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Abstract—In this paper a partially model-free reinforcement 

learning (RL) algorithm based on experience replay is 

developed for finding online the Nash equilibrium solution of 

the multi-player nonzero-sum (NZS) differential games. In 

order to avoid the performance degradation or even system 

instability, the amplitude limitation on the control inputs is 

considered in the design procedure. The proposed algorithm is 

implemented on actor-critic structure for every player in the 

game, where both actor and critic networks are tuned at the 

same time. The game players learn online the solution of the 

constrained coupled Hamilton-Jacobi (HJ) equations, without 

using any knowledge on the internal system dynamics. The idea 

of experience replay is used to relax the requirement for 

checking the restrictive persistence of excitation (PE) condition 

which is difficult to verify or implement online. The closed-loop 

stability is analyzed and the convergence to the Nash 

equilibrium of the game is shown. A simulation study example 

is provided showing the effectiveness of the proposed approach. 

I. INTRODUCTION 

IFFRENTIAL games adapt characteristics from game 

theory and optimal control theory, having many 

potential applications in control engineering, economics, 

military [1], etc. Nonzero-sum (NZS) differential games are 

generalization of optimal control theory in situations where 

more than one player or controller make decision to control 

a single nonlinear system, each tries to minimize his own 

performance criterion [2]. 

For nonlinear dynamical systems, finding Nash 

equilibrium solution to the NZS games is equivalent to 

solving the coupled Hamilton-Jacobi (HJ) equations. 

However, solving the coupled HJ equations is a very 

difficult problem and an alternative approach is to find the 

approximate solution. For linear systems with quadratic cost 

functions, solving NZS game requires obtaining the solution 

to the coupled algebraic Riccati equations (AREs) [3-5]. In 

[5], [6], solution of coupled AREs was considered by means 

of offline iterative procedures. 

Policy iteration (PI) algorithm [7] is particular class of 

reinforcement learning (RL) [8] techniques which provides 

effective means of learning solutions to the coupled HJ 

equations in an online manner. The PI algorithm is based on 

two steps of policy evaluation to determine the value 

function and policy improvement to obtain improved 

policies.  
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Although great progress has been done in developing RL 

algorithms that provide online solution to the one player 

game [9-11], and two-player zero-sum (ZS) game [12-14]; 

however, fewer results are available considering NZS games 

of continuous-time (CT) systems. 

An algorithm based on PI was proposed in [15] that 

provides online solution to the linear quadratic Nash NZS 

games for partially-unknown CT systems. Vamvoudakis and 

Lewis [16] introduced an online model-based synchronous 

PI algorithm on actor-critic neural network (NN) structure 

for solving the multi-player NZS games which involves 

synchronous adaptation of both actor and critic NNs 

associated with each player in the game. This work was 

subsequently extended in [17], for partially-unknown 

nonlinear CT systems. In [18], approximate dynamic 

programming algorithm was developed to solve the two-

player NZS games of nonlinear CT systems with known 

dynamics, where only a critic network was used for every 

player instead of dual actor-critic network. Although 

efficient; however, the aforementioned work in [15-18], did 

not take into account the saturation nonlinearity which is 

unavoidable in most actuators. In fact, neglecting of actuator 

saturation can be source of performance degradation or even 

instability of the closed-loop system.  

Another important issue in existing RL-based adaptive 

optimal control methods for solving differential games is the 

need to ensure the persistence of excitation (PE) condition 

for parameter convergence. This condition is very difficult to 

implement in practical control algorithms. The idea of 

experience replay (ER) was employed in [19] to guarantee 

parameter convergence in direct adaptive control without 

relying on PE condition. However, their work does not 

consider any optimality guarantees on the closed-loop 

system. Modares et. al [20, 21], proposed an online 

algorithm which uses the idea of ER for solving the optimal 

control of constrained-input CT systems (Solution of 

Hamilton-Jacobi-Bellman equation).  

In this paper we aim to extend the effort in [20, 21] and 

develop an online algorithm based on PI to solve N-player 

NZS differential games for partially-unknown dynamical 

systems with amplitude limitation on control inputs and 

relaxed PE. It should be noted that when NZS is considered 

the problem become more difficult due to the existing of 

coupling terms in the coupled HJ equations which results in 

a difficulty challenge in obtaining tuning laws for the critic 

and actor NN weights to guarantee the stability of the system 

while converging to the Nash solution of the game. The 

nonquadratic cost functional is employed to encode the input 
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constraints into the NZS differential games and derive the 

corresponding coupled HJ equations in contrast to [15-18], 

where no input saturation is considered. Moreover, the need 

to check for the restrictive PE condition is relaxed in 

comparison to other online adaptive optimal procedures [12-

18] for solving differential games, where the system states 

need to be PE for parameter convergence. N-critic and N-

actor structures are used to approximate the optimal control 

laws and the optimal value functions, where all NNs are 

tuned at the same time. The stability of the system is 

analyzed in the sense of Lyapunov and the convergence to 

the Nash equilibrium is shown.  

