null
space control states, where the primary and most important
purpose is considered as a solution of minimal norm obtained
by the pseudo-inverse of the Jacobian associated with the
problem and the secondary objectives regarding onto the null
space of the Jacobian. The main advantage is that this control
scheme guarantees the achievement of the main objective,
while the lower hierarchy objectives are projected onto the
null space thus not generating conflict with the primary
objective [14]. This concept was presented in [15] for generic
robotic control systems and in [16] to control multi-robot
systems.

In this paper it is presented a centralized position and
trajectory tracking controller for a 3D formation of aerial
vehicles, which is based on the null space approach. The
contribution of this work lies in the use of a null space-
based control technique for the control of a 3D virtual
structure formation, where the mission is divided into several
non conflicting tasks. Besides, the equations of the inverse
kinematic transformation of the three-dimensional formation
are presented, which are not developed in previous works for
a group of three vehicles.

II. PROBLEM STATEMENT

A. Null-Space Based Control

Generally a mission involves one or several robots that
must fulfill a number of tasks at the same time. A common
approach is to solve them individually, and finally combine
the outputs of each of the tasks and get the command for
each robot.

The null space-based control is derived from the inverse
kinematics solution of redundant industrial manipulators. For
a redundant system, there are infinite solutions for a single
objective, and this fact is used for introducing secondary
objectives to be achieved in the null space. Defining q ∈ ℜm

as the set of variables that must be controlled and x ∈ ℜ3

the positions of the aerial robots. The mapping between both
is defined as:

q = f(x), (1)

with the corresponding differential relationship,

q̇ =
∂ f(x)
∂x

ẋ = J(x)ẋ, (2)

where J(x) ∈ ℜmx3n is the Jacobian matrix associated with
the task, which relates the robot velocities with the variables
task velocities. An effective way to generate a reference
motion for each robot (xd(t)) from a desired value of the task
variables (qd(t)), is inverting the kinematic relationship (2).
A typical requirement is to pursue minimum-norm velocity,
leading to the least-squares solution

ẋd = J†q̇d = JT (JJT )−1q̇d , (3)

where J† is the pseudo-inverse matrix of the Jacobian matrix.
The reference position can be obtained by integrating ẋd in
(3) and using the closed loop inverse kinematics algorithm.

ẋd = J†(q̇d +λ q̃), (4)

where λ is a positive definite gain matrix which serves to
adjust the response and q̃ = qd − q is the error of the task.
Projecting the different sub-tasks’s speeds onto the null space
created by the Jacobian matrix of the higher-level task, the
competition problem is solved between the solutions of each
of the tasks in the overall solution. But first one need to
calculate the desired speed for each task,

ẋid = J†
i (q̇id +λiq̃i), (5)

where i denotes the i− th task. The index can also indicate
the priority of each task so that the task number 1 is of
higher level than the other. Solving each task individually, it
is possible to merge the individual solutions. For the case of
two tasks, it results

ẋd = J†
1 (q̇1d +λ1q̃1)+(I − J†

1 J1)J
†
2 (q̇2d +λ2q̃2), (6)

where I is an identity matrix of appropriate dimension. Each
sub-task is computed individually as if it acted alone. Then,
its contribution to the overall system speed is added. The
velocities of the lower-level tasks are projected onto the
null space of the immediate superior task, thus removing
the component which can have conflict with this. Thus, the
high priority task is always achieved, and the lower ones are
met if they do not conflict with the high priority task.

B. Direct and Inverse kinematic transformation

In this section the kinematic relationship that relates the
variables of each robot with the variables that define the
formation poses is presented. The variables used to represent
the entire formation are shown in Figure 1(a). It is considered
a basic formation composed of three robots in 3D space. The
formation position is defined by PF = [x f y f z f ], representing
the position of the centroid of the triangle. The shape is
defined by SF = [d1 d2 β f ], representing the distance between
the robots R1 and R2, the distance between R1 and R3, and
the angle R̂2R1R3, respectively. Finally, the orientation of the
formation is specified through a moving reference system
associated with the formation, whose origin coincides with
the centroid. It is defined the axis f x is in the direction which
connects the centroid with the robot R1, the axis f z is normal
to the plane formed by the three robots and f y complete the
reference such that f y = f z

