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Abstract— This paper concerns robust controlled invariant
subspaces and robust conditioned invariant subspaces for a
family of vertex systems for polytopic uncertain switched
linear systems. Further, disturbance decoupling problem via
static output feedback under arbitrary switching for polytopic
uncertain switched linear systems is also investigated.
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I. INTRODUCTION

Since the concepts of controlled (A,B) invariant and
conditioned (C,A) invariant subspaces for finite-dimensional
time-invariant linear systems were studied in the framework
of the so-called geometric theory (e.g., see [2], [16]), various
control problems have been solved by using the concepts
(e.g., see [2], [15], [16]). After that robust controlled (A,B)
invariant and conditioned (C,A) invariant subspaces for
parameter-dependent linear systems and for a family of
linear systems were studied as extensions of the concepts
of the invariant subspaces (e.g., [1], [3], [4], [7], [9]-[11]).
Recently, the geometric control theory has been used to
study disturbance decoupling problems via state feedback for
switched linear systems (e.g., [5], [6], [12], [17]). Further,
the same problems for polytopic uncertain switched linear
system have also been investigated, and solvability conditions
for the problems were given [13],[14].

In this paper robust controlled invariant subspaces under
common input and robust conditioned invariant subspaces
under common output for a family of vertex systems of poly-
topic uncertain switched linear systems are first investigated.
Next, a disturbance decoupling problem via static output
feedback under arbitrary switching for polytopic uncertain
switched linear systems is also investigated. The analogous
problem in the linear time invariant non-switched and non-
uncertain case was studied and solved in [8], [15]. In Section
II some notations and systems formulation which are needed
in this study are given. In Section III the robust controlled
invariant and robust conditioned invariant subspaces are
studied. In Section IV disturbance decoupling problem via
static output feedback is formulated, and then solvability
conditions are presented. Further, a checkable necessary
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condition is also given. Finally, concluding remarks are given
in Section V.

II. PRELIMINARIES.

In this section we first give some notations which are used
throughout this study. For a linear map A : X → Y from a
vector space X into a vector space Y and a subspace V of
Y the image, the kernel and the inverse image are denoted
by Im(A), Ker(A) and A−1V := {x ∈ X | Ax ∈ V},
respectively.

Next, we consider a family of linear systems {Σi; i =
1, · · · , N} given by

Σi :

{
ẋ(t) = Aix(t) +Biu(t), x(0) = x0,

y(t) = Cix(t),

where x(t) ∈ X := Rn is the state, u(t) ∈ U := Rm is
the input, y(t) ∈ Y := Rq is the measurement output and
Ai : X → X , Bi : U → X , Ci : X → Y are matrices.
For simplicity we use the notation I := {1, 2, · · · , N}. For
a set of subspaces {V1, · · · ,VN} of X , (V1 ⊕ · · · ⊕ VN ) :=
{(x1, · · · , xN ) | xi ∈ Vi (i ∈ I)} is the direct sum. For
simplicity (V ⊕ · · · ⊕ V) for a subspace V of X is denoted
by V⊕N . Define the sum of two subspaces (V1 ⊕ · · · ⊕ VN )
and (W1 ⊕ · · · ⊕WN ) of X⊕N by

(V1 ⊕ · · · ⊕ VN ) + (W1 ⊕ · · · ⊕WN )

:= (V1 +W1)⊕ · · · ⊕ (VN +WN ).

Let (A1 ⊕ · · · ⊕ AN ) be a linear map from X into X⊕N

given by

X ∋ x 7→ (A1x, · · · , ANx) ∈ X⊕N

and then we use a shorter notation
N
⊕
i=1

Ai.

Further, let [A1, · · · , AN ] be a linear map from X⊕N into X
given by

X⊕N ∋ (x1, · · · , xN ) 7→ A1x1 + · · ·+ANxN ∈ X .

If we apply a state feedback of the form u(t) = Fix(t) to
the system Σi, then we have a family of closed-loop systems
given by

ΣFi
i :

{
ẋ(t) = (Ai +BiFi)x(t), x(0) = x0,

y(t) = Cix(t).

In this study we assume that the following matrices have
polytopic uncertainties described as

Ai=

Ni∑
ji=1

µi,jiAi,ji , Bi=

Ni∑
ji=1

µi,jiBi,ji , Ci=

Ni∑
ji=1

µi,jiCi,ji ,
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where
Ni∑

ji=1

µi,ji = 1 (i = 1, · · · , N), Ai,ji , Bi,ji and Ci,ji

are the vertex matrices of Ai, Bi and Ci, respectively. Ni

is the number of vertex matrices for each subsystem Σi and
µi,ji(≥ 0) (ji = 1, · · · , Ni) are uncertain parameters. For
convenience we use the notations Ii := {1, 2, · · · , Ni} and
µ := (µ1, · · · , µN ) ∈ Ω := Ω1 × · · · × ΩN which means a
cartesian product, where

Ωi := {µi = (µi,1, · · · , µi,Ni)|
Ni∑

ji=1

µi,ji = 1, µi,ji ≥ 0}.

