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Abstract— This paper addresses some synthesis problems
that arise in the control of large scale networks of linear
systems. For homogeneous networks of identical SISO systems
we characterize the rational transfer functions of the networks
in terms of associated Galois groups. We then study the problem
of synthesizing broadcast open loop controls for networks from
knowledge of local controls for the node systems. The difficulty
in doing so is both a function of the size of the network and
the complexity of the interconnection patterns. We shall focus
on two points: The characterization of controllability and the
computation of open loop controls that steer the system from
rest to an arbitrary prescribed state. Explicit formulas for the
open loop controls are derived for parallel connection of N
linear state space systems.

Keywords. System Identification, Network Control Sys-
tems, Linear Systems, Controllability, Galois Group.
AMS subject classification: 93B05, 93B25, 93B28.

I. INTRODUCTION

The task of controlling large-scale networks of inter-
connected dynamical systems poses fascinating challenges,
both to the mathematical foundations as well as to systems
engineering implementations. We consider interconnected
systems that are described by a finite number of finite-
dimensional linear systems 3;, the so-called node systems,
whose inputs and outputs are interconnected through constant
coupling parameters. While inputs to the network are thought
of being broadcasted to the node systems, the output of the
network is defined as a weighted sum of the outputs of
the node systems. Thus the network defines an input/output
system with a rational transfer function. In this paper we
study synthesis problems for interconnected systems by
focussing on the following two questions:

o How can one characterize the class of rational transfer
functions of a network of N node systems? Given such
a transfer function, how many realizations as network
transfer functions exist?

« How can one synthesize N local controls into a global
input function that steers the network to a desired global
state?

Of course, the first question seems closely related to the
classical synthesis problem for electrical circuits, as studied
by O. Brune in 1931 as well as R. Bott and R.J. Duffin

different, insofar that in circuit analysis the edges of a graph
are defined by the dynamical elements while the nodes
correspond to the interconnecting junctions. In contrast, in
the synthesis problem for interconnected systems the linear
dynamical node systems represent the nodes of a graph while
the edges of the graph define the interconnection parameters.
Therefore the transfer function of an interconnection of
passive systems does not need to be passive. Nevertheless,
investigating such realization questions for interconnected
systems still makes sense. We will show that the question
posed is equivalent to a problem in Galois theory and
thus can be tackled using algebraic-geometric methods.
Proceeding in a different direction, we consider open loop
control problems for networks of systems. This aspect of
our work is very much related to the study of flatness based
control, now however for a network of linear systems rather
than for single, unstructured systems. While earlier work
by e.g. [11] has emphasized the problem of computing
flat outputs for higher order systems, we are not aware of
any extensions of such work to interconnected systems.
A natural question to start with is that of characterizing
controllability of networks. This is done in Section 4
where we derive a Hautus-type condition for characterizing
controllability of networks. We then consider the simplest
possible interconnection structure, namely that of parallel
connection. We show, by brute force computations using
doubly coprime factorizations of polynomial matrices, how
to compute from any given local controls for the node
systems a global input function to the network that steers
the zero state to a prescribed state. This process is closely
related to the Chinese remainder theorem. Due to space
limitations, we focus on the study of parallel connections.
Similar results on series interconnections, as well as full
proofs of the presented results, can be found in [5] on which
the present paper is based.

We now describe a state space formulation of the situation
we are interested in and introduce our subsequent notation.
Consider N discrete-time linear systems to which we refer
as node systems X;, which are given by:

in 1949, and with more recent contributions by [9] and zi(t+1) = azi(t) + Bivi(t) €))
[15]. However, for interconnected systems the situation is wi(t) = ~ai(t), i=1,...,N. )
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as:

N
V; (t) = Z Ajjw; (t) + Blu(t) e,
J=1

with A;; € F™>Pi and B, € F™>*™, although more
complex dynamic interconnections laws are possible. The
interconnected output is given by:

N
y(t) =Y Cow;(t)+Du(t) with C; e F*>P1, i=1,...,N.

i=1
To express the closed loop system in compact matrix form,
definen:=ny+---+ny, m:=my+---+mpy, p =
p1+ -+ -+ pn. Moreover, we define A := (A;;);; € F™*P,