⊗ f x.
Before introducing the control law for each of the tasks, it

is necessary to express the relationship between the position
and pose of the formation and the positions of the robots
hi, that are given by the direct and inverse transformation,
i.e., q = f(x) y x = f−1

(q) , where q = [PF OF SF ]
T are the

position of the centroid of the triangle, its orientation with
respect to the inertial reference system and the shape of the
formation, and x= [h1 h2 h3]

T are the positions of each robot
(hi = [xi yi zi]). It is important to stress that the yaw angle (ψi)
of the robots is not considered in this proposal, because it

230



(a) (b)

Fig. 1. Formation variables. (a) Normal view of the formation. (b) Top view of the formation.

is possible to control this variable independently. The direct
kinematic transformation f(x), is given by

PF =

x f
y f
z f

=

 x1+x2+x3
3

y1+y2+y3
3

z1+z2+z3
3

 (7)

SF =

d1
d2
β f

=


√

((x1 − x2)2 +(y1 − y2)2 +(z1 − z2)2)√
((x1 − x3)2 +(y1 − y3)2 +(z1 − z3)2)

β f = arccos d2
1+d2

2−d2
3

2d1d2

 ,

(8)
where d3 =

√
((x2 − x3)2 +(y2 − y3)2 +(z2 − z3)2) repre-

sents the remaining triangle side. To define the orientation of
the formation with respect to the inertial system, one should
define the moving frame associated

f x = h1 −Pf = [x1 y1 z1]
T − [x f y f z f ]

T (9)
f z = (h1 −h2)

⊗
(h1 −h3) (10)

f y = f z
⊗

f x (11)

From [17] is possible to calculate the Euler angles roll(ϕ ),
pitch(θ ) and yaw(ψ) that relate both reference systems. The
rotation matrix that relates the inertial reference system with
the mobile reference system is Rϕ ,θ ,ψ , whose columns are
the axis of the mobile system.

Therefore, the direct kinematic relations for formation
orientation are

OF =

ϕ f
θ f
β f

=

arctan( f x(y)/ f x(x))
−arcsin(z1 − z f )

arctan( f z(y)/ f z(z))

 (12)

The inverse kinematics relationship that related the position

of each robot in function of the formation variables is

x1 = x f +
2
3

l cosθ f cosψ f

y1 = y f +
2
3

l(sinϕ f sinθ f cosψ f − cosϕ f sinψ f )

z1 = z f +
2
3

l(cosϕ f sinθ f cosψ f + sinϕ f sinψ f )

x2 = x1 −d1 cosθ f cos(α +ψ f )

y2 = y1 +d1 cosϕ f sin(α +ψ f )−d1 sinϕ f sinθ f cos(α +ψ f )

z2 = z1 −d1 sinϕ f sin(α +ψ f )−d1 cosϕ f sinθ f cos(α +ψ f )

x3 = x1 −d2 cosθ f cos(β f −α −ψ f )

y3 = y1 +d2 cosϕ f sin(β f −α −ψ f )−d2 sinϕ f sinθ f cos(β f −α −ψ f )

z3 = z1 −d2 sinϕ f sin(β f −α −ψ f )−d2 cosϕ f sinθ f cos(β f −α −ψ f ),

(13)

where l =
√

1
2 (d

2
1 +d2

2 −
1
2 d2

3) is the distance between R1and
the central point of the segment R2R3, passing through
the point (x f ,y f ,z f ), and α = arccos d2

1+l2− 1
4 d2

3
2d1d2

. For the
particular case of a planar formation where ϕ f = 0 and
θ f = 0, (13) is equal to the shown in [10].

Taking the time derivative of the forward and the inverse
kinematics transformations we can obtain the relationship
between the x and q, represented by the Jacobian matrix,
which is given by q̇ = J(x)ẋ in the forward way, and by ẋ =
J−1
(q) q̇ in the inverse way, being

J(x) =
∂qnx1

∂xmx1
(14)

J−1
(q) =

∂xmx1

∂qnx1
(15)

for n,m = 1,2, . . . ,9.

