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Input-output decoupling of discrete-time nonlinear systems by
measurement feedback
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Abstract— This paper addresses the input-output decoupling
problem for discrete-time nonlinear systems by measurement
feedback. Necessary and sufficient conditions are given to
solve the problem by static or dynamic measurement feedback,
respectively. Since the dynamic measurement solution presented
here depends on the solution of the input-output linearization
problem, a sufficient condition for linearizability of certain
functions is also given. Finally, the derived conditions are
specified to solve the problem by output feedback.

I. INTRODUCTION

The necessary and sufficient conditions for solvability of
the input-output (i/0) decoupling problem by state feedback
were given already in [10], [11] for continuous-time systems
and in [7], [9] for discrete-time systems. The purpose of
this paper is to consider a case when all the states are
not available for measurement. Then one has to consider
a different feedback, an output feedback or a measurement
feedback, where only some functions of states are measured.

In the nonlinear case only few papers address the i/o
decoupling problem by measurement or output feedback.
Necessary and sufficient conditions have been given to
solve the problem for continuous-time systems by static
measurement feedback in [3] and for discrete-time systems
by static output feedback in [8]. Theorem 1 below is the
analogue of the conditions in [3], whereas in [8] the special
case was studied when the controlled and measured outputs
coincide. To our best knowledge, dynamic measurement
feedback solution is looked for only in [12], where solvability
conditions are given that depend explicitly on linearizability
property of certain functions. These conditions are only
sufficient since linearizability property is specified in the
theorem via sufficient linearizability conditions.

The goal of this paper is to solve the i/o decoupling
problem by dynamic measurement feedback for discrete-
time systems. In this paper we use similar approach and
the same mathemathical tools as in [3], [8], [12]. However,
compared to [12], weaker linearizability conditions are used
in this paper. Necessary and sufficient solvability conditions
of i/o decoupling problem are given, which can be specified
to the dynamic output feedback case. The problem of i/o
linearization is also briefly mentioned in the paper, since it is
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an important part of the solution, given in this paper. Unlike
in state feedback case, here one can not use all the states in
feedback. Thus, we divide some shifts of controlled outputs
into two parts: the one, which has to be compensated and
the one, which does not. Finally, a feedback is found, that
compensates the part which needs to be compensated, by
linearizing certain functions, whenever it is possible. Notice
that the obtained necessary and sufficient condition can be
generalized to continuous-time systems very easily.

II. PRELIMINARIES

Consider a discrete-time nonlinear system, described by
the equations

z(t+1) = [flz@),u))
y«(1) ha(2(2)) (D
y(t) = h(z(t)),

where z(t) € X C R™ is the state, u(t) € U C R™ is
the input, y.(t) C Y € R™ is the controlled output and
y(t) C Z € RY is the measured output. It is assumed that
the functions f, h, and h are meromorphic. Also, we assume,
that the system (1) is submersive, meaning that generically,
i.e. everywhere except on a set of measure zero,

of } B
Ox(t), u(t))

In this paper, the following notations are used. Instead of
x(t) and z(t+k) (k > 1) we use z and z[¥], respectively. The
same notations are used for the other variables. Throughout
the paper it is assumed that ¢ = 1,...,m.

Extend the map f : (z,u) — 2! to the map f : (z,u) —
(zl,2), where z = x(x,u), = € R™, such that f is
generically invertible. Let C be the field of meromorphic
functions in finite number of variables from the set C =
{z,ul® 2=0;k > 0,1 > 0}. Introduce the forward-shift
operator § : L — K, defined by equations (1); in particular
6x = f(z,u). Moreover, dul*l = ulFt1 (& > 0), 52171 =
x(z,u), 82170 = 2741 (1 > 1) and

mnk[ )

64)0('1:’“) .. .’u[k]7z[—1]7. . .,Z[_l]) =
o(f (z,u),u™ ...

