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Two Approaches to Stabilization for Euler-Bernoulli Beam Equation
with Boundary Moment Control and Disturbance*
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Abstract—1In this paper, we consider boundary stabilization
for a one-dimensional Euler-Bernoulli equation with bound-
ary moment control and disturbance. The active disturbance
rejection control (ADRC) and sliding mode control (SMC) ap-
proaches are adopted in investigation. By the ADRC approach,
an extended state observer with time varying gain is designed
to estimate the disturbance. It is shown that the closed-loop
system is asymptotically stable after canceling the disturbance
in the feedback loop. In the second part, the SMC is applied
to reject the disturbance. The well-posedness of the closed-
loop system via SMC is proven and the monotonicity of the
“reaching condition” is presented without differentiation for the
sliding mode function which may not always exist for the weak
solution. The numerical experiments are presented to illustrate
the convergence and the peaking value reduction caused by the
constant high gain in literature. The control energy is compared
numerically for two approaches.

I. INTRODUCTION

In this paper, we are concerned with stabilization for a one-
dimensional Euler-Bernoulli beam equation with uncertainty
at the input boundary via both the active disturbance rejec-
tion control (ADRC) and the sliding mode control (SMC)
approaches. The system is governed by the following PDE:s:

Wit (2, 1) + Wagre(2,1) = 0,0 <z < 1, > 0,

w(0,t) = w,(0,t) = 0,t >0,

Wegz(1,1) = 0,2 >0, (1
wee(1,t) = w(t) +d(t),t >0,

w(z,0) = wo(x), w(z,0) =wi(x),0 <z <1,

where u is the control input through bending moment, d is
the external disturbance at the control end. It is well known
that when there is not disturbance, the collocated feedback
control wg,(1,t) = —kwg(1,t),k > 0 exponentially sta-
bilizes the system (1)([2]). However, this stabilizing control
law is not robust to external disturbance. Actually, system (1)
under the feedback u(t) = —kw,¢(1,t) admits a solution
(w,wy) = (dz?/2,0) when the disturbance d(t) = d is
a constant. Therefore, in the presence of disturbance, the
control law must be re-designed.
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In [4], an Euler-Bernoulli beam with boundary shear
force is considered, which represents a well-posed infinite-
dimensional system in the sense of D. Salamon ([1], [9]).
However, system (1) is not well-posed ([3]). The objective of
this paper is to stabilize system (1) with external disturbance
by ADRC with a time varying high gain extended state
observer which is different from [6], [7], [4] where the
constant high gain is applied and the obvious peaking value
problem occurs in the initial time stage.

Another point that we point out is that when the ADRC is
applied in [6], [7], [4], the boundedness of the derivative of
the disturbance is assumed that is different to SMC where
no such limitation. This restriction is also removed in some
extent by choosing properly the time varying gain in this
paper.

Generally speaking, SMC is a “worst case concern”
strategy in dealing with disturbance while ADRC is an
estimation/cacellation strategy which reduces significantly
the energy costed by control. This is explained numerically
in this paper.

We process as follows. In Section 2, we use ADRC
approach with time varying high gain extended state ob-
server to reject completely the disturbance by designing an
estimator to estimate the disturbance. After canceling the
disturbance by the estimated one, we design an collocated
like feedback control law. The closed-loop system is shown
to be asymptotically stable. Section 3 is devoted to the
disturbance rejection by SMC approach. The existence and
uniqueness of solution are proved and the monotonicity of
the “reaching condition” is presented without differentiating
the sliding mode function, for which it does not always
exist for the weak solution. In Section 4, we present some
numerical simulations for illustration.

II. ACTIVE DISTURBANCE REJECTION CONTROL
APPROACH

In this section, we propose a time varying high gain ex-
tended state observer to estimate in real time, the disturbance
by the ADRC approach. Suppose that the time varying gain
function r satisfies

. . (t)  — —
7(t) >0, lim r(t) = o0, sup—= < M, M >0. (2)
t—o00 t>0 7‘(t)

We consider system (1) in the energy Hilbert state space

defined by

H = H2(0,1) x L2(0,1),

3
H2(0,1) = {f € HX0, 1| |f(0) = f/(0) =0},
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with the inner product induced norm given by

1
G0 = [ 1@ + la@)Pls. ¥ (7.9)7 €.
Define the operator A as follows:

A(f,9)T = (9. fM)T, ¥(£,9)7 € D(A)

D(A) ={(f,9) e HN(H*(0,1) N HZ(0,1))] 4
(1) =f"@1) =0}
and write system (1) as
d w o\ w "
dt(wt>_A<wt)+B[ (t) + d(t)], )

B=(0,-8@—1))T.