The paper is organized as follows. Formulation of 

constrained N-player NZS games is derived in the next 

section. In section III, an offline PI algorithm for solving the 

coupled HJ equations is introduced. Main results of this 

paper are presented in section IV where an online ER RL 

algorithm based on PI is introduced for finding the Nash 

equilibrium solution to the NZS game. Sections V, VI show 

simulation study and discussion of the results, respectively. 

II. PROBLEM FORMULATION 

A. Constrained multi-player nonzero-sum games 

Consider the following N-player nonlinear differential 

game  


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where 
nx   is the state vector, jm

ju 
 
are players. We 

assume that
nf (.) , jmn

jg


(.)  are locally Lipschitz, 

and system (1) is zero-state observable on the compact set 

Ω  [22].  

Definition 1. A set of feedback control policies 

 Nixui );(
 

 is admissible on Ω , if the dynamics of 

closed-loop system (1) are stable and the cost function for 

the given set have finite value. 

For admissible control policies, define the cost function as 
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where 0(.) iQ , and (.)iM  is positive definite. To 

consider the input constraints, a nonquadratic functional 

associated with player i , is employed as follows [23] 
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where jm

jv  , ju  is saturating bound for actuators, 

0iiR  , 0ijR  are considered to be diagonal matrices for 

simplicity of analysis, and tanh(.)(.)  .                                                     

Definition 2 [2]. The set of control strategies  **
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A differential equivalent to each value function is given 

by the following nonlinear Lyapunov equations  
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where in
ii xVV  /  is the partial derivative of value 

function. According to the Bellman’s optimality principle, 

the optimal control policies are obtained as 
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where
*

iV , Ni are solutions to the N-coupled Hamilton-

Jacobi (HJ) equations  
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where jm

j
T
jjjjj VgRuD   *1* )2/1( , 1 is a column vector 

with all its elements equal to 1, jm

ijR



1

. Since the 

coupled HJ equations in (8) are difficult to solve, an 

approximate solution is sought. 

B. Offline PI algorithm to solve coupled HJ equations 

An offline PI algorithm is now introduced that solves the 

coupled HJ equations by iterating on the Lyapunov 

equations in (6). Note that for any time Tt  , and any time 

interval 0T , the value function (2) satisfies [9] 
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where Ni . It is shown in [9] that (6) and (9) have the 

same solution for the one player game. Using (9), the 

following PI algorithm can be used to solve the coupled HJ 

(8) using only partial knowledge of the system dynamics.  
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Offline PI Algorithm  

Given initial admissible policies 00

1 ,..., Nuu , determine the 

computation accuracy   

Do for ...,2,1,0l  

Solve for the constrained N-tuple of cost )(),...,(1 xVxV l
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Update the N-tuple of feedback control policies 
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Similar to [17], we solve the two-player NZS game. The 

method can be directly extended to more than two players. 

Consider the nonlinear affine in the input dynamical system 

)()()()()( 2211 xuxgxuxgxfx                                   (12)                                                                                          

According to the Weirstrass high-order approximation 

theorem [24], there exist neural networks such that the 

solutions 2,1),( ixVi , and their gradients are uniformly 

approximated on a compact set Ω [25] 
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where
Pn

i x :)(
 
are linearly independent activation 

function basis set vectors for the cost functions, )(xi  are 

NN approximation errors, 
P

i RW   are constant parameter 

vectors, and P  is the number of neurons in the hidden layer.  

Assumption 1 [17].  

a. The NN activation functions and their gradients are 

bounded as ii bx  )( , ixi bx   )( , 2,1i . The NN 

approximation errors and their gradients are bounded as 

ii bx  )( , ixi bx   )( , 2,1i over the compact set Ω . 

b. The functions f , (.)ig , are uniformly bounded on the 

compact set Ω , i.e., xbxf f)( , 2,1,)(  ibxg gii . 