Since f is invertible, one can also define inverse of op-
erator §, called backward-shift operator 6L as 67z =
f_l(x7z[_1])’ 5_1u[k] = u[k_l] (k 2 0)’ 6_12[_” = Z[_l_l]
(I>1) and

au[k+1]ax($7u)’ LR Z[_l+1])'

5ol a7 ) =

<p(f~71(x, z[fl]), w, ... ulFm L2 z[flfl]).
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Since the operator § is an automorphism of the field IC,
the pair (K, ) is an inversive difference field, see [1], and
denoted simply by K.

Introduce the set of symbols dC = {dz, dul®, dz[-1; k >
0,1 > 0}. Let £ := span,{dC} be the vector space spanned
over KC by the elements of dC. The elements of &, i.e.

w= Zazdxl + ZZbk]du + Zchsz

k>0 j=1 1>0 p=1

where only finite number of coefficients a;, byj, c;, € K are
nonzero, are called one-forms. A one-form w is called exact
if it is a differential of some function ¢ € K, i.e. w = do.
The operators § and 6! are extended to & by the rules

5(Zajd¢j) 26 a;)
1(2%‘(1%‘) 25

where a;, p; € K. Let y» = (Ys1, - - . , Ysm) be the controlled
output vector of the system (1). The relative degree r; of
an output y,,; is defined by r; := min{k € N | dy[k] ¢
span{dx}}. If there does not exist such integer k, then set
r; = 0o. We also define some subspaces of &, i.e. gk =
spang{dy,...,dy*=1 du,...,dul*=1} for every k € N
and X = spany{dz}.

In general, a one-form w is a linear combination over
of certain number of standard basis elements of &, i.e. dC.
However, it is often possible to find a linearly independent
set of exact one-forms, with less elements than those basis
elements of &, in terms of which w can be expressed.

Definition 1: A minimal number v € N so that there exist
v linearly independent exact one-forms such that w is a linear
combination of these exact one-forms, is called the rank of
a one-form w.

If the rank of a one-form w € & is equal to 1, then by
definition 1 there exist A, ¢ € K such that w = Ade, i.e. the
one-form w is integrable.

We say that system (1) is right-invertible with respect to
the output y, if there exist j; € N such that

(1 (V)L B (2l )T
Ju
where h.(x) = (hs(x),...,hwn(x)), see [2] for more
information. Also, let jyaz := max{j1,...,Jm}-
As in [12], we define for each output component y,.; a
subspace (2; of X in the following way:

d(d¢;)

d(o~ @J)

ranky =m, 3)

Q; {we X |VkeN:we span,{dz, dy*l , (@)

L dylmtEy

The subspaces (); are essential to solve the input-output
decoupling problem. It is because the forward-shifts of
the elements of 2; do not depend on the input u ex-
plicitly. Suppose ; = spany{dfi,...,d6;}. We define
the forward-shift of subspace €); elementwise by QE”
span,c{dG[l] ...,d@lm}. Denote QEO} = ();, and ng] =
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(ngfl])m. The following lemma gives a procedure for
computing the subspaces €2;.

Lemma 1: [4] The subspace €); may be computed as the
limit of the following algorithm:

QY X
Qk+1 {w e QF | 6w e QF + spany {dy}}.

III. MAIN RESULTS

(&)

A. Problem statement

One says that system (1) is i/o decoupled if every con-
trolled output y,; depends on exactly one input variable u;,
i.e. the relative degrees r; are finite and

dygz] € spang{dz, du;, . .. 7dugk_”]} k>

The next lemma gives the necessary and sufficient condi-
tion for a system to be i/o decoupled.

Lemma 2: Under the assumption that r; < oo, for i
1,...,m, the system (1) is input-output decoupled iff

dyﬁ’] € Q; + spany{du; }. (6)
Proof: Necessity. If the system (1) is input-output decou-
pled, then

dyirii] € spany{dz, du;}.