Then, a closed-loop subsystem ΣFi
i becomes the polytopic

system as follows.
ẋ(t) =

Ni∑
ji=1

µi,ji(Ai,ji +Bi,jiFi)x(t), x(0) = x0,

y(t) =

Ni∑
ji=1

µi,jiCi,jix(t).

Now, if we consider the vertex systems Σi,ji (ji ∈ Ii) of
each subsystem Σi given by

Σi,ji :

{
ẋ(t) = Ai,jix(t) +Bi,jiu(t), x(0) = x0,

y(t) = Ci,jix(t),

and a state feedback u(t) = Fix(t), then we have a family
of closed-loop vertex systems ΣFi

i,ji
(ji ∈ Ii) as follows.

ΣFi
i,ji

:

{
ẋ(t) = (Ai,ji +Bi,jiFi)x(t), x(0) = x0,

y(t) = Ci,jix(t)

where Fi means a common state feedback gain for all vertex
systems of each subsystem Σi.

III. ROBUST INVARIANT SUBSPACES.

A. Robust controlled invariant subspaces

In this section we will summarize some results in [13] on
robust controlled invariant subspaces under common input
for a family of linear systems.

Definition 3.1: Let V and Λ be subspaces of X .
V is said to be robust controlled (Ai,ji∈Ii , Bi,ji∈Ii)-

invariant under common input of vertex systems Σi,ji (ji ∈
Ii) for all i ∈ I if

(
N1

⊕
j1=1

A1,j1 ⊕ · · · ⊕
NN

⊕
jN=1

AN,jN )V ⊂ V
⊕

N

Σ
i=1

Ni

+ (Im(
N1

⊕
j1=1

B1,j1)⊕· · ·⊕ Im(
NN

⊕
jN=1

BN,jN )). (1)

Further, we define

Vc
vert(Λ) := {V (⊂ Λ) | V satisfies the condition (1)}.

The following Lemma gives equivalent conditions for the
robust controlled invariant subspaces.

Lemma 3.2: [13]
V is robust controlled (Ai,ji∈Ii , Bi,ji∈Ii)-invariant under

common input of vertex systems Σi,ji (ji ∈ Ii) for all i ∈ I
if and only if for all i ∈ I there exist Fi : X → U such that

(Ai,ji +Bi,jiFi)V ⊂ V (2)

for all ji ∈ Ii. Further, we define a set of Fi by

Fi(V) := {Fi | Fi satisfies the condition (2) for all ji ∈ Ii}.

The following Lemma gives a computational algorithm
to obtain the maximal element of Vc

vert(Λ).
Lemma 3.3: [13]
The class Vc

vert(Λ) has the unique maximal element
V∗
vert(Λ) and it can be computed from the following steps.

(Step 1) V(0) := Λ,

(Step 2) V(k) := Λ ∩ {
N1

⊕
j1=1

A1,j1 ⊕ · · · ⊕
NN

⊕
jN=1

AN,jN }−1

{V
⊕

N

Σ
i=1

Ni

(k−1) + Im(
N1

⊕
j1=1

B1,j1)⊕· · ·⊕Im(
NN

⊕
jN=1

BN,jN )}

(k = 1, 2, · · ·),

(Step 3) V∗
vert(Λ) := V(dim(Λ)).

B. Robust conditioned invariant subspaces

In this section a robust conditioned invariant subspaces
under common output for a family of linear systems are
studied.

Definition 3.4: Let S and ε be subspaces of X .
S is said to be robust conditioned (Ci,ji∈Ii , Ai,ji∈Ii)-

invariant under common output of vertex systems Σi,ji (ji ∈
Ii) for all i ∈ I if

[A1,1, · · · , A1,N1 , · · · , AN,1, · · · , AN,NN
]·

((S⊕N1 ∩ Ker[C1,1, · · · , C1,N1 ])⊕

· · · ⊕ (S⊕NN ∩ Ker[CN,1, · · · , CN,NN
])) ⊂ S. (3)

Further, we define

Sc
vert(ε) := {S(⊃ ε) | S satisfies the condition (3)}.

The following Lemma gives equivalent conditions for
the robust conditioned invariant subspaces.

Lemma 3.5:
S is robust conditioned (Ci,ji∈Ii , Ai,ji∈Ii)-invariant un-

der common output of vertex systems Σi,ji (ji ∈ Ii) for all
i ∈ I if and only if for all i ∈ I there exist Gi : Y → X
such that

(Ai,ji +GiCi,ji)S ⊂ S (4)

for all ji ∈ Ii. Further, we define a set of Gi by

Gi(S) := {Gi | Gi satisfies the condition (4) for all ji ∈ Ii}.