By using the value function approximation (VFA) NN in 

(13), the Bellman errors based on (9) becomes 
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where Bi 2,1i , are NZS Bellman equation errors due to 

the NN approximation error and are obtained as 
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Next, using (15)-(17), the constrained coupled HJ 

equations associated with first and second player are  
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where i

T

i

T

iiiii WgRuD  1)2/1( , and CHJi , 2,1i , are the 

coupled HJ approximation errors due to the function 

approximation error. The coupled HJ approximation errors 

are bounded by constants, i.e., himCHJix  sup  [17].  

Similarly, according to (7) the ideal optimal feedback 

control policies can be approximated as 

)
2

1
tanh()( 1

i

T

i

T

iii

i

ii WgR
u

uxu  
, 2,1i                   (20)                                                                                                                                                                                 

III. ONLINE ER RL ALGORITHM FOR NZS GAME 

An online ER-based algorithm based on the PI algorithm 

in the previous section is now given that solves the NZS 

games of constrained-input systems without using any 

knowledge on the internal system dynamics. An actor-critic 

structure is considered for each player, where both actor and 

critic are tuned online at the same time.  

A. Critic NNs using the technique of ER 

Since the ideal weights iW are unknown, one must 

consider the current weight estimates. Hence, the output of 

the critic NNs can be written as 
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The approximate Bellman equations become  
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where the errors ie , 2,1i , are Temporal Difference (TD) 

errors and the objective is to bring them to their minimum 

values. In order to obtain a convergence of iŴ , to their 

optimal values and eliminate the need to ensure the PE 

condition, the idea of ER is employed [19-21]. By this, the 

critic NN weights for each player are adapted online using 

recorded past data, concurrently with current data. We 

define the TD errors corresponding to the previous data as 
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integral term in (23) are evaluated at time history 

lktk ,...,1,  , and are stored in history stack. The aim is to 

select iŴ , to minimize the following performance error 
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where  Zl is the size of the history stack and Z is the set 

of only positive integer numbers. The tuning for the critic 

NNs can be obtained by using a gradient-descent rule as 
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where 0ia , 2,1i  are the learning rates. The error 

dynamics for the critic NN weights can be written as
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where iii WWW ˆ~
 . Note that in (25) and (26) the time t is 

used for the current time and the index k is the k-th sample 

data stored in history stack.  

Condition 1. By using the ER-based tuning laws (25), the 

only condition should be checked for parameter convergence 

is that the number of linearly independent data in 

 )(),...,( 1 kiii tt   , with )1/(  i

T

iii  , 

corresponding to the first and second NN weights, should be 

equal to the dimension of the basis function in (13), that is, 

2,1,)(  iPYrank i .  

Technical Lemma 1. Let the critic NNs (13) with the ER-

based update laws in (25) are used to evaluate the given 

admissible control policies iu . Then, for 0)( tBi , iŴ , 

converge exponentially to the unknown weights iW . 

Moreover, for bounded )(tBi , iW
~

 converge exponentially to 

the residual sets }
~

|
~

{ miiiisi cWWR  , where mi  are 

bounds for )(tBi , and 2,1, ici are constants. 

Proof. Follows as in Modares et al. [21].                        ■ 

B. Tuning of actor NNs 

The objective of this section is to find the control 

feedback policies which minimize the approximated cost 

functions in (25). The ideal control policies according to 

(20) are unknown due to unknown weights iW . Therefore, 

we define the actor NNs which compute the constrained 

control inputs as 

 311

1

11111
ˆ)2/1(tanh)(ˆ WgRuuxu TT                              (27)                                                                                                                            

 422

1

22222
ˆ)2/1(tanh)(ˆ WgRuuxu TT  

                          (28)                                                                                                                                  

where 3Ŵ , 4Ŵ  are current estimated values of the ideal 

weights 1W , 2W , and 313
ˆ~

WWW  , 424
ˆ~

WWW   are actor 

NN estimation errors.  Note that in order to guarantee the 

closed-loop stability, the control policies in (20) are defined 

in the form of nonstandard actor NNs in (27), (28). 
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Let the actor NN tuning laws for the first and second 

player be provided by 
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where 3/3Tah ii  , 1 i

T

iis  , )1/(1  i

T

ii  , 

for 2,1i , and 01 B ,  02 B are tuning parameters, and 

 )ˆtanh()ˆtanh( 111111 DDug       (32)                                                                                          

 )ˆtanh()ˆtanh( 2212222222 DDRRug T                    (33)                                                                             

 )ˆtanh()ˆtanh( 1121111111 DDRRug T                       (34)                                                                                

 )ˆtanh()ˆtanh( 222222 DDug                                (35) 

where  

311

1

1111
ˆ)2/1(ˆ WgRuD TT   , 422

1

2222
ˆ)2/1(ˆ WgRuD TT   .  