B := col(Bi,...,By) € F™*™ C = (Cy,...,Cy) €
FrX" D € FP*™ and o :filiag(al,...,aN) e Fnxm,
B = diag (f1,...,0n) € F"*™ ~ = diag (71,...,7n) €

FP*" and z := col (x1,...,zy) € F™. Thus the global state
space representation of the node systems >2; is given by:

z(t+1) = az(t)+ Bv(t)
wt) = Aal)

and the interconnection is given as

v(t) = Aw(t)+ Bu(t)
y(t) = Cw(t)+ Dul(t)

Here u(t) is the external input and y(¢) the external output of
the network. Thus the network dynamics has the state space

form: a(t+1) = Az(t) + Bu(t)
y(t) = Calt)+ Dult),

with 4 € F™*" B ¢ F**™ (C ¢ FPX™ and
A:=a+ pAy, B:=pB, C:=Ch. 3)

It is convenient to describe the interconnected systems in
terms of the transfer functions of the node systems. The i-th
node transfer function is given in state space form as well
as using coprime polynomial matrix factorizations as

Gi(z) = ~v(I—ao)) '8
= Qi(2)7'Pi(2) = Pi(2)Qy(2) "
= Vi(2)Ti(2)"'Ui(2) + Wi(2).
Here we assume that all the representations are
minimal in the sense that §(G;) = degdet@; =
degdet @, = degdetT;. This is equivalent to left

coprimeness of (;(z), Pi(2), the right coprimeness
of Pi(2),Q;(z), as well as to left coprimeness of

T;(2),U;(z) and right coprimeness of T;(z),Vi(z).
Let V(z) = diag(Vi(2),...,Wn(2)), T(2) =
diag (T1(z2),...,Tn(2)), U(z) = diag (Ui(2),...,Un(2)),
W (z) = diag (W1(2),...,Wn(2)), and similarly for P(z),

Q(z), etc. We define the node transfer function as
G(z) := diag (G1(2),...,Gn(2)) = (2] —a)7'p.

The global network transfer function then is defined as
®(2) =C(zI — A)~'B+ D or, explicitly, ®(z) = Cy(2] —
a— BAY)"18B + D. A straightforward computation shows

the following explicit expressions for the network transfer
function:
®(z) = C(zI-A)"'B+D
= C(Q(2) — P()A)~"'P(z) B+ D
= CP(2)(Q(z) — AP(2))"'B+ D
= COV(2)(T(2) —U(2)AV(2))"'U(2)B + D.

A network is called homogeneous, if the node systems
Gi(z) = --- = Gn(z) = g(») are identical scalar rational
functions which are strictly proper. Thus the network transfer
function of a homogeneous network is proper rational.

II. NETWORK TRANSFER FUNCTION
CHARACTERIZATIONS

In this section we review some classical, as well as more
recent, material on Galois theory of rational functions which
sheds light on the question which transfer functions arise
by interconnecting a finite number of identical SISO node
systems. Thus let g(z) € F(z) denote an arbitrary strictly
proper transfer function of McMillan degree n and let

#(z) =C(2I —A)"*B+D (4)

denote the transfer function that is associated with the
network interconnection parameters. Then for h(z) = 1/¢g(z)
the network transfer function is

®(z) = C(h(z)I — A)"'B + D. (5)

Thus ® = ¢ o h is the composition of the two rational
functions ¢(z) and h(z); this observation is due to [7]. Let
B(®), B(¢), B(g) denote the Bezoutian matrices, defined by
coprime factorizations of ®, ¢, g, respectively. This leads to

Theorem 2.1 ([8]): The transfer function ®(z) = ¢oh of
a homogeneous network is a rational function of McMillan
degree

(@) = 6(¢)d(9)- (6)

If ¢(z) = ¢(z)7 is a symmetric m x m-transfer function,
then B(®) is congruent to the Kronecker product B(¢) ®
B(g). In particular, the Cauchy-Maslov index of ® satisfies