III. FORMATION CONTROL

The structure of the control system is shown in Fig. 2 Task
1 is associated to the control of the shape and orientation
of the multi-robot system, after defining a rigid formation
geometry, which should be kept as far as the reference
values are not modified. Task 2 is associated to the control
of the position of the centroid of the formation, to move
it to accomplish a path-following, positioning or trajectory
tracking task. Depending on how task 2 is solved, we can
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Fig. 2. Structure of the control scheme for trajectory tracking missions.

modify the way the formation moves without changing its
shape. This corresponds to choose path-following positioning
or trajectory tracking as the task to be accomplished, which
will demand a suitable controller. Thus, the proposed control
scheme is a quite modular and flexible one, because it is
possible to modify the way the formation moves without
changing the formation controller structure. It is only nec-
essary to modify the task controller suitably and/or its order
into the formation controller.

A. Shape and Orientation Control

The proposed shape and orientation controller is used to
define the geometric and orientation of the formation. Our
goal is to generate a rigid formation, for which the higher
priority is in the control of these variables. The shape and
orientation variables are analyzed, and the Jacobian matrix
in (14) is splitted in those columns that relate the speed of
formation of the required variable (shape and orientation)
with the speed of each robot

q̇1 = J1ẋ, (16)

where q1 = [d1 d2 β f ϕ f θ f ψ f ] and,

J1 =


∂d1
∂x1

∂d1
∂y1

∂d1
∂ z1

∂d1
∂x2

∂d1
∂y2

∂d1
∂ z2

∂d1
∂x3

∂d1
∂y3

∂d1
∂ z3

...
...

...
...

...
...

...
...

...
∂ψ f
∂x1

∂ψ f
∂y1

∂ψ f
∂ z1

∂ψ f
∂x2

∂ψ f
∂y2

∂ψ f
∂ z2

∂ψ f
∂x3

∂ψ f
∂y3

∂ψ f
∂ z3


(17)

To fulfill this requirement, the controller

ẋd = J†
1 (q̇1d +λ1q̃1) (18)

is proposed, where λ1 is a positive diagonal matrix. The
variable q̇1d represents the time variation of the shape and
orientation variables, q̃1 represents control errors of shape
and orientation and ẋd is the desired speed for each robot.

B. Centroid Control

This controller aims at driving the centroid of the triangle
formation to its reference position or trajectory.

The remaining 3 rows of the Jacobian matrix (14) not
included in J1, relates the time variation of the centroid

position with the time variation of each robot position. This
sub-matrix is a new Jacobian for barycenter variables J2 by

q̇2 = J2ẋ, (19)

where q2 = [x f y f z f ]. The proposed controller for the
trajectory tracking and positioning control of the centroid
is

ẋd = J†
2 (q̇2d +λ2q̃2), (20)

where λ2 is a positive diagonal matrix. The variable q̇2d
represents the time variation of the position variables of the
desired centroid, and q̃2 are the control errors and ẋd is the
desired speed for each robot.

C. Formation Controller

Once both formation tasks are solved independently, it
is needed to combine them using the null space to avoid
conflicts between the solutions of both tasks. As mentioned
previously, the goal of higher priority is the control of the
shape and orientation of the formation. This way, the solution
of this task will be in the row space of the matrix, while the
centroid position control will be in the null space, to avoid
conflict of interest. Analyzing the shape of the system and the
relationship between the variables, remains clear that there
is no conflict of interest between tasks, as it is possible to
adopt a desired shape and orientation at any point in the
space. Therefore, the two tasks are not conflicting.

The complete resulting controller is then

ẋd = J†
1 (q̇1d +λ1q̃1)+(I − J†

1 J1)J
†
2 (q̇2d +λ2q̃2) (21)

D. Stability analysis

In this section the stability of the proposed controller is
discussed. A definition is necessary before starting the sta-
bility analysis: For any matrix A ∈ Rmxn, the null space and
row space are orthogonal subspaces of Rm. Analogously the
left null space and column space are orthogonal subspaces
of Rn.

First we analyze that the primary objective is not affected
by the secondary objective. Multiplying both members of
(21) by J1 which is supposed to be full rank and observing
that J1(I − J†

1 J1) = 0, then

q̇1 = q̇1d +λ1q̃1, (22)
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which can be rewritten as

˙̃q1d +λ1q̃1 = 0, (23)

where ˙̃q1d = q̇1d − q̇1 and λ1 is a positive diagonal matrix.
Therefore q̃1 → 0 with t → ∞.