Thus, there exists w; € X and \; € K such that dy[r’]
w; + A;du;. We will show that w; € €2;. Note that

0w, € spang{dz, du,, . .. ,duggfl]} @)
for every o € N.  Since dy[k] €
spany{dz, du;,...,d [k il } for k > 0, then
spany{dx, du;, ..., du-ail]} = (8)
span,-{dzx, dyi?i], . dy[r’+g 1]}
Thus, (7) and (8) give
0w, € spanK{dx,dyin], . dy[r’+g_1]}

for every o € N, which means that w; € ;.
Sufficiency. By Lemma 1 and (6), one gets

Q[ lca, + bpan,c{dy[”]} C Q; + spany{du; }.
k=1l

, and therefore,

Thus, QE ] C Q; + spang{du,,...,du
dy[r7+k]

€ QEH + span,c{dugk]}
C  Q; + spang{du,,... 7dugkl}
C spang{dz,du;,... 7dugk]},

which means, that system (1) is i/o decoupled. u
The input-output decoupling problem can be formulated
as follows. Find a regular dynamic measurement feedback

of the form
Y F(n,z,v)

H(n,z,v),
where v C V € R™ is the new input and n C A € R” is

the state of the feedback, such that the closed-loop system
(1),(9) satisfies the following conditions:

[ —
" )

u
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(1) the relative degree 7; of output y,.; of the closed-loop
system is finite;

(ii) dyyz] € spang{dz,dn, dv;, ... 7dvq[,k_m} for k > 7;.
Condition (i7) guarantees that outputs y,; are decoupled, i.e.
different outputs y.; are affected by different inputs v; at
every time instant k > 7;. By regularity of feedback we mean
that (9) defines generically the (z,7)-dependent one-to-one
correspondence between the variables v and u. Feedback (9)
is called static if p := dimn = 0.

Since the main Theorem of this paper, given below,
depends on the solution of the i/o linearization problem, we
give first the problem statement for the i/o linearization. For
more information, see [5].

B. Input-output linearization

In this section, we consider a discrete-time multi-input
multi-output (MIMO) nonlinear system, described by the set
of i/o difference equations

yl[nl] = q)l(y‘rv"'ay'[rnh]auiv"'»ugnl_l]) (10)
for I,7 =1,...,q, where ®; are supposed to be meromor-

phic functions of their arguments and the indices in (10)
satisfy the relations

nlSnQS"'anv N < Ny
ne <mng, T (11)
ng < ng, T > 1.

Like above, we assume, that system (10) is submer-
sive, which for the i/0 model means that the map ¢

(®1,...,®,)7T satisfies generically the condition
0P
rank[ } =q,
A(y,u)
where y = (y1,...,Yq) and u = (U1, ..., Un).

One says that equations (10) are linearizable by regular
dynamic output feedback of the form (9), if the differentials

[ng]

dy; ", defined by the input-output equations of the closed-
loop system, satisfy the relations
dyl[nl] € spang {dyl™-1, ... dy,,dv} (12)
for I,7=1,...,q. In the case, when
dyl[n’] € spang{dv}

for [ = 1,...,q, equations (10) are said to be strictly
linearizable.

One says that the set of functions
wilz,..., 2", a0 = 1,0 m, are

linearizable (strictly linearizable) if the system of equations

[s]

y” =iy, .yt Ll

is linearizable (strictly linearizable).
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C. Input-output decoupling

First, we give a solution to the input-output decoupling
problem by static measurement feedback. Let h,(z)
(he1(2), .o B ().

Theorem 1: Let the relative degrees r; of outputs y; be
finite. Then the system (1) is input-output decoupable by
static measurement feedback iff

®

8(h*1(sc[7‘1]), RN

ou

(ii) there exist one-forms w; € spany{dy,du} with rank 1,
such that dyz] —w; € Q.

The proof of Theorem 1 is given in [8] for the case when
Yy = y«. The proof of the general case is similar.

In Theorem 2 below, the necessary and sufficient condi-
tions for solvability of the input-output decoupling problem
by dynamic measurement feedback are given, relaxing the
conditions of Theorem 1.