CI(®) = CI(9) - CI(g). ™)
The preceding result leads to a very simple characteri-
zation of controllability and observability for homogeneous
networks due to [7]. See also our subsequent Theorem 4.1
for a more general result.
In a series of publications [13], [14] J. F. Ritt posed and
partially solved the following problems:
o Which scalar rational functions are compositions of
rational functions?
e In how many ways a given rational function can be
expressed as a composition of rational functions.
Ritt solved this problem for complex polynomials and de-
rived an abstract Galois theoretic characterization in the
rational function case. In the polynomial case, Ritt succeeded
to prove a Jordan-Holder type decomposition result, i.e. that
any two decompositions of a polynomial

¢1O"'0¢r:¢10"'0¢s (8)
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by indecomposable polynomials ¢;,); contain the same
number of polynomials » = s and the degrees of the
polynomials in one decompositions are the same as in the
other (up to permutations). Moreover, Ritt showed how to
pass from one decomposition to another one by a simple
process involving Tschebychev polynomials. The situation
becomes much more complicated for rational functions and
is yet not fully understood. Every complex rational function
®(z) defines a unique branched covering transformation @ :
CP! — CP' on the Riemann sphere. Thus the monodromy
group of the covering exists and coincides with Galois group
of the finite field extension C(®(z)) C C(z). We refer to
[1] for some early investigations on this Galois group and
associated Lie groups of feedback systems. The following
result is proven in [13].

Proposition 2.1 (Ritt(1922)): A complex rational function

®(z) € C(z) is the composition of two rational functions if
and only if the Galois group of ®(z) is primitive. In par-
ticular, a strictly proper real rational is the transfer function
®(z) of a homogeneous network with identical strictly proper
node transfer function if and only if the Galois group of ®
is primitive.
Of course, a full characterization which primitive groups
occur as Galois groups of rational functions is a difficult
question and refers to the so-called inverse problem of
Galois theory. Sufficient conditions though are known. For
instance, it has been shown in [10] that symmetric groups
Sy, cyclic groups C,,, alternating groups A, and dihedral
groups D,, all occur as Galois groups of rational functions.
Moreover, it is conjectured that all finite simple groups
occur as Galois groups of rational functions, while non-cyclic
solvable groups typically do not arise as such. We mention
another interesting geometric characterization of network
transfer functions.

Theorem 2.2 ([6],[12]): A complex rational function
®(z) is the transfer function of a homogeneous network of
identical SISO transfer functions g(z) = p(z)/q(z) if and
only if

D(z1(k)) = D(22(k))

holds for any two branches z;(k) of the root locus curve
q(z)—kp(z) = 0. Assume that all critical values of a rational
function ®(z) are simple. Then ®(z) is a network transfer
function if and only if the complex polynomial

p(z)q(y) — p(y)q(z)

f(xay): T—y

is reducible.
Having stated conditions that characterize the transfer func-
tions for a homogeneous network we next give conditions
for uniqueness of representation ® = ¢ o h. Obviously, any
relation ¢; o h = ¢ o h among rational functions implies
¢1 = ¢o. However, this is not true for relations of the form
pohy = ¢ohy, as the example g1(2) = 1/z,92(2) = —1/z
and ¢(2) = 1/22 shows.

Theorem 2.3 ([12]): Assume that ¢(z) € C(z) has
McMillan degree n > 4 and assume that the breakaway

values of ¢ are all simple. Then for any rational functions
h(z),h(z) € C(z) we have

poh=¢oh = h=h.
This next result contains an obvious implication on unique-
ness of network representations in the presence of symme-
tries.

Proposition 2.2: Assume that ¢, h, h are non constant real
rational functions which satisfy ¢ o h = ¢ o h. If ¢(h(z)) =
¢(h(—z)) holds for all z then one of the following two
conditions is satisfied

(i) h(z) = h(—2). }

(i) ¢(—2) = ¢(2) and h(—z) = —h(z).
Proof. Consider the real rational function r(z) =
h(z)/h(—z). Then h(z) = r(z)h(—z) and ¢(h(z)) =
@(h(—2)). Thus for any fixed complex number { we obtain
d(r(Q)h(—C)) = ¢(h(—C)). Thus for all integers n we get

o(r(¢)"h(=C)) = ¢(h(=C))- )

Since a rational function ¢ has only a finite number of
preimages we conclude that 7(¢)™ = 1 holds for n suitable.
Choose any real number ¢. Then r({) is real. Thus either
r(¢) = 1 or (¢) = —1. This implies the identity of
rational functions 7(z) = 1 or r(z) = —1. In the first case
thus h(z) = h(—z) while in the second case we obtain
h(—z) = —h(z). This completes the proof. ]