Analyzing the task 2, multiplying both members of (21)
by J2 [18] it results that

q̇2 = J2J†
1 (q̇1d +λ1q̃1)+ q̇2d +λ2q̃2, (24)

If both tasks are not conflicting, an important property of the
Jacobians is [19]

J2J†
1 = 0, (25)

Substituting (25) in (24) one gets

˙̃q2d +λ2q̃2 = 0, (26)

where ˙̃q2d = q̇2d − q̇2 y λ2 is a positive diagonal matrix.
Therefore q̃2 → 0 when t → ∞.

IV. MODELING AND CONTROL OF A QUADROTOR

In this section it is presented the model of a quadrotor,
the aerial vehicle selected to apply the proposed formation
control. Also, a controller is developed for each individual
vehicle, which receives commands from the formation con-
troller presented in previous sections.

A. Dynamic Model of a Quadrotor

In this section, the dynamic model of the four-rotor
helicopter, using Euler-Lagrange equations, is obtained. This
is described in full in [20]. The generalized coordinates of
the aerial vehicle are

q = (x,y,z,ϕ ,θ ,ψ) ∈ ℜ6, (27)

where ξ = (x,y,z) denotes the position of the center of
mass of the helicopter related to the inertial frame ⟨e⟩, and
η = (ϕ ,θ ,ψ)ε ℜ3 are the Euler angles ( ϕ is the roll angle,
θ is is the pitch angle and ψ is the yaw angle) in the spatial
frame ⟨s⟩, which represent the helicopter orientation (See
Fig.3).

Fig. 3. Diagram of a 6-DOF quadrotor and the associated frames ei, si
and bi represent the inertial, spatial and body frame, respectively.

Defining the Lagrangian

L(q,q̇) = Ttrans +Trot −U, (28)

where Ttrans = m
2 ξ̇ T ξ̇ is the translational kinetic energy,

Trot =
1
2 ωT Iω is the rotational kinetic energy, U = mgz is

the potential energy of the system, z is the vehicle height, m
denotes the helicopter mass, ω is the angular velocity, I is
the inertia matrix and g is the gravitational acceleration. The
full dynamic model of the helicopter is obtained from the
Euler-Lagrange equations with external generalized forces

d
dt

∂L
∂ q̇

− ∂L
∂q

=

[
Fξ
τ

]
, (29)

where Fξ = RF ε ℜ3 is the translational force applied to
the vehicle caused by the main control input and R is a
rotational matrix R(ϕ ,θ ,ψ) that represents the orientation
of the quadrotor relative to the inertial frame and τε ℜ3

represents the moments of pitch, roll and yaw. The principal
input of the aircraft is the impulse of the four propellants,

F =
[
0 0 u

]T
, (30)

where
u = f1 + f2 + f3 + f4, (31)

and, from [21],

fi = kiω2
i for i = 1, ...,4 ki > 0. (32)

The parameter ki is taken as a constant value and ωi is the
angular velocity of the i− th motor. The generalized torques
are

τ =

τϕ
τθ
τψ

,

( f3 − f1)l
( f2 − f4)l
∑4

i=0 τMi

 , (33)

where l is the distance between the motors and the center of
gravity, and τMi is the torque produced by the motor Mi, i =
1, ...,4 around the center of gravity of the vehicle. Because
the Lagrangian does not contain terms in the kinetic energy
combining ξ̇ with η̇ , the Euler-Lagrange equations can be
divided in the dynamics for the coordinates of ξ and the
coordinates of η , so that

mξ̈ +

 0
0

mg

= Fξ (34)

Jη̈ + J̇η̇ − 1
2

∂
∂η

(η̇T Jη̇) = τ. (35)

Defining the terms of Coriolis that contain the gyroscope and
centrifugal effects associated with η as

C(η ,η̇)η̇ = J̇η̇ − 1
2

∂
∂η

(η̇T Jη̇), (36)

one finally gets,

mξ̈ +

 0
0

mg

= Fξ

Jη̈ +C(η ,η̇)η̇ = τ. (37)
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From [20] and in order to simplify the model, the following
change in the input variable is proposed