Theorem 2: The system (1) is input-output decoupable
by dynamic measurement feedback (9) iff the following
conditions are satisfied:

(i) the system (1) is right-invertible with respect to the
controlled outputs y.;

rankyx

:m;

CHCLENA

(ii) there exists s > jmaez — 75 + 1 such that!
dy[":i"rs—l] cQ o+ Q[S_l]
+Span/(:{dyv AR dy[571]>du7 s 7du[871]};

(iii) L dyl du,

there exist one-forms w; € spany{dy, .
..., dul*=1} with rank 1 such that

@iv) for w; = MNdyi;, A, € K, the functions
@iy, ..,y u, ... uls~1) are strictly linearizable

by dynamic feedback.

Proof. Necessity. Let s > 1 be such that in the closed-loop
system the relative degree 7; of output y,; is 7, = r; +s—1.
By Lemma 2 and the fact that the closed-loop system is i/o
decoupled, -

dy,;” € Q; + spany{dv; }, (13)

where ; is the subspace €2; for the closed-loop system.
Next, we show that Q; = Q; + --- + Qgsfu. From the
definition of the subspace (;,

[s

[ri+s—2]
*7

Q4 ---+ ol c span,c{dax,dyzi],nwdy }-

Since 7; = r; + s — 1, then in the closed-loop system

Q4+ Qgs_l] C spany{dz,dn}. (14)

Thus,

Q4+ Qgs_l] = {w € spany{dz,dn} | Vk € N:
rits— ri+s—k—
[ + 1]7"'7dy>[k7;+ 2]}}

*7

wl*l e spany{dz, dn, dy

= Q.

INote that, one can, in principle, search, instead of the joint index s, a
separate s; that satisfies s; > jmaxz — 7i + 1. Then s can be taken as
s = max;{s; }.
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The last equality comes from the definition (4) of the
subspace (2;. Therefore, (13) becomes

dyE;iJrS*l] e+ + Qgsfll + spany{dv; }.
Then one can define the one-forms w; = \;dv; such
that dyz[T'i+S_1] —w; € Q4+ -+ QES_l. Now, con-

ditions (¢7) and (4i%) must be satisfied, since otherwise
v; would depend on z’, where da/ € X and da’ ¢
spany{dy}, i.e. the feedback would not be measurement
feedback. Since conditions (i) and (i) are satisfied, w;
Ndos (u, ..., uls= y, ... yls=1)) for some functions ¢;.
Note that under the feedback w; = \;dv;, i.e. the functions
o, are strictly linearizable.

Sufficiency. We show that the feedback that linearizes
strictly functions ¢; in (iv), solves the i/o decoupling prob-
lem.

Since for the closed-loop system dy; = dv;, the relative
degree of output y,; is r; + s — 1. Thus

[ri44]

dy,;"" € spang{dz,dn} (15)

for 5 =0,...,s—2. From the definition (4) of the subspace
Q; one concludes ; + --- + QES_” C spang{dz, dn}.

Now, as in the necessity part, one can show that 2, +-- -+
Qgsfl] = Q,, where Q; is the subspace §2; for the closed-
loop system. Therefore, by (i¢), (i7i) and (iv), dyi?“fl] €
Q; +spany{dv; }. By Lemma 2, system (1) is i/o decoupled.
|

Next, we give a simple sufficient condition for the strict
linearizability of functions ¢; in (iv) of Theorem 2. For
general input-output linearization problem, see [6].

Theorem 3: Functions ; in (iv) of Theorem 2 are strictly
linearizable by dynamic measurement feedback if there exist
functions ¢; ; € spang{dy,...,dyl=Y, du,...,duli=1}
for j =1,...,s, such that

d(pi - d¢i,s('a5¢u,uayau;’/: 1»“')3_1) (16)
O5¢i,s—1('76¢ﬂ,V7y7u; v = 17 cees 8 — 2) O
-+ 0061 (y,u)
where = 1,...,m and
dim(spanc{d¢; ;,1 < j < j;}) =m. (17)

Proof: By condition (i) of Theorem 2 the indices j;,
defined by (3), are finite. Then set?