IIT. CONTROLLABILITY AND OPEN LOOP
CONTROL

Throughout this paper we focus on discrete-time systems
although, with minor modifications, our results hold true also
for continuous time systems. We work over an arbitrary field
IF. For background on the subsequent material we refer to [5].
Let F((271))™ denote the vector space of truncated Laurent
series in 27!, i.e., the elements of F((z71))™ are of the

form f(2) = 5502, £ = f-(2)+ F2(2). with f_(2) =

;:1_00 fi7 and fy(z) = Y71, f;27. There are two basic
projection maps that we consider, i.e., 7_ : F((z71))™ —
27 IF[[z71)™ and 7y : F((2))™ — F[z]™, defined by
myf = fi. Given any nonsingular polynomial matrix
D(z) € F™*™, we introduce the projection operator in

Flz]™ as 7p : F[z]™ — F[z]™ by

mpf=Dr (D7'f),  f(z) €F[]™.  (10)

We define the polynomial model induced by D(z) as the
image space Xp = Im7p of the mp and the shift operator
Sp : Xp — Xp by Spf = wpzf. The shift operator
defines a natural F|[z]-module structure on Xp, defined as
p - f(z) = mp(p(z)f(2)) for any polynomial p(z) € F[z]

and any f(z) € Xp. Since clearly Kermp = DF[z]™, we
have the isomorphism X p ~ F[z]™/DF|[z]™.

The study of homomorphisms between polynomial models
and the characterization of isomorphisms and their inversion

is an all important tool for the computation of open loop
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controls. For the inversion of isomorphisms we need the
concept of unimodular embedding.

Theorem 3.1: Let N(z) € F[z]P*™, D(z) € F[z]P*P be
right coprime and N(z) € F[z]P*™, D(z) € F[z]™*™ be
left coprime satisfying the intertwining relation:

D(2)N(z) = N(2)D(z).

Then there exist doubly coprime unimodular embeddings
of it, i.e., there exist matrices X(2) € F[z]™*?, X(2) €
Fz]P>*™ Y (2) € F[z]™*™,Y (2) € F[z]P*P with

Y(z)
( —N(z)
The following theorem characterizes model homomorphisms
and establishes a formula for their inverses.

Theorem 3.2: Let D(z) € F[2]™*™ and D(z) € F[z]P*P

be nonsingular. Then

1) Z : X — Xp is an F[z]-homomorphism if and
only if there exist N(z), N(z) € F[z]P*™ such that
N(2)D(z) = D(2)N(z) and Zf = np(Nf).

2) In terms of the unimodular embedding above, the
inverse homomorphism Z~! : Xp — X7 is given
by Z7tg = m5(Xg) for g(z) € Xp.

Given a p x m proper rational function G(z) = )

with representation

S Een
=0 27

G(z) =V(2)T(2) U (2) + W(2). (11)

Let X7 denote the polynomial model of T'(z) with shift
operator St. Then, the state space system with A : X7 —
Xy, B:F" — Xp, C: Xy — FPand D : F™ — FP,
defined by

Af = Srf, feXr
5 _ )} Be = mr(UY), £ eFm
VITIUAW = of = (VI 'f)_1, fe€Xr
D = Gy
(12)

is called the shift realization of (11). Fundamental properties
of the shift realization are summarized in the following
theorem.

Theorem 3.3: The shift realization (A, B,C, D) has the
following properties:

1) The transfer function of (A, B,C, D) is G(z).

2) The reachability and observability maps of the realiza-

tion (12) are respectively given by

Ru = np(Uu), u(z) € F[z]™
Of =m_(VT™Yf), f(2) € Xp.

3) The realization is observable if and only if V(z) and
T(z) are right coprime and reachable if and only if
T(z) and U(z) are left coprime.

4) If both coprimeness conditions are satisfied, then for
the McMillan degree 6(G) we have

0(G) = degdet T'(z). (13)

p0) ) (%0 ¥0)=("% 1)

A. Open loop control

We present now a polynomial approach to the terminal
state problem from the point of view of inverting the reach-
ability map. This leads directly to the problem of unimodular
embedding and hence, indirectly, to the study of flat outputs.
We consider a system given in state space form as

z(t+1) = Az(t) + Bu(t),

We assume that (A, B) € F"*™ x F"*™ jis reachable. An
input sequence ug,uq,...ur—_1 steers the zero state into a
desired state z(T) = £ € F™ at time T if and only if

t=0,1,2,....

