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Affine Feedback Transformation Group for Nonlinear SISO Systems

W. Steven Gray!

Abstract— This paper describes a feedback transformation
group for the class of nonlinear single-input, single-output
systems that can be represented in terms of Chen-Fliess
functional expansions. There is no a priori requirement that
these input-output systems have a state space realization, so
the results presented here are independent of any particular
state space coordinate system or state space embedding when a
realization is available. The group is referred to as affine since
it can always represent the input-output feedback linearization
law of any control affine state space realization having a well
defined relative degree in the usual sense. It is further shown
in a coordinate free fashion that the invariants of this trans-
formation group correspond exactly with transfer functions of
Brunovsky forms when the group acts on a generating series
having a well defined relative degree (defined purely from an
input-output point of view). This represents a generalization
of the author’s previous work where a significantly smaller
subgroup of this transformation group was considered.

Index Terms— Nonlinear control systems, formal power se-
ries, Chen-Fliess series, transformation groups

AMS Subject Classifications—93C10, 16T30

I. INTRODUCTION

Let G be a group and S a given set. G is said to act as
a transformation group on the right of S if there exists a
mapping ¢ : S X G — S : (h,g) — hg such that:

i. hl=h, 1 is the identity element of G;

ii. h(g192) = (hg1)go for all g1,92 € G .
The action is said to be free if hg = h implies that
g = 1. Transformation groups have been used extensively
in system theory since its inception. The early work of
Brockett, Krener and others in the case of linear systems
[3], [4] and nonlinear state space systems [2], [19] has
been important in understanding the role of invariance under
feedback and coordinate transformations. More recently in
[13], a feedback transformation group was presented for the
class of nonlinear single-input, single-output (SISO) systems
that can be represented in terms of Chen-Fliess functional
expansions, so called Fliess operators [7], [8]. There was
no a priori requirement that these input-output systems have
a state space realization, so the results presented there are
independent of any particular state space coordinate system
or state space embedding when a realization is available. In
particular, it was shown that this feedback transformation
group leaves a certain subseries of an operator’s generating
series invariant. The order, r, of this invariant subseries
corresponds to the notion of relative degree (defined purely
from an input-output point of view) when it is well defined.
Such a subseries does not, however, coincide with the transfer
function of the Brunovsky form, 1/s", unless the generating
series has a stronger notion of relative degree referred
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to as extended relative degree. It was mentioned in [13]
that this fact hints at the possibility of a larger feedback
transformation group for this class of input-output systems
whose invariants do correspond exactly to Brunovsky forms.
In this paper, that group is presented. It is referred to as
affine since it can always represent the input-output feedback
linearization law of any control affine state space realization
having a well defined relative degree in the usual sense
[18]. The generalization requires a nontrivial extension of the
approach applied in [13], as well as the combinatorial tools
used in [11]-[17] to characterize system interconnections.
The focus here will be exclusively on describing the group
and its invariants when it acts on series having well defined
relative degree. A characterization of the Hopf algebra un-
derlying its dual, as was done for the smaller transformation
group in [9]-[12] will be deferred to a later publication. Such
Hopf algebras provide explicit computational tools to do, for
example, analytical system inversion as demonstrated in [15],
[17].

The paper is organized as follows. In the next section, a
few key preliminary concepts are briefly outlined and some
required tools related to the shuffle algebra are presented.
In Section III the new transformation group is described
in detail. In the subsequent section, the invariance theory
is presented. The paper’s conclusions are given in the final
section.

II. PRELIMINARIES

A finite nonempty set of noncommuting symbols X =
{xo,z1,..., 2y} is called an alphabet. Each element of X
is called a letter, and any finite sequence of letters from X,
1N = Zi, - T, is called a word over X. The length of n,
|n], is the number of letters in 7. The set of all words with
length k is denoted by X*. The set of all words including
the empty word, (J, is designated by X*. It forms a monoid
under catenation. The set n.X * is comprised of all words with
the prefix 7. Any mapping ¢ : X* — R is called a formal
power series. The value of ¢ at n € X* is written as (c,7)
and called the coefficient of n in c. Typically, c is represented
as the formal sum ¢ = _ . (c,n)n. If the constant term
(c,0) = 0 then c is said to be proper. The support of c,
supp(c), is the set of all words having nonzero coefficients.
The order of ¢, ord(c), is the length of the shortest word in its
support. The collection of all formal power series over X is
denoted by R?((X)). It forms an associative R-algebra under
the catenation product and a commutative and associative R-
algebra under the shuffle product, denoted here by s [1],
[7].