By Proposition 2 of [3], BB is not admissible to the semigroup
et generated by A. This is different from those in [4]
where the systems are always well-posed. To overcome
this difficulty, we first introduce a damping on the control
boundary by designing

u(t) = —krwge(1,t) + v(t), k1 > 0,¢t >0,
under which, system (1) becomes
Wi (2, 1) + Wegae (z,t) = 0,
w(0,t) = w,(0,¢t) =0,
Wara(1,1) =0,
Wee (1, 1) = —kywe (1, 1) + 0(t) + d(2),

w(z,0) = wo(x), w(z,0) = wy (z),

(6)

Define the operator .4 as follows:
Ao(f,9)"T = (9. =) T, ¥ (f.9)7 € D(A),
D(Ao) = {(f.9)" € HN (H*(0,1) x HZ(0,1))|
(1) =0,1"(1) = —kig' (1)}

Therefore, system (6) can be written as

d < )A0< )+B[u(t)+d(t)],

dt
B=(0,-¢(xz—1))".

The following result is straightforward ([10]).

Proposition 2.1: The operator Ag defined in (7) gen-
erates a Cy-semigroup of contractions e’ on H and
B is admissible to e“ot. Therefore, for any initial value
(w(-,0),7(-,0))" € H and control input v € LZ (0,00)
and d € L? (0, 00), (6) admits a unique solution (w, )" €
H.

By proposition 2.1, the weak solution of (6) is understood
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A simple computation shows that
AS(f»Q)T = (_gvf(4))T7 v (fv g)T € D(A)
D(A3) = {(f,9)" € KN (H*(0,1) x HZ(0,1))|
(1) =0,f"(1) = kg’ (1)},
B*(f,9)" =g'(1).
(10)
Now, let (f*,g")T = (k12%e(t)/2,2%¢(t)/2) € D(Ap),
where £(t) € C([0,00), (0,00)) satisfies
(®)

g

e(t)

The existence of such function is obvious. For instance

lim ¢(t) = 0 and

t—o0

is bounded for all ¢ > 0.

Y

e(t) = 155 Substitution of (f*,g")" into (9) yields
1
i/ [k1waz (2, ) + wi(x, t)z?/2)e(t)dx
1
- / v wan (, £) + wy(z, )22 (H)d
0
1
—/ Wer (2, t)e(t)dx 4+ (v(t) + d(t))e(t).
0
Define

1
y(t) = /0 [k1waz (2, 1) + wi(x, t)z?/2)e(t)dr,

Yo(t) = /1[k1wm(w,t) +wy(z, )z (t)de  (12)
0
—/ Wege(t)dx.
0
Then
y(t) = yo(t) + v(t)e(t) + d(t)e(t). (13)

The system (13) is an ODE with disturbance, which is
our starting point to estimate the disturbance d motivated
from the ADRC to lumped parameter systems ([5]). To this
purpose, we design a time varying high gain extended state
observer as follows:

9(t) = yo(t) + v(t)e(t) + d(t)e(t) — r()[5(t) — y(t)];
d /=
= (d®em) = 2wl -y
(14)
where r defined by (2) is the time varying gain.

The following Lemma 2.1 is about the convergence of the
extended state observer (14). In particular, we can regard d
as an approximation of d.

Lemma 2.1: Suppose (2) and (11). Assume that the dis-
turbance d is uniformly bounded and satisfies

Jd()
A

Let y and yo be defined by (12). Then the solution of (14)
satisfies

=0. (15)

Jim [§(1) — y(0)] = Jim |d(t) — d()| =0.  (16)
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Proof: Let
g(t) = r(®)[9t) —y(®)], d(t) = d(t) - d(1)

be the errors. Then it follows from (13) and (14) that (g, ci)
satisfies

a7

i) = =r(03(0) + rOd0=0 + St
(18)
& (0t = —r@)p() — % (@d0)=(r)
We construction a Lyapunov function for system (18):
V(ylayQ) = (yl?yQ)P(ylva)T7 (19)

where the 2 x 2 positive definite matrix P is the solution of
the following Lyapunov equation:
Notice that, for all (y1,y2) € R, we have
)\min(P)” (yh y2) ||2 < V(yla 92) < )\max(P)H (yla y2) HQa
(20)
where Apin(P) and Apax(P) are the maximal and minimal

eigenvalues of P, respectively. Finding the derivative of V
along the solution of (18) yields

. 5 (@0e0) ) P (3600 d0)=(0)

(J(t)s(t))) i

-1 1

F'P+PF=—Iy» F= ( 10

:<'

V(t) ]

+ (30 =) P (300, 5

U,

(=)

(21)
where N7 and N, are two positive constants. By (2), one can
choose ty > 0 such that r(t) > 2;“““‘(13)) N; for all t > .