T—1
QS(T) = Z AkBuT_l_k.
k=0
We refer to the polynomial

T-1
u(z) = Z ur_1_p2" € F2]™
k=0

as the input polynomial for £. Note that the input vectors
ug,...,Ur—_1 appear in reverse order as the coefficients of
the input polynomial. Reachability of (A, B) is equivalent
that such an input polynomial always exists. We can identify
F™, endowed with the F[z]-module structure induced by A,
with the polynomial model X,;_ 4. The reachability map
then is the F[z]-module homomorphism given as

Rap) : Fl2]™ — Xor-a
Rapyu(z) =m-aB Zuizi = ZAiBui.
=0 i=0

We have the following representation for the kernel of the
reachability map.

Lemma 3.1: Let (A, B) € F™*™ x F™*™ be a reachable
pair and let

(21 —A)"'B=H(2)D(2)! (14)

be coprime factorizations, with D(z) € F[z]™*™ H(z) €
F[z]**™. The reachability map R4 p) is an F[z]-
homomorphism, its kernel is a submodule of [F[z]™, hence
has the representation

KerR(a,p) = DF[z]™.

Clearly, to compute controls that steer to a state & is
equivalent to invert the reachability map R4, p). To get
an invertible map, we factor out the kernel. Denote by R
the reduced reachability map, namely the map induced
by Ra,p) on F[z]™/DF[z]™, which we identify with the
polynomial model X5. Thus R : X5 — X.7_4 is given
by

R:Xp— Xoia

(15)
Ru = m,;_aBu,

u(z) € Xp.

By the assumption of reachability, R is surjective, whereas
by construction it is injective, hence R is an isomorphism.
So, it turns out that computing the minimal control sequence
is achieved by inverting the map R. Using our results on
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inverting model homomorphisms, this is best achieved by
use of embedding intertwining maps in doubly coprime
factorizations.

Theorem 3.4: Let (A, B) € F™"*™ x F"*™ be a reachable
pair and let

(21 — A)"'B=H(2)D(2)! (16)

be coprime factorizations, with D(z) € F[z]™*™ H(z) €

F[z]™*™. Then
1) The intertwining relation BD(z) (zI — A)H(z)
can be embedded in the following doubly coprime

factorization
(7 ) (RG 78 ) -0

2) There exists a unique such embedding for which X is
constant. In that case, the pair (X, A) is an observable
pair, D(z)~'X(2) is strictly proper and the columns
of X form a basis for the polynomial model X.
Given a state £ € F”, there exists a unique minimal
degree input poylnomial uy,(z) that steers the system
from the zero state to & and it is given by the coef-
ficients of umin(z) = R~1€. Specifically, in terms of
the above doubly coprime factorization, we have

3)

Upin(2) = R™Y¢ = 15 XE.

4) An arbitrary solution u.(2) to the steering problem is
given by u.(2) = umin(2) + D(2)g(z), with g(z) €

IV. THE SYNTHESIS OF CONTROLS
A. Controllability of Parallel Connections

The study of interconnected systems is not new. It started
with the work by Gilbert on controllability and observabil-
ity for generic classes of one-dimensional linear systems
in parallel, series and feedback interconnections. Complete
characterizations for arbitrary pairs of multivariable linear
systems were subsequently obtained in [2] for series and
feedback interconnections and, in a short note, in [3] for
parallel interconnections. The interconnection structures of
most complex systems are however not of the parallel or
series connection type. Thus one needs to extend the control-
lability analysis from the standard interconnections to more
complex ones, where the interconnection patterns between
the node systems are described by arbitrary weighted directed
graphs. This is done elsewhere, and the beginnings of such a
general theory are outlined in [5]. In this section we develop
the controllability analysis of parallel connections. However,
in contrast to the early work [3], we approach this problem
using a controllability result for arbitrary interconnected
systems.