A. Fliess Operators and Their Interconnections

One can formally associate with any series ¢ € R*((X))
a causal m-input, f-output operator, F,, in the following
manner. Let p > 1 and ¢, < t; be given. For a Lebesgue
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measurable function u : [to,t:] — R™, define |lul], =
max{[uf, : 1 < i < m}, where [ju]], is the usual
Ly-norm for a measurable real-valued function, u;, defined
on [to,t1]. Let Ly'[to,t1] denote the set of all measurable
functions defined on [tg,t;] having a finite |-||, norm
and B?(R)[to,tl] = {U € Lgb[to,tl] : ||u||p < R}
Assume Ctg, 1] is the subset of continuous functions in
L"[to,t1]. Define inductively for each n € X* the map
E, : LT"[tg, t1] — Clto, t1] by setting Ey[u] = 1 and letting

t

By lu)(t, to) = / ws(7) Ey ) (7, t0) dr,
to

where z; € X, n € X*, and ug = 1. The input-output

operator corresponding to c is the Fliess operator

Fc[u](t) = Z (Ca 77) En[u](tvtO)

nex*

(71, [8].

When Fliess operators F, and F,; with ¢ € R((X)) and
d € R™((X)) are interconnected in a cascade fashion, the
composite system F. o Fy; has the Fliess operator representa-
tion F,.q4, where c o d denotes the composition product of ¢
and d as described in [5], [6]. This product is associative and
R-linear in its left argument c. In the event that two Fliess
operators are interconnected to form a feedback system,
the closed-loop system has a Fliess operator representation
whose generating series is the feedback product of ¢ and d,
denoted by c@d [5], [16]. Consider, for example, the SISO
case where X = {zg,z1} and ¢ = 1. Define the set of

operators
ce R{{X))},

where I denotes the identity map. It is convenient to intro-
duce the symbol § as the (fictitious) generating series for the
identity map. That is, F5 := I such that I + F} := Fy5,
F., with ¢5 := § 4+ c. The set of all such generating series
for .Z; is denoted by R{(Xs)). .%s forms a group under the
composition

Fc(;oFd(s (I+FC)O(I+Fd):FC50d57

where csods :=§+d+ cod, and o denotes the modified
composition product [16]." It is of central importance that the
corresponding group (R((Xj)),0,d) has a dual that forms a
Faa di Bruno type Hopf algebra with antipode, «, satisfying

=0t =04 ) (aa)(o)n,
nex=

Fs={I+F, :

where ¢°~! denotes the composition inverse of c,
ap R{(X)) = R:c—(¢c,n)

is the coordinate function for n € X*, and as(cs) := 1 [11].
The antipode can be computed by a recursive algorithm [14].
It is central to describing the feedback product as shown in
the following theorem.

Theorem 2.1: [11] For any ¢,d € R{{X)) it follows that

cQd=cd(—doc)°* ' =co(d—doc) "

IThe same symbol will be used for composition on R{(X)) and
R((Xs)). As elements in these two sets have a distinct notation, i.e., ¢
versus cg, respectively, it will always be clear which product is at play.
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B. Shuffle Product Operations on Ultrametric Spaces

The R-vector space R((X)) with the distance between two
series defined as dist(c,d) = 0°"4¢=9 for some arbitrary
but fixed 0 < o < 1 is a complete ultrametric space [1]. In
this section two lemmas are presented which describe how
the distance between two series are altered by operations
involving the shuffle product. These results are employed in
the next section to prove the existence of a group inverse.

Lemma 2.1: For any series ¢;,d; € R{{X))

dist(c1 wdy,co wds) < max(oord(cl)dist(dl, ds),

o) dist(cq, ¢3)).

Proof: First observe that

diSt(Ci [ dl, C; dg) = O'Otd(ci o (d1—dz))

_ Uord(ci)-ﬁ-ord(dl—dg)
= o) dist(dy, dp).