The following Lemma gives a computational algorithm to
obtain the minimal element of Sc

vert(ε).
Lemma 3.6:
The class Sc

vert(ε) has the unique minimal element
S∗
vert(ε) and it can be computed from the following steps.
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(Step 1) S(0) := ε,

(Step 2) S(k) := S(k−1)+

[A11,· · ·, A1N1 ,· · ·, AN1,· · ·, ANNN
]{(S(k−1)∩KerC1,j1)

N1

⊕
j1=1

⊕ · · · ⊕ (S(k−1) ∩ KerCN,jN )

NN

⊕
jN=1}

(Step 3) S∗
vert(ε) := S(n−dim(ε)).

The following lemma can be used to obtain the solvability
conditions for robust disturbance decoupling problem via
static output feedback for polytopic uncertain switched linear
systems.

Lemma 3.7:
(i) Assume that Bi = Bi,1 = · · · = Bi,Ni for all i ∈ I .

If a subspace V is robust controlled (Ai,ji∈Ii , Bi,ji∈Ii)-
invariant under common input and robust conditioned
(Ci,ji∈Ii , Ai,ji∈Ii)-invariant under common output of vertex
systems Σi,ji (ji ∈ Ii) for all i ∈ I , then for all i ∈ I there
exist Ki : Y → U such that

(Ai,ji +BiKiCi,ji)V ⊂ V
for all ji ∈ Ii.

(ii) Assume that Ci = Ci,1 = · · · = Ci,Ni for all i ∈ I .
If a subspace V is robust controlled (Ai,ji∈Ii , Bi,ji∈Ii)-
invariant under common input and robust conditioned
(Ci,ji∈Ii , Ai,ji∈Ii)-invariant under common output of vertex
systems Σi,ji (ji ∈ Ii) for all i ∈ I , then for all i ∈ I there
exist Ki : Y → U such that

(Ai,ji +Bi,jiKiCi)V ⊂ V
for all ji ∈ Ii.

The following corollary follows from Lemma 3.7.
Corollary 3.8: Assume that Bi = Bi,1 = · · · = Bi,Ni

and Ci = Ci,1 = · · · = Ci,Ni for all i ∈ I . Then, a subspace
V is robust controlled (Ai,ji∈Ii , Bi,ji∈Ii)-invariant under
common input and robust conditioned (Ci,ji∈Ii , Ai,ji∈Ii)-
invariant under common output of vertex systems Σi,ji (ji ∈
Ii) for all i ∈ I if and only if for all i ∈ I there exist
Ki : Y → U such that

(Ai,ji +BiKiCi)V ⊂ V
for all ji ∈ Ii.

IV. AN APPLICATION TO DISTURBANCE DECOUPLING

FOR UNCERTAIN SWITCHED SYSTEMS.

Consider the following switched linear system with dis-
turbance d(t) described as

Σσd :


ẋ(t) = Aσx(t) +Bσu(t) + Eσd(t), x(0) = x0

y(t) = Cσx(t),

z(t) = Dσx(t),

where x(t) ∈ X := Rn is the state, u(t) ∈ U := Rm is the
input, y(t) ∈ Y := Rq is the measurement output, z(t) ∈
Z := Rq is the controlled output, d(t) is the disturbance
which is locally integrable function, i.e., d ∈ Lloc

1 (R+,Rη),

σ(t) : R+ → I is a switched rule which depends on time t,
where R+ is the set of non-negative real numbers.

If we apply a static output feedback u(t) = Kσy(t) to the
switched system Σσd, then we have the following closed-
loop switched system.

ΣKσ

σd :

{
ẋ(t) = (Aσ +BσKσCσ)x(t) + Eσd(t), x(0) = x0

z(t) = Dσx(t).

Then, the above switched system is composed as the family
of closed-loop subsystems given by

ΣKi

id :

{
ẋ(t) = (Ai +BiKiCi)x(t) + Eid(t), x(0) = x0

z(t) = Dix(t).

In this study, it is assumed that the following matrices have
polytopic uncertainties described as

Ai=

Ni∑
ji=1

µi,jiAi,ji , Bi=

Ni∑
ji=1

µi,jiBi,ji , Ci=

Ni∑
ji=1

µi,jiCi,ji ,

Di=

Ni∑
ji=1

µi,jiDi,ji , Ei=

Ni∑
ji=1

µi,jiEi,ji

for µ := (µ1, · · · , µN ) ∈ Ω := Ω1 × · · · × ΩN .

Disturbance decoupling problem via static output feed-
back for polytopic uncertain switched systems is formulated
as follows.