Then, the closed-loop system states x, the critic NN errors 

1

~
W , 2

~
W  , and the actor NN errors 

3

~
W , 

4

~
W  , are all UUB for 

sufficiently large number of NN neurons, provided that 
3/3 Tai                                                                           (36)                                                                                                                  

   2,1,)2/()2/(4 2

22

2

11  isasalB T

ii

T

iii       (37)                                                                          

Proof. Proof is not provided due to page limitation.          ■                                                                                                              

Remark 1. In the proposed algorithm the players in the game 

learn online the optimal policies corresponding to the Nash 

equilibrium of the game without using the knowledge on the 

internal dynamics of the system.  

Remark 2. Note that for the ER-based PI algorithm the 

restrictive PE condition is relaxed to the condition 1 that can 

easily be checked online.  

Theorem 2 (Convergence). Given that the assumptions in 

Theorem 1 hold, then the actor and critic NNs converge to 

the approximate coupled HJ solution.  

Proof. Consider all the UUB weight errors in Theorem 1. 

The approximate constrained coupled HJ equations 

associated with first player is 
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(38) 

and likewise is derived for the second player. After adding 

zero from HJ equations in (18) and (19) and using the fact 

that 111
ˆ~

WWW  , 313
ˆ~
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WWW  , one has 
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and similarly is obtained for the second player. Now using 

Assumption 1, taking norms in (39) reveals 
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(40) 

where

      mhDDDD
RuRu 1ˆ12max

2

2ˆ11max

2

11 2211
    

, and mh1 , is bounds for 1CHJ . One can likewise derive for 

the second player. All the signals on the right hand side of 

(40) is UUB. Therefore, )ˆ,ˆ,ˆ,( 2111 uuWxH  and 

)ˆ,ˆ,ˆ,( 2122 uuWxH are UUB and convergence to the 

approximate coupled HJ solutions is obtained. This 

completes the proof.                                                           ■ 

Theorem 3. Given that the assumptions in Theorem 1 hold, 

then 1û  and 2û  converge to the approximate Nash 

equilibrium solution of the NZS game. 

Proof. Consider 1û  and 2û  in (27) and (28). Then one has 
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~

()2/(1tanh(

))2/(1tanh(
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Hence, 11 ûu  and 22 ûu   are UUB. Therefore, the pair 

 21
ˆ,ˆ uu  gives the approximate Nash equilibrium solution of 

the NZS game and this completes the proof.     ■ 

MTNS 2014
Groningen, The Netherlands

705



 

 

 

IV. SIMULATION STUDY 

Let us consider the following affine in input nonlinear 

system [17] 


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(43)              

We use the online PI algorithm in theorem 2 to solve the 

two-player NZS game for the system (43). The objective is 

to control the system (43) with the control constraints of 

59.0,59.0 21  uu . The weighting matrices are selected 

as IQIQ  21 ,2 , 111 R , 212 R , 121 R , 5.022 R , 

where I is the identity matrix of appropriate dimension. The 

tuning matrices are IBB 4021  . The critic NN activation 

functions are generated from a second order polynomial 

order as  Txxxxxx 2

221

2

121 )()(  . During learning 

process, a probing noise is added to the both control inputs 

to excite the system states. The simulation is run for 300 

seconds. At the end of the learning process the parameters of 

the first critic NN weights converge to 1Ŵ [0.3420 0.2647 

1.147], while the parameters of second critic NN converge to 

2Ŵ [0.2955 0.3336 1.0470]. Figs 1, 2 show convergence 

of the first and second critic NN weights. Fig 3 demonstrates 

the states of the system during online learning process. The 

probing noise is no longer required and is thus removed after 

250s. Then, the system states converge to zero.  

It can be observed from figs 1, 2 that the convergence of the 

critic NN weights has occurred after nearly 150s, and the 

proposed online algorithm has determined the solution of the 

game without requirement to ensure the PE condition. 

 

 
Figure 1.  Convergence of the first critic NN parameters. 

  

 
Figure 2.  Convergence of the second critic NN parameters.  

 

Figure 3.  System states during learning process.  

 

V. CONCLUSION 

In this paper, an online ER-based RL algorithm was 

developed to solve coupled HJ equations in NZS games for 

constrained-input partially-unknown systems. By using the 

technique of ER the need to assure the PE condition for 

convergence the algorithm was relaxed to a simplified 

condition on recorded data. The stability of the closed-loop 

system in the presence of bounded NN reconstruction errors 

was guaranteed and convergence of the proposed algorithm 

to the Nash equilibrium of the NZS game was shown.  
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