τ =C(η ,η̇)η̇ + Jτ̃ (38)

where τ̃ = [τ̃ϕ , τ̃θ , τ̃ψ ] is the new input vector. Then

η̈ = τ̃. (39)

Finally, one gets

mẍ = −usinθ
mÿ = ucosθ sinϕ
mz̈ = ucosθ cosϕ −mg (40)
ϕ̈ = τ̃ϕ

θ̈ = τ̃θ

ψ̈ = τ̃ψ ,

where x and y are the coordinates in the horizontal plane,
z is the vertical position, and τ̃ϕ , τ̃θ and τ̃ψ are the roll,
pitch and yaw torques respectively, which are related to the
generalized torques τϕ , τθ and τψ by Eq. (38).

B. Trajectory Tracking Control
In [22] a technique for trajectory tracking control for

a mini four-rotor helicopter based on linear algebra and
numerical methods is presented, whose summary is now
presented.

The objective is to design a control law capable of
generating the signals [u, τ̃ϕ , τ̃θ , τ̃ψ ], with the objective that
the helicopter position [X(t),Y(t),Z(t),Ψ(t)] follows the desired
trajectory [Xd(t),Y d(t),Zd(t),Ψd(t)]. The relationship between
the generalized pairs and the new inputs (τ̃) is given by (38).
The first step in the controller design involves expressing the
model given in (40) as state-space equations, or in state form
as a set of linear first order differential equations, or

ẋ1
ẋ2
ẋ3
ẋ4
ẋ5
ẋ6
ẋ7
ẋ8
ẋ9
˙x10
˙x11
˙x12


=



x2
− u

m sinx9
x4

u
m cosx9 sinx7

x6
u
m cosx9 cosx7 −g

x8
τ̃ϕ
x10
τ̃θ
x12
τ̃ψ


where



x
ẋ
y
ẏ
z
ż
ϕ
ϕ̇
θ
θ̇
ψ
ψ̇


=



x1
x2
x3
x4
x5
x6
x7
x8
x9
x10
x11
x12


. (41)

Using the Euler approximation and expressing in matrix
form and operating, we have



a11To 0 0 0
a21To 0 0 0
a31To 0 0 0

0 To 0 0
0 0 To 0
0 0 0 To
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0


︸ ︷︷ ︸

A



u(n)
m

τ̃ϕ(n)
τ̃θ(n)
τ̃ψ(n)


︸ ︷︷ ︸

w

=



∆x2(n)

∆x4(n)

∆x6(n)+gTo
∆x8(n)

∆x10(n)

∆x12(n)

∆x1(n)−Tox2(n)

∆x3(n)−Tox4(n)

∆x5(n)−Tox6(n)

∆x7(n)−Tox8(n)

∆x9(n)−Tox10(n)

∆x11(n)−Tox12(n)


︸ ︷︷ ︸

b

, (42)

where a11 = −sinx9(n), a21 = cosx9(n) sinx7(n) and a31 =
cx9(n)cx7(n) and was replacing the next relationship ∆xi(n) =
xi(n+1) − xi(n). This equation can be expressed in compact
form as.

Aw = b, (43)

If the desired trajectory is given,
[Xd(n+1),Y d(n+1),Zd(n+1),Ψd(n+1)]

T , then it can be
taken into account to calculate the required control action
[u, τ̃ϕ , τ̃θ , τ̃ψ ]

T that allows the helicopter to evolve from the
present position to the desired trajectory.
Equation (42) represents a system of linear equations which
allows at each sampling instant to calculate the control
actions (w) in order that the quadrotor achieves the desired
trajectory. Now, it is necessary to specify the conditions for
this system to have an exact solution.

The first condition for the system of (42) to have exact
solution is that the first 6 equations and 4 unknown variables
have exact solution. It can be concluded that these conditions
are given by (45) and (46).

− sinx9(n)
m

cosx9(n) sinx7(n)
m

cosx9(n) cosx7(n)
m

[
u
]
=


∆x2
To
∆x4
To

∆x6+gTo
To

 (44)

tanx7ez =
∆x4

∆x6 +gTo
(45)

tanx9ez =−∆x2

∆x4
sinx7ez (46)

From (45) and (46) the variable references x7ez and x9ez
are obtained so that the system of equations (42) has exact
solution and thus, the quadrotor can follow the reference tra-
jectory. These variables represent the necessary orientations
to allow the tracking error to tend to zero.