In which case, from the ultrametric triangle inequality it

follows that

dist(cy widy, co i dy) < max(dist(ey wdy,eq wds),

diSt(Cl L dg, Co dg))
= max (o4 dist(d,, dy),
o) dist ey, ¢9)).
|

Corollary 2.1: For a fixed ¢ € R((X)), the mapping
d +— ¢ d is an ultrametric contraction if ¢ is proper and an
isometry on (R{{X)), dist) otherwise.

Theorem 2.2: [15], [17] The set of non proper series
R, ((X)) C R((X)) is a group under the shuffle product.
In particular, the shuffle inverse of any such series c is
= (60 =) T = (e 0) T )

where ¢ 1 — ¢/(c,0) is proper and (¢/)“*
Zk:O(C/) wk

Lemma 2.2: The shuffle inverse is an isometry for any
¢,d € Ry, ((X)) having identical constant terms.
Proof: For any ¢,d € R{(X)) with (¢,0) = (d,0) # 0

observe

c

Z(Cl)u_tk o (d/)u_tk
k=1
=ord(c —d') = ord(c — d),

ord(¢™ ™1 —d* 1) =ord (

and hence the lemma is proved.

III. TRANSFORMATION GROUP R,,;,({(X5))

It will be assumed henceforth that X = {zg,z;} and
¢ = 1, which corresponds to a SISO system. The first
step in building the affine group is to redefine R{(Xs)) in
terms of pairs of series and then to generalize the modified
composition product in a consistent fashion.

Definition 3.1: Consider a pair of series ds = (dr,dR) €
R{(X)) x R((X)) =: R({X5s)). Define the mixed composi-
tion product mapping R{(X)) x R{{Xj)) into R({X)) as

cdds = ¢a(c)(1) = Y _ (e,n) pa(n)(1),

nex*
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where ¢4 is the continuous (in the ultrametric sense) algebra
homomorphism from R{{(X)) to End(R((X))) uniquely

specified by ¢a(z:n) = ¢a(xi) o pa(n) with
ba(zo)(e) = woe, ¢a(z1)(e) = z1(dr we) + zo(dr we)

for any e € R{(X)), and where ¢4()) denotes the identity
map on R((X)).

It is immediate that the mixed composition product re-
duces to the modified composition product where ds = d 6+
dR|d; =1 in the notation of Section II. Some fundamental
properties of this product are given next.

Lemma 3.1: The mixed composition product on R{(X)) x
R{(Xs))

D
(@)
3

is left R-linear;

satisfies ¢4 (1,0) = ¢;

satisfies co ds = k € R for any fixed d; if and only
if ¢ = k2

satisfies (xgc) 6ds = xo(c dds) and (x1¢) 5ds =
xl(dL L (C C~>d5)) + .%‘Q(dR L (C o d[;));

distributes to the left over the shuffle product.

“

&)
Proof:
(1) This fact follows directly from the definition of the mixed
composition product.

(2) The claim is immediate since ¢(1,0)(1)(1) = 7.

(3) The only non trivial assertion is that ¢ 6 ds = k implies
¢ = k. This claim is best handled in a Hopf algebra setting.
So this part of the proof will be deferred till those tools are
presented in a subsequent publication. However, the special
case where d;, = 1 is treated as such in [14].

(4) Observe:

pa(roc)(1) = ¢a(wo) o palc)(1) =
(z1€) 3ds = ga(x10)(1) = da(z1) © Palc)(1)
=x1(dr, w (cods)) + wo(dr w (¢S ds)).

(5) One can define a shuffle product within End(R{(X)))
via

(zoc) 0ds = xo(cSds)

¢e(xi77) L d)e(ng) = d’e(%) © [¢e(77) L ¢e(xjf)]+

¢e(ajj) 0 [¢e($in) L ¢e(§)]

In which case, ¢. acts as an algebra map between the
shuffle algebra on R((X)) and the shuffle algebra within
End(R{(X))). That is, ¢c(c i d) = ¢e(c) w pe(d). Hence,
(cwd) ses = delcwd)(1) = de(O)(1)wde(d)(1) =
(coes)w (does). [ |

It is easily checked that
dist(cs, ds) := max(dist(cy,, dr,), dist(cr, dR))

is an ultrametric on R({X5)).> The following lemma states
that the mixed composition product acts as an ultrametric
contraction on this space.