¢i,‘r(')
¢i,s(')

for 7 = j;,...,s—1. Because of (17), one can find a dynamic
measurement feedback by solving (18), (19) with respect
to the variables u and nl[ll, T = Jiy...,8 — 1. Then, from
(19) and (16) one concludes that in the closed-loop system
de; = dv;. Thus, the functions ¢; are strictly linearizable. B

(18)
19)

Ni,r
Ch

2Note that here 7 = j;,...,s — 1. This is because functions i g, J =
1,...,7; — 1 depend by (3) and (17) on functions ¢; ;.
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The main difficulty in checking the conditions of Theorem
3 is related to finding the functions ¢;;, 7 = 1,...,s.
Below an algorithm is given for searching such functions
whenever they exist. The algorithm is based on the input-
output linearization algorithm, introduced in [5]. The main
difference is that the one-forms @, , are defined differently
to make the Algorithm more transparent, and the number of
functions ¢; equals to the number of inputs u;.

Algorithm.

Step 0. Find the one-forms w;, defined in condition (%i7)
and (i) of Theorem 2.

Step 1. Let

q
Wil = Zai,l,udy
p=1

i1 B €K

be such that w; — @;1 € &£°"!. Check whether v;; =
rank ;1 = 1. If not, then stop, the conditions of Theorem
3 are not satisfied. Otherwise, let ¢; 1 be such that @w; =
m;d(6°"1¢; 1) for some m; € K.

Stepp. p=2,...,5s—1) Let

q m p—1
Gip = O CipudyE 43 B dul T > 6,
p=1 j=1 =1
i Bips €K
be such that w; — @, , € £97P. Check whether

da; p A@ip Ad(8%pj1) = 0,

[s—1
m

L+ Z 51‘,1,de5571]

Jj=1

wherej=1,...,m,l=1,...,p—landk =s—p,...,s—1.
If not, then stop. Otherwise, there exist 7y, 0;; € K such that

m p—1

Gip=7(@ip+ D> 0;,4(5%6,,))

j=11=1

is exact (k = s —p,...,s — 1). Then define ¢;, such that
Gip = (6", ).

Step s. Define ¢; s = ;, i.e. such that w; = \;d¢; s for
some A; € K. End of the algorithm.

In the case when the controlled output y. is measurable,
i.e. y« = y, one gets from Theorems 2 and 3 the following
two corollaries.

Corollary 1: Under the assumption that the relative de-
grees r; of outputs y,; are finite, the system of the form
(1) is i/o decoupable by dynamic output feedback iff the
following conditions are satisfied

(1) the system (1) is right-invertible with respect to con-
trolled outputs y..;
(ii) there exists S > Jmaz — 7 + 1 such that

Ayl e 4 4l

+spany{dy., .. ., dyLs_l],du7 . ,du[sfl]};
(iii) there exist one-forms w; € span{dys., ... ,dy,[f_l],
du, ...,dul*=1} with rank 1 such that
Ayl —w e i+ P,
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(iv) for w; = \;de;, the functions ¢; (v, . .. ,yg[f*l], U, ...

u[s_l]) are strictly linearizable by dynamic feedback.
Corollary 2: Functions ¢; in (iv) of Corollary 1 are
strictly linearizable by dynamic output feedback if there exist

)

functions ¢; ; € spang{dy.,... ,dyy_l],du, .. .,du[j—l]},
7 =1,...,s, such that
dgpl — d¢i,s('76¢,u,l/7y*au;yzla"'as_l)
0(5(]574"5,1('7 6¢,u,1/7y*7u; V= 17 ceey S 2) o
"°5¢i,1(y*,u)
where 4 =1,...,m and

dim(spang{dgy;, 1 < j < ji}) = m.

Consider the system (1) without measured output y. In [7],
it has been shown that such system can be i/o decoupled by
state feedback if and only if it is right invertible, i.e condition
(3) is satisfied. Next, we explain briefly that, when we take
y = xz, the conditions of Theorem 2 become necessary
and sufficient condition for i/o decoupling problem by state
feedback. For this, we show, that in the case of y = =z,
the conditions (i4), (#i7) and (iv) of Theorem 2 are always
satisfied.