This together with (20) and (21) gives, for all ¢ > %,
d+/V(t
® _ W

dt
which yields further for ¢ > ¢y that

4)\mux(P)

\dwwdw
(22)

2)\mln ( )

V(t) <e ftto mr(o’)d(f

t
NQ /to

2Amin (P)

< (d(s)e(s))| e

"t 1
ejto 4Amax (P) r(o)do

‘ 2

R2

ﬂ

Passing to the limit as ¢ — oo in (23) by using the L’Hospital
rule and assumptions (2) and (11) gives lim;—,o, \/V(¢) =0,
which implies

(24)

lim g(¢) = 0 and hence hm [9(t) —y(t)] = 0.

t—oo t—oo
Using (20) again, we obtain, for ¢ > t, that

v V(to)

d(t) <
( ) - )\?nf’n(P)e(t)ejfto TPy (0)do
¢ s 1 (oVd
No fto ’% (d(S)E(S))‘ efto Tman® (@) 7 ds
2/\rln/li( ) g(t)eftto mr(a)da

(25)
We claim that d(t) — 0 as t — oo. To this purpose, it
suffices to show the convergence of the second term of the
right-hand side of (25) since the first term is less than the
second term up to a constant as t — oo. Using the L"Hospital
rule and assumption lim;_, ., |d(t)|/r(t) = 0, we have

/|

(s)) e/ T g

hmt—»oo e(t)eJtO m7‘(0)da
LA e ld®) + a0 S
= t)r(t — et v —
e'(t) + 4§(m)ax((1)>) EE(—(t)) 4 ﬁx)@)

|

The next objective of the ADRC is to cancel the distur-

bance in the feedback-loop. Since the collocated feedback

control v(x,t) = —kawg(1,t), ke > 0 stabilizes the system

(6) without the disturbance, a stabilizing control law to (6)
is naturally designed as follows:

v(x,t) =

It is seen that the second term in the right side of (26) is
used to cancel the effect of the disturbance. This is just the
estimation/cancellation nature of the ADRC. Under feedback
(26), the closed-loop system of (6) becomes

—kpwye(1,t) = d(t), b > 0. (26)

Wit (2, 1) + Wagae (T, 1) = 0,0 <z < 1, > 0,
w(0,t) = w,(0,t) =0,t >0,
Waaa(1,) =0,
Ws(18) = —kwsy(L8) — d(8) + d(t). k = by + Ko,
(8) = volt) — kawar (LDE(E) — d(D=(®) + d(De(t)
—r(Ol() - y(0))
4 (dnen) = =@l - (o),
(27)

where r is defined by (2) and ¢ is defined by (11).

Now we are in a position to show the convergence of the
closed-loop system (27).

Theorem 2.1: Suppose (2), (11), and that the disturbance
d is uniformly bounded. Let y and yo be defined by (12).
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Then system (27) is asymptotically stable in the sense of Suppose that [|e”*t|| < Loe™"* for some Lg,w > 0. Then
S Loe—wt

limy_..c E(t) =0, we have
| A ICacs) (o)l
E(t) = / (w3 (2,) + wi (2, )]z + ()] + |d(t) — d(t)]- wi(t) ) || wi(0) Jlly (32
Pmof? Using the error variables (7, d) defined in (17), +LOCtOt(2)e_w(t_t0)||J||LW(0_¢O) + Lo.
we can write the equivalent system of (27) as follows:

Passing to the limit as ¢ — oo for (32), we finally obtain
Wit (T, 8) + Wapee (2,1) = 0,0 <z < 1, > 0,

w(0,t) = w,(0,t) = 0,¢t > 0, tlirgo H< wl- )H < Lo. (33)
wzzm(lat) =0, . .
_ This proves (29). The proof is complete.
Wez(1,t) = —kwge(1,8) — d(t), k =k + ko,  (28) n
. ~ - (t) It is noted that our disturbance is quite general and by
y(t) = —r(t)y(t) + r()d(t)e(t) + @y(t), (2.1), d is allowed to grow exponentially at any growth rate
by choosing properly the time gain function r. Certainly,

4 (&(t)s(t)) = —r(t)g(t) — 4 (d(t)e(t)) . this is not uncondltlonal by the limitation of r. Signals like
dt dt d(t) = sin(e') are excluded.