Lemma 3.2: For any ¢ € R{(X)) and ds1,ds2
R((X5)) it follows that

S

dist(cdds 1, cddss) < 0N dist(ds 1, dy2),

2For notational convenience, ¢ = k{ is written as ¢ = k.
3Using dist for both the ultrametric on R{(X)) and R{(X;s)) causes
minimal confusion since their arguments are distinct.
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where ¢ = (¢,0)0 + /. In which case, the mixed compo-
sition product acts as a contraction from (R{(Xj)),dist) to

(R({X)), dist).

Proof: For a fixed dg, consider the map d, — ¢35 (dy,,dR).

Likewise, for a fixed dj, there is a companion map dgr

(¢&(dp,dgr)). It is first shown that on the ultrametric space
(R((XY), dist):

o4 dist(dp, 1, dr 2)

(1a)
diSt(C o (dL, dR,l)a C o (dL, dR’2)> S Uord(c/)dist(dR’l, dR,Q).
(1b)

The first step is to verify that (1a) holds when ¢ =7 € X*.
It is shown by induction on the length of 7 that

ord(¢a, (n)(1) = ¢a, (n)(1)) = [n] + ord(dr,1 — dr2), (2)

where ds; = (dr;,dr) and dr; # 0 (the nondegenerate
case). The claim is trivial when 7 is empty or a single letter.
Assume the inequality holds for words up to length k& > 0.
For any zon with n € X, inequality (2) follows directly
from the induction hypothesis. The case for x17 is handled
as follows:

ord(¢q, (z17)(1) — ¢a, (x1n)(1))

= ord(21[dr,1 w da, ()(1) — dr2 w ¢a, () (1)]+
zoldr v (¢a, (M) (1) — ¢4, (n)(1))])

= ord(z1[(dr,1 — dr2) w ¢, (n)(1)+
dr2 v (¢a, (M) (1) — @4, ()(1))]+
zoldr w (¢a, (M) (1) — ¢a,(n)(1))])

> 1+ min(ord([dz,1 — dr 2] w éa, (1)(1)),
ord(dp.2 w [pa, (n)(1) — ¢a, () (1)]),
ord(dr w [¢a, (7)(1) = da, (n)(1)]))

> 1+ min(ord(dp 1 — dr2) + 1], ord(¢a, (n)(1)—
ba,(n)(1)))

=|n|+1+ord(dr1 —dr2)-

diSt(C o (dL,l»dR)a co (dL’Q, dR)) §

In which case, (2) holds for any 7 € X*. The inequality (1a)
is now derived. Observe
dist(c 6 (dp,1,dR),c5(dr2,dR))
= diSt(C/ o (dL,la dR), da (dL,27 dR))
— gord(3Z, (¢ m)[bay (M) (1) =ay (M) (1))
< oMy esupp(er) 0rd(¢ay () (1) —=day (1)(1))

min, ¢ upp(er) [nl+ord(de,1—dr 2)

<o

_ Uord(C/)dist(dL’h dL,Q)'

The proof for (1b) is completely analogous. The final step
of the proof is to employ the ultrametric triangle inequality
in conjunction with (1). Observe
diSt(C o d571, co d572)
=dist(c o (dr,1,dRr,1),c6(dr2,dR2))
S rnax(dist(c o (dL,h dR,l), co (dLyg, dR,l))7
dist(c S (dr2,dr1),¢5(dL2, dR 2)))
< 024 max(dist(dy, 1, dy, o), dist(dr 1, dR.2))
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_ Uord(c/)dist(dé,la d572)'
|

Analogous to the special case d;, = 1 in [11], where the
modified composition product is used to define the group
product, here the mixed composition product is used to define
a group product on R{(X)) as generalized in Definition 3.1.
Its basic properties are given in the subsequent lemma.