Note that, when y = x, then span{dy,...,dy*=, du,

,dul~1} = spang{dz,du,...,dul*"1} and since
dyyf_s Ue spang{dz,du, ..., dul*"1} fori =1,...,m,
the condition (m% is always satisfied. Also, one can take
w; = dyl" T Y then condition (iii) of Theorem 2 is
satisfied. It also means that ¢; =y~ in condition (iv)
of Theorem 2 and these functions are linearizable if and only
if the given system is right-invertible. Thus, condition (iv)
of Theorem 2 is always satisfied if system (1) with y = z is
right-invertible.

1V. EXAMPLE

Consider a system described by the difference equations

xi = (r3+Ta)ug —x2
UL T
a:[;] _ 125 o
T4
2 = iz
3 143
1
xL] (x3 + x4)urTs
U T
JJ[51] _ U2®s 20)
T4
Y1 = T, Yx2 = T4
x5
Y1 = T3+ xTg4 Yo=—
T4

We check if the conditions of Theorem 2 are satisfied for
system (20). First, note that the relative degrees of outputs
y1 and yy are r; = r9 = 1. Since

(1]

Yi = (T3 t+Ta)ur — a2
2] 2 ] U1T5\ U2T5
y*2 - y*l 9
T4 T4

T
one gets rank;g(y*la% = 2. Therefore, the system (20)
is right-invertible and j; = 1, jo = 2. The subspaces );
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are, according to Lemma 1, ©; = spany{dz;,dzs} and
0y = spang{dz4}.
Since s has to satisfy the inequalities s > jq0 —

for 7 = 1, 2, the first choice for s is s = 2. Compute

r, +1

dyg] = Ugl]dygl] + yﬁ”du[f] — yodus —urdys — day
e U+ Q[ll] + spany{du, dy, dul, dym}
dyld = wayyidul! + uayoulldyl! + youly{dus
e
€ O+ Q[Q] + span{du, dy, dul, dym}

and really, condition (i7) of Theorem 2 is satisfied. Choosing

ulagl + yMaul! — yoduy —urdys

wy =
= d(ul! - you)
wo = ugyoytdul) + ugyouldyM + youllylMdu,
+ugullyMays = dulyiuays),

then the condition (éi4) is also satisfied. To check the
condition (iv), we use Theorem 3. For that, apply Algorithm
to the one forms w; and ws.

Step 1. Take

WUyl 4yl

uzyzyg

w11 =

s

]du[l] + ugygu[l ]dy[l].

w21 =
It is obvious that the ranks of these one-forms are 1, because
w11 = d(ygl]u[ll]) and Wy = ygugd(yg]u[l]) Thus, one
takes @11 = @21 = Y1U1.
Step 2. Since this is the last step, one takes ¢q o
(1], [1] (1], [1]

yr uy — Your = 0011 —urye and ¢op = uy Y uyz =
092 1u2Ya.

It is easy to check that
dim(spang{d¢1,1, dgo,1,dg22}) = m. Therefore,

conditions of Theorem 3 are satisfied.

Using the functions ¢; ; from Algorithm 1, one can find
the feedback that decouples the system, as suggested in the
proof of Theorem 3. For that, take

mi = ¢1,1 =Yiu
vo= iz =0t —wye @D
Vy = oo = 771 1U2y2

(1]

Solving equations (21) in terms of u;, uz and 7; 7, one gets

the decoupling feedback

n 1,192
= + ——
M v
w = L (22)
Y1
V2Y1
Ug =

Yy2(y1v1 +M11y2)
For the closed-loop system one gets 7y =79 =7;+s—1 =2
and
2
dy??
2
dy’3

dvy — dxy € Qy + spany{dv; }
dvy € Qs + spany{dva },
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which means that by Lemma 2, the closed-loop system is i/o
decoupled.

V. CONCLUSION

A necessary and sufficient conditions for the solvability of
i/0 decoupling problem by static and dynamic measurement
feedback was given in this paper. The solution, given in
this paper, depends on the linearization of certain functions
by output feedback. A sufficient condition was given to
linearize a set of functions, defined in the solution of the i/o
decoupling problem. The dynamic output feedback solution
was also given, based on the dynamic measurement feedback
solution.
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