Theorem 4.1 ([5]): The following statements are equiva-
lent:

1) The system (A, B,C) is controllable.
2) Q(z) — ( JA, P(z)B are left coprime
3) Q(z) — AP(z), B are left coprime.

)

4) T(z) —U(2)AV(2),U(z)B are left coprime.

As mentioned in the introduction, this result presents a far
reaching generalization of the controllability result by [7]
for homogeneous networks. We next deduce a characteriza-
tion of reachability for the parallel connection of N linear
systems

(El(t + ].) = All'l(t) + Blu(t)
a7)

en(t+1) = Anven(t) + Byu(t).

Thus the parallel connection is given by the pair (A, B)
where

A :=diag (41,...,AN), B=col(By,...,Bn).

Assume that (A;, B;) € Frixni x Frix™ j=1,..., N, are
reachable pairs. Consider any right coprime factorization

(18)

Hi(2)Di(z)""' = (21 — 4;)'B (19)
of (21— A;)~' B;. Then the intertwining relation B; Di(z) =
(21 — A;)H;(z) can be embedded in a doubly coprime

factorization as

Yi(z) | Xi(2) Di(2) | =X;(z) \ (1|0
(‘BiZI—Ai>(Hi(Z)Yz‘Z)>(01)'
Eﬁiﬁn ?(z) l.erm.dD;(z )|z'7: N}, Li(z) =
D; ()D() i(2) = LermAD;(2)|j # i}, Di(z) =

L; ( )~1D(2). Our next result extends the earlier analysis in

[3] for N = 2 to an arbitrary number of subsystems.
Theorem 4.2: The following statements are equivalent:
1y
2)
3)

The parallel connection pair (A, B) reachable.

zI — A, B are left coprime.

The reduced reachability map R : X5 — X,1_4,
defined by Ru = 77— 4Bu, u(z) € X3, is an F[z]-
isomorphism.

The polynomial matrices D;(z), i
mutually left coprime.

The polynomial matrices D;(z), 4
mutually right coprime.

We have the direct sum representation

4) =1,...,N, are

5) 1,...,N, are

6)
XBZ LlXpl D "@LNXDN~

7) The polynomial matrix

7ﬁN._1 (Z) DN(Z)

is left prime.
We point out that analogous characterizations of control-
lability for series connections are derived in [5].
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B. Open Loop Control for Parallel Connections

We derive next explicit formula for open loop control of
parallel interconnections of N systems. The extension to
parallel and series interconnections of an arbitrary number
of systems is possible, but is not reported here and we refer
to our forthcoming book [5] for further details. We start with
a simplifed situation by considering an arbitrary number N
of parallel connected reachable SISO systems

(El(t + 1) = Alxl(t) + blu(t)

(20)

ry(t+1) = Ayon(t) + byu(t).

Assume that for each of the IV local subsystems (A;,b,)
we are given local control sequences v; that steer the zero
state to a desired terminal state ;. How can one compute
from such local controls a single global input sequence
u that steers all subsystems simultaneously to the desired
terminal states? Ideally, one would like to obtain a formula
such as u = Zj\;l fjv; that expresses the desired control
as weighted sum of local controls, where the weights f;
are suitable filter operators that act on the respective local
input. To answer this question we need just a little bit more
notation.

Let gj(z) = det(zI — A;) denote the characteristic
polynomial of A; and define §;(2) = [[,,; ¢i(2). Assume
that the pairs (A b;) are reachable for each j =1,..., N.
Reachability of the parallel connection (20) then is equivalent
to coprimeness of ¢;,q¢; for each j = 1,...,N. Let the
polynomials ¢;(z), d;(z) denote the unique solutions of the
Bezout equation

¢i(2)g(2) +d;(2)§;(z) =1, j=1,...,N

with degrees degd; < n;. Proceeding as before, we store
the input sequences vy, ...,vp—1 for controlling (20) as
coefficients of the associated input polynomial u(z) =
ijgl VM —j— 127. Our basic control result for (20) is stated
as follows.