Definition 3.2: The composition product on R{{Xs)) is
defined as

csods = ((er, 6ds) wdy, (¢, 6ds) wdr + cg ods).
Lemma 3.3: The composition product on R{(X5))
(1) is left R-linear;
(2) satisfies (¢ Sds) Ses = ¢S (ds o es) (mixed asso-
ciativity);
(3) 1is associative.
Proof:
(1) This claim is a direct consequence of the left linearity of
the mixed composition product.
(2) In light of the first item it is sufficient to prove the claim
onlyforc:neX’“,kzo.Thecasesk:Oandk: 1 are
trivial. Assume the claim holds up to some fixed k£ > 0. Then
via Lemma 3.1 (4) and the induction hypothesis it follows
that

((wom) 6ds) Ses = (wo(n Sds)) Ses = zo((n Sds) Ses)
=20(nd(dsdes)) = (zon) o (ds Ses).

In a similar fashion, apply the properties in Lemma 3.1 (1),
(4), and (5) to get

((x1m) o ds) Ses

= [z1(dr w (n5ds)) + wo(dr w (7S d5))] Ses
= [z1(dp w (n3ds))] Ses + [vo(dr w (n S5 ds))] S es
= z1ler w ((dp w(ndds)) Ses)|+
zoler w ((dp w (ndds)) des)]+
zo[(dr w (n6ds)) S es]
= z1lep w (dp Ses5) w((ndds) Ses)l+
(dsoes)r,

zo[((dr 5 es) wer +drdes) w((ndds) Ses)].

(dsoes)r

Now employ the induction hypothesis so that

((x1n) 6ds) des = x1[(ds o es)r, wi (NS (ds o es))]+
zo[(ds 0 €5)r s (7 S (ds o €5))]
= (1) & (ds o €s).
Therefore, the claim holds for all n € X*, and the identity
is proved.

(3) First apply Definition 3.2 twice, Lemma 3.1 (1) and (5)
to get

= ((cr, 6ds) wdp, (¢, 6ds) wdr + cr ods) o e

= ([((er 6ds) wdyr) Ses| wer,[((cp 3ds) wdyr) des|
er+ [(cr 0ds) wdr + cr ods) Ses)

= ([(cp, 0ds) Ses)w[dr, des| wer,[(cr, dds) Ses) w
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[dr oes)wer+ ((cr ods)des) i (dr Ses)+
(cr 0ds) Ses).
Now apply the mixed associativity property from the pre-
vious item and then recombine terms according to Defini-
tion 3.2 so that
(csods)oes
= ([cp 6 (dsoes)] w [dr, des]wer,[cr &(dsoes)] w
(dsoes)r,
[dr Ses] wer + (cp 6 (dsoes)) w (dr des)+
cr o (dsoes))
= (e 8 (ds 0 e5)] s (ds 0 €5) 1, [er 6 (ds 0 e5)]
[(dr, Ses) wer +drdes)+crd(dsoes))
(dsoes) r
= ((cs 0 (ds o €5)) L, (cs 0 (ds © €5))r)
= cs 0 (ds o e5),

and the lemma is proved. u

For any ¢5 € R((Xs)) associate the functional Fp,[u] :
uFy, [u] + F,,[u]. The primary motivation behind the two
series products defined above is given in the following
theorem.

Theorem 3.1: For any ¢ € R{(X)) and cs,ds € R((X5))
the following identities hold:

(1) Fcongz cods
(2) FCg; © ng = Cgod(;-
Proof:

(1) It is sufficient to prove the claim for ¢ = n € X*. This
is done by induction on the length of 7). The case for the
empty word is trivial. Assume the identity holds for words
n € X" up to some fixed length k& > 0. Then

Eon 0 Fa; [u](t) = t Ey[Fa,[ul](7,0) dr

to

- / Fysay[ul(7) dr = Fyy 3y [ul(8)

to
= F(xon) Sds [’U,](t)

Similarly,

By Faj [u](?)