Disturbance Decoupling Problem via Static Output Feed-
back under Arbitrary Switching (DDPSOFAS) Given
vertex matrices Ai,ji , Bi,ji , Ci,ji , Di,ji and Ei,ji (i ∈ I and
ji ∈ Ii) for the switched linear system Σσd, find (if possible)
static output feedback gains Ki : Y → U (i ∈ I) such
that the output z(t) of all subsystems to be controlled is
not affected by disturbances d(t) under arbitrary switching
σ(t) for all uncertain parameters µ = (µ1, · · · , µN ) ∈ Ω =
Ω1 × · · · × ΩN .

Remark 4.1: Assume that Ci = Ci,1 = · · · = Ci,Ni =
Iid for all i ∈ I , where Iid is the identity matrix on
X . Further, define a state feedback Fi := Ki : X →
U in DDPSOFAS. Then, the DDPSOFAS reduces to the
Disturbance Decoupling Problem via State Feedback under
Arbitrary Switching (DDPSFAS).

The following two notations are used to give the solv-
ability conditions for DDPSOFAS.

∆ :=
N∑
i=1

Ni∑
ji=1

ImEi,ji and Λ :=
N∩
i=1

Ni∩
ji=1

KerDi,ji .

The following theorem gives sufficient condition for the
DDPSOFAS to be solvable.

Theorem 4.2: Assume that Bi = Bi,1 = · · · = Bi,Ni or
Ci = Ci,1 = · · · = Ci,Ni for all i ∈ I . If there exists a
subspace V which is robust controlled (Ai,ji∈Ii , Bi,ji∈Ii)-
invariant under common input and robust conditioned
(Ci,ji∈Ii , Ai,ji∈Ii)-invariant under common output of vertex
systems Σi,ji (ji ∈ Ii) for all i ∈ I satisfying
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∆ ⊂ V ⊂ Λ,

then DDPSOFAS is solvable.

The following corollary gives necessary and sufficient
condition for the DDPSOFAS to be solvable.

Corollary 4.3: Assume that Bi = Bi,1 = · · · = Bi,Ni

and Ci = Ci,1 = · · · = Ci,Ni for all i ∈ I . Then, DDP-
SOFAS is solvable if and only if there exists a subspace V
which is robust controlled (Ai,ji∈Ii , Bi,ji∈Ii)-invariant under
common input and robust conditioned (Ci,ji∈Ii , Ai,ji∈Ii)-
invariant under common output of vertex systems Σi,ji (ji ∈
Ii) for all i ∈ I satisfying

∆ ⊂ V ⊂ Λ.

The following corollary gives necessary conditions.

Corollary 4.4: In the same hypothesis of Corollary 4.3
necessary conditions for the solvability of DDPSOFAS are
that

S∗
vert(∆) ⊂ Λ and V∗

vert(Λ) ⊃ ∆.

Proof. Suppose that DDPSOFAS is solvable. Then, it fol-
lows from Corollary 4.3 that there exists a subspace V
which is robust controlled (Ai,ji∈Ii , Bi,ji∈Ii)-invariant under
common input and robust conditioned (Ci,ji∈Ii , Ai,ji∈Ii)-
invariant under common output of vertex systems Σi,ji (ji ∈
Ii) for all i ∈ I satisfying

∆ ⊂ V ⊂ Λ.

Then, one has S∗
vert(∆) ⊂ V ⊂ V∗

vert(Λ) and the thesis
follows.

Remark 4.5: The important point about the above neces-
sary condition is that it can be checked algorithmically by
the constructive procedures given in Lemma 3.3 and Lemma
3.6.

The following corollary gives a necessary and sufficient
condition for the problem via state feedback to be solvable.

Corollary 4.6: [14] Assume that Ci = Ci,1 = · · · =
Ci,Ni = Iid for all i ∈ I . Then, DDPSFAS is solvable if
and only if

∆ ⊂ V∗
vert(Λ),

where V∗
vert(Λ) is the maximal robust controlled (Ai,ji∈Ii ,

Bi,ji∈Ii)-invariant subspace under common input of vertex
systems for all i ∈ I contained in Λ.

V. CONCLUSION.

In this paper robust controlled invariant subspaces and
robust conditioned invariant subspaces for a family of vertex
systems for polytopic uncertain switched linear systems were
firstly studied in the geometric control theory. Next, distur-
bance decoupling problem via static output feedback for the
polytopic uncertain switched linear systems under arbitrary
switching was formulated, and a sufficient condition for the
problem to be solvable was given under the assumption that
input or output matrices for all subsystems do not contain
uncertain parameters. Further, a necessary and sufficient

condition for the problem to be solvable was given under the
assumption that input and output matrices for all subsystems
do not contain uncertain parameters. Finally, in the same
hypothesis necessary conditions which can be easily checked
for the solvability of the problem were also given.
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