Theorem 4.3: Assume that (20) is reachable. Given any
local state vectors &1, . . ., £ and arbitrary input polynomials
vi(z),...,vNn(z) € R[z] for the local systems satisfying

vi(A)b =&, ..., vN(ANn)by = &N

Then the input polynomial for (20)

N
2) =Y di(2)4;(2)v;(2) 21
j=1
satisfies u(A;)b; = §; for all j.
Proof. From the Bezout equation we obtain

dk(Ak)(jk(Ak) =1 and dj(Ak)(jj(Ak) = 0 for ] 7£ k. This
implies

N
= di(Ap)q;(Ap)vi(Ar)br = Vi(AR)by, = &

j=1

u(Ay)by

Let (A;,B;) € Frixni x Frixm g — ., N, be
reachable pairs. Assume that H;(z)D;(z)~" is a right co-
prime factorization of (21 — A;)~!B;. Assume further that
the intertwining relation B;D;(z) = (zI — A;)H;(z) is
embedded in the doubly coprime factorization

(o) (o) - (i)

_Bi ‘ zI — A,L
The parallel connection system is given by the pair (A, B)

.A = dlag(Al,...,AN), B = COl(Bl,.. 7BN) De-
(i) = lcrm{D()|i = 1,. N} Li(z) =
()Q(Z) i(2) —lCTm{D (3)| Z} Di(z) =
(Z) 'D(z2), where D(z) = Di(z)Li(2) = Li(2)Di(2).
Defining H(z) := col (H(2),..., Hn(2)), where H; :=
H;(2)L;(2), we have the 1ntertw1n1ng relation

BD(z) = (21 — A)H(z).

We now state our main result on computing open loop
controls for parallel interconnections of a finite number of
multi-input linear systems. The case of series connection can
be treated as well, but at the expense of a more elaborate
analysis. We also like to stress that our analysis is very
closely related to the problem of computing flat outputs for
higher order systems; see e.g. [11]. Thus our subsequent
Theorem can be seen as a first result towards explicit
formulas for flat outputs of networks of linear systems.
Theorem 4.4: 1. There exist doubly coprime factorizations

Ei(z) Fi(z) Di(z) —Fiz)\ _(1 0
with F;(2)D;(z)~! and D;(2)"1F;(z) are strictly proper.

2. A doubly coprime embedding of the intertwining relation

BD(z) = (2I — A)H(z) is given by
D(z) —E(z) O(z) E(z) (I 0
H(z) ©O(z) -B zI-A ) \ 0 I
where 7
s, — LFX,
@ii = Y +HEX
@ij = —Hlﬁz LijXj
2, = FX;

: Xor—a — X3, is given, for § =

col (glv cee 7§N) S XZI*.A’ by
N
u(z) =R = Z Li(z)mp, Firp, X & (22)
i=1
Thus u(z) is the minimal steering controller to the state .

The proof of Theorem 4.4 is by a long sequence of highly
nontrivial computations that are omitted.
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We illustrate Theorem 4.3 by constructing open loop
controls for the parallel connection of N scalar discrete-time
harmonic oscillators

op(t +2) + wizg(t) =u(t), k=1,...,N.

The node transfer functions are gi(z) = pi(2)/qr(z) with
pe(z) = 1,qx(z) = 2% + w?. Consider any desired local
state vectors & = (£14,60%)" € R2 for k = 1,...,N
to which we want to steer the system to. From the Bezout
equation cg(2)(2% + w?) + di(2)qr(z) we get di(z) =
[l (@?—w?)™, k = 1,...,N. Thus the desired
open loop control sequence wug,...,usy—1 with u(z) =
SNt usn—j—127 is given as

§=0
N2 - w?

u(z) = Z H m(fl,k + 2§2.k)
k=1j#k J k

V. CONCLUSIONS

We considered two different synthesis problems for net-
works of interconnected linear systems. A characterization
of all rational transfer functions of homogeneous networks is
given in terms of the associated Galois group and root locus
invariants, such as the breakaway values. The extension to
multivariable networks or heterogeneous networks is an open
problem. Concerning the synthesis problem of open loop
controls in networks we developed an explicit formula in
terms of local open loop controls and explicit computations
of doubly coprime factorizations. These results are of inter-
est, as the formula for open loop control based on doubly
coprime factorizations is very closely related to the com-
putation of flat outputs for higher order linear input/output
systems. Similar expressions can be derived for open loop
control of series connections. The task of computing open
loop controls for more general interconnection schemes, such
as paths, cycles or circulant structures is left as an open
problem.
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