- / [u(7) Fay [0)(7) + Fa [u)(7)] Fy 5[] () dr

to

/t W) Fay s 5 [0)(T) + Fag o (05 a5y [ (7) dr

= Fay(dz w (n8ds)+ao(dr w (n 5 dg)) [U)(F)
= Flayn)ods [U)(t)-
Hence, the claim holds for all n € X*.
(2) Observe
Fo; 0 Fy;[u] = (uFe [u] + Feglu]) o (uFa, [u] + Fap[u])
= wFy, [ulFo, [Fas[u]] + Fag [ul Fe,, [Fa, [ul+
Fop[Fas[u]]

= UF(c; 5ds) o dy (U + Flep 5ds) w dg U]+
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Fep5d(ul
= Ul{(cs0dg);, [U] + Flesods)r [U]
= Fesods [u].
n

Let R,,,((Xs)) denote the subset of R((X;s)) with the
defining property that the left series are not proper. A main
result of the paper is given below.

Theorem 3.2: The set (R,,((X5)),0,(1,0)) is a group.
Proof: Using the identities 1 6¢s = 1 and 0 o¢5 = 0, it is
straightforward to show that ¢50(1,0) = (1,0)o0c¢s = (1,0).
Associativity was established in Lemma 3.3 (3). So the only
open issue is the existence of inverses. Suppose c; is fixed
and one seeks a right inverse c; ' = (c5 ', ¢y '), that is,
csocy ' = (1,0). Then it follows directly from Theorem 2.2
and Definition 3.2 that

1

et = (er s (e ey )T G2y
=~ w(erd (e hen ). (3b)

It is first shown that the mapping

—1

Sr:(er,er) —((cLo(er,er)) ™ 7, —er w(cro(er, er)))

is an ultrametric contraction, and therefore, has a unique
fixed point which by design is a right inverse, cgl. Note that
for any e; it follows that (Sg(er,er)r,0) = (cr,0)~1 # 0.
Thus, the fixed point will always be in the group. Then it
is shown that this same series is also a left inverse, that is,
c5 ' ocs = (1,0), or equivalently,

(4a)
(4b)

cr = (cz_1 5(cp,cp)) ™t
CR = —C[, w (C?{l o (CL,CR)).

To establish the first claim, observe via Corollary 2.1 and
Lemma 2.2 that for arbitrary es, €5

dist(Sgr(es), Sr(és))
= max(dist((cr, 5(er,er)) ,(c. 5(eér,€er))
dist(—er, w (cr 6 (er,er)), —€r w (cr 6 (€r,€R))))
< max(dist(cr, 6 (er, er),cr, 6 (€L, €R)),

diSt(CR o (eL, ER), CR © (éL, éR))).

o —1 u_rfl)
)

In which case, from Lemma 3.2 it follows that

dist(Sr(es).Sr(Es))
< max (0L dist((er, er), (éL, €r)),
o) dist((e, er), (eL,R)))
< o dist(es, &s).

To address the second claim, suppose 06_1 satisfies (3a). In
which case,

(crdcy')wey ' =
(crdcg')wi(cg  o(esocst)
(crdcgt)w((c5 ocs)de;t)

(CL L (C%_1 505)) 605_ =

=~ ~—
I

Applying Lemma 3.1 (3) then gives

cr w (C(z_l Ses) =1
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1 1

cr = (¢} " des) ™ T,
which is (4a). If, in addition, c; '
substituting (3a) into (3b) gives

also satisfies (3b), then

eyt =—(cpdc; ) L (erdes ).
Therefore,
—(crdcg!) eyt =crdcs’
(—epw (e Bes)) 5651 = endcs

(crR+cpw(cy técs)de;t =0.
Once again applying Lemma 3.1 (3) gives
cr +crw (cj’{l Ses) =0,
which is equivalent to (4b). |

Example 3.1: The subgroup with ¢;, = 1 was the main
object of study in [11]-[13]. In this case, Fy, [u] = u+F,,[u]
and (3)-(4) reduce to

(17 C(]){_l) - (la —CR o (17 C(})z_l))
(1’ CR) = (1’ _Ci’b_l o (15 CR))a
respectively. 0

Corollary 3.1: The group (R,,({(X5)),0,(1,0)) acts as a
right transformation group on R{{X)) via the action ¢ & d;.
Proof: See Lemma 3.1 (2) and Lemma 3.3 (2). |

IV. RELATIVE DEGREE AND GROUP INVARIANTS

The relationship between relative degree and invariants
under the transformation group R,,((X;)) is described
in this section. The following definition describes relative
degree from a generating series point of view. It reduces to
the usual definition in a state space setting [18]. It uses the
notion of a linear word, that is, any word in the language

L={neX":n=uay'x124°, ni,no > 0}.