Additionally, from (42) it can be seen that in order that
the system of equations have an exact solution, the rows of
b corresponding to the zero rows of A must be equal to zero,
then

xk(n) =
x jre f (n+1)− x j(n)

To
(47)

j = {1,3,5,7,9,11}

k = {1,3,5,7,9,11}

From the previous equations, we obtain the speed references
that make the quadrotor follow the desired trajectory.

In order that the tracking error tends to zero for all the
state variables that represent the position and attitude (xi i =
1,3,5,7,9,11) of the helicopter, the following expressions
are defined,

xire f (n+1) = xdi(n+1)− kxi(xdi(n)− xi(n)) (48)
i = {1,3,5,7,9,11}

where 0 < kx1,kx3,kx5,kx7,kx9,kx11 < 1.
When replacing (48) in (47), the velocities necessary for

the tracking error to tend to zero are obtained. These values
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are the desired values to make it possible to follow the
trajectory correctly and they are called with the subscript
”d” to identify.

xd j(n+1) =
(xid(n+1)− kxi(xid(n)− xi(n)))− xi(n)

To
(49)

i = {1,3,5,7,9,11}

j = {2,4,6,8,10,12}

We now apply the same approach expressed in (47) with the
reference speed values obtained in (49) to make the speed
quadrotor to tend to the reference speed.

x jre f (n+1) = xd j(n+1)− kx j(xd j(n)− x j(n)) (50)
j = {2,4,6,8,10,12},

where 0 < kx2,kx4,kx6,kx8,kx10,kx12 < 1.

a11 0 0 0
a21 0 0 0
a31 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1




u(n)
m
τ̃ϕ
τ̃θ
τ̃ψ

=
1

To


∆x2
∆x4

∆x6 +gTo
∆x8
∆x10
∆x12

 (51)

Equation (51) is solved using the pseudo-inverse matrix
that represents the optimal least squares solution [23], thus
obtaining the control actions.

w = A†b. (52)

V. SIMULATION RESULTS

In this section, simulation results of the proposed con-
troller are presented. Simulations were performed using
Matlab c⃝. It is proposed that the centroid of the robot
formation move through a desired trajectory, maintaining the
shape and orientation. The trajectory is defining by

x f d = 4sin0.5t

y f d = 4cos0.25t

z f d = 2.

The shape references are

d1d = 2
d2d = 2

βd =
π
2
.

The orientation references during the first 5 second are null,
to ensure the take off of each robot and then change to:

ϕd =
π
8

θd =
π
16

ψd =
π
4
,

and finally the simulation ends in the origin of the inertial
frame at 20 seconds with

ϕre f = 0
θre f = 0
ψre f = 0
d1re f = 3
d2re f = 3

βre f =
π
4
.

The initial positions of the robots are: R1 = [0,0,0], R2 =
[3,0,0] and R3 = [0,3,0]

The radius and height of the trajectory are rre f = 4m and
zre f = 2m respectively. During the simulations, a positioning
control is performed to demonstrate the good performance
of the control law proposed for positioning and trajectory
tracking.

In Figures 4(a) and 4(b) it is shown the evolution of the
shape and orientation errors and in 4(c) it is shown the
evolution of the centroid error. It is possible to see that hat
the proposed controller is successful in achieving the control
objective. Also, it can be seen that the shape and orientation
of the formation remains constant during the experiment,
unless under reference changes. Finally, in Fig. 5 it is shown
the 3D evolution of the formation for the above described
simulation, with the actual formation depicted at every 1

30
seconds period.

VI. CONCLUSIONS

This paper has developed a controller capable of working
with multiple-control objectives using the definition of null
space. The control objectives are such that the robot for-
mation achieve the control objectives of shape and posture
(trajectory tracking, position and orientation). Simulation
results show the good performance of the controller and it is
possible to appreciate how every task is achieve and then is
combined with the other task. As future work, experimental
testing with real robots is expected to contribute to the
validation of the proposed controllers.
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