Furthermore, note that every ¢ € R{{X)) can be decomposed
into its natural and forced components, that is, c = ¢y +cp,
where cy ==Y, 5(c, 28)zk and cp = c —cp.

Definition 4.1:  [17] Given ¢ € R{(X)), let r > 1 be
the largest integer such that supp(cp) C x5 ' X*. Then ¢
has relative degree 1 if the linear word x;~ " z1 € supp(c),
otherwise it is not well defined.

Observe that ¢ having relative degree r is equivalent to
saying that

c=cn +cp :cN—|—Kx6_1x1 —|—m6_1e (5)

for some K # 0 and some e € R{(X)) with 21 & supp(e).

The main result of this section is given next.

Theorem 4.1: A series c has relative degree r if and only
if it is on the orbit of ¢ + 2 2 under R, ((Xs)).
Proof: 1f c has well defined relative degree r then it can
be decomposed as in (5), where without loss of generality
e = xgep + xr1e; with ey proper. Then

c=cy+af o (K +ep) +xheo = en + de(xf  wy)(1)

= (en + xg_lxl) Ses,
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where eg (K + e1,e0) € Ry, ((X5)) since K + e
is not proper. In which case, c 565_1 = ¢cny + xg_lxl,
or equivalently, ¢ is on the orbit of cy + wg_lxl under
R, ((Xs)). The converse holds since all the steps above
are reversible. ]

Another consequence of relative degree is given below.

Theorem 4.2: The transformation group R,,,((X;s)) acts
freely on the subset of R({(X)) having well defined relative
degree.
Proof: Assume c has relative degree r. Without loss of
generality let ¢y = 0. Then there exists an es5 € R,,, ((X5s))
such that ¢ 666_1 = xg_lxl. So if ¢ods = ¢ for some
ds € Ry, ((Xs)), then it follows immediately that

(cdds)dest

(céest)sds

06651

co egl,
where d§ corresponds to the conjugate action es o ds o egl.
In which case,

r—1
Lo

r—1 ~ 7€
x, xiods =

Tl

1
L1,

zg_lxldi +zodf = xy
and therefore, d§ := (d,d%) = (1,0), the identity element
of R,,,({(X5)). Thus, es odsoe; ' = (1,0), which gives the

desired conclusion that ds = (1,0). [ |

Theorem 4.1 is a generalization of the well known result
stating that the relative degree of a finite dimensional control-
affine state space realization is invariant under static state
feedback [18]. To see the exact connection, recall that if
¢ € R((X)) has finite Lie rank, then F, : u — y is realizable
by a smooth state space realization

2=90(2) + 91(2)u, 2(0) = 20, y = h(z),
where (c,n) = Ly, h(20), and
Ly, h:= Ly, ~~-Lgikh, N=Ti " Tiy,
with Ly h denoting the Lie derivative of h with respect
to g; [8], [18]. If (f,g,h,20) has relative degree r in the

classical sense, then the input-output system is put into the

form y(") = v by the state feedback law
v — L%h(2)
LgL; " h(z)

If the solution to the state equation is written in the form
z = F,_[u] for some c, € R"((X)), then this feedback law
is equivalent to

v =uly L h(Fe, [u]) + Lih(F., [u])
=:uF,, [u] + F,,[u] = Fe;[u].
The relative degree assumption here, as above,

ensures that ey is not proper, thus e; € R,,{((X5)).
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It follows directly from the proof of Theorem 4.1 that u =
Fegl [v] has the property

Y= Fc[u] = FC[F _1[1]” =

€s

F

c

=F ro1

Beé_l[v] cN+xy ml[v]v

as expected.

V. CONCLUSIONS

A feedback transformation group for the class of nonlinear
input-output systems that can be represented in terms of
Chen-Fliess functional expansions was presented. It was then
shown that this group acts freely on generating series having
well defined relative degree, and, in particular, has invariants
corresponding exactly to input-output maps of Brunovsky
forms.
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