The convergence of the “ODE part” in (28) has been proven

in (16). We need only show the convergence of the “w part” 11I. SLIDING MODE CONTROL APPROACH

of system (28), that is, . . . .
In this section, we use the SMC to reject the disturbance

lim E(t) =0, B(t) = /1 [wgzw (z,t) + wf(x, #)]dz. (29) by removing the condition that the derivative d of disturbance
0 must satisfy (15) in ADRC approach. That is, in this section,
This is because if (29) is true, then it follows from (24) that the disturbance is assumed to satisfy [d(t)| < M forall ¢ > 0
) o et (1 ) for some M > 0 only.
y(t) = r(t) +y(t) = r(t) fO [Frwaa (2, 1) + wi(z, 1) /2)dx Consider the following sliding surface

t—o0o

+3(t) = 0 as t — oc. f 1
Now we prove (29). Similar to (8), we can write the “w S = {(g> €eH: fl(l) + 2/ m(x)g(z)dz

part” of (28) in the first order form 0
d w w <. /
il — —4 =0
(5 )l ) oo =0}
Ax(f, Q)T = (g, *f(4))Ta v(f, Q)T € D(Ag) which is a closed-subspace in H, where m satisfies
D(Aw) = {(f,9)" € KO (H(0,1) x HZ(0,1))] m" (z) + dm(z) = 0

f///(l) — O,f//(l) — _kg/(l)}7 m(o) — ml(o) — m///(l) — 0, (34)

m” (1) = 1,m/(1)(~ 0.8485) > 0.
B=(0,-¢x—-1))". )

(31) The existence of the solution of (34) is guaranteed by a
Owing to (16), for any given o > 0, we may suppose that  simple computation (or by Maple Soft).

|d(t)| < o for all t > to for some to > 0. The admissibility The corresponding sliding mode function is designed then

of B proved in Proposition 2.1 implies that, V ¢t > 0, as

t 2 1 1
‘/ At Bd(s)ds|| < C’t||d||2L2(07t) < Ctt2||d\|%m(o,oo), S(t) = ww(17t)+2/0 m(x)wt(x,t)dx—él/o m(z)w(z,t)dz.
(35)

0
for some constant C that is independent of d. On the other On the sliding surface S(t) = 0, the system (1) becomes
hand, under the assumption of the theorem, it is known that

H

et is exponentially stable ([2]). By Remark 2.6 of [9], we Wit (T,1) + Wazea (r,1) = 0,0 <z < 1, >0,
have w(0,1) = w,(0,4) = 0,
t o A(t—8) B3] t oAk (t—s 7
Hftu eAr(t )Bd(s)dsHH < Hfo eAR=5)B(0 oy, d)(s)dsHH Wewa(1,1) = 0,
< L||d| g~ <L
< Llldllz<to,00) < Lo, ) 2(1,1) 72/m wf:z:tdx+4/m w(z, t)dz,
where L is a constant that is independent of d, and (36)
( )(#) = u(t),0<t <, It is a trivial exercise to show that on the sliding surface .S,
wor vt = v(t),t > 7. system (36) associates with a Cp-semigroup of contractions

397
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solution, which is displayed by the dissipativity of the
following function Fy(t):

1

1
Eo(t) = 5/0 w?(a:,t) + wiz(x,t)dx.

Actually, differentiating Ey along the solution of system (36)
gives

Eo(t) = wee (1, )we (1, 1) = —2m/ (Dw?,(1,t) <0,
where the fact w,:(1,t) = —2m/(1)w,,(1,t) in the sliding
surface was used. Moreover, it is shown, by the Riesz base
method in [2], that system (36) is exponentially stable in
S owing to wy(1,t) = —2m/(1)wg,(1,t) in the sliding
surface.

Next we seek the “reaching condition” by designing the
sliding mode feedback. Differentiating the sliding surface
function formally gives

S()

= wg(1,t) + 2/0 m(x)wy(z,t)de — 4/0 m(x)w(z, t)dx

= wee(1,t) + 2m/ (D)wes (1,t) — 25(t)
= wge(1,1) + 2m/ (1) (u(t) + d(t)) — 25(t).

Design the feedback control law:
1 .
u(t) = gy (a1, ) +25(0)) — (M + n)sign(S(1).
(37
Then

S()S(t) < —2m/(L)n|S(1)], (38)
which is just the “reaching condition” owing to —2m/(1) <
0. However, we do not know if S always exists which is
remarkably different to the lumped parameter systems where
the derivative is always the classical derivative.

Under state feedback (37), the closed-loop system of (1)
reads

Wi (2, 1) + Wegee (2,6) = 0,0 <z < 1, >0,
w(0,t) = w;(0,t) =0,
Weae(1,) =0,
wea(1,1) = Qm}(l) (—wpe(1,8) + 25(1))
—(M +n)sign(S(t)) + d(t)
= gy (e (1.8) + 25(0) + (0.
w(z,0) = wo(x), w(z,0) = wi(x),

(39
where

d(t) = —(M + n)sign(S(t)) + d(t).

Define the operator A as follows:

A(f,9)T = (g, —f")T, ¥(f,9)T € D(A)
D(A) = {(f,9)" € HN (H*(0,1) x HZ(0,1))|f"(1) =0,
"y = m(x x
f(l)— (1)< "(1)+2f'(1 +4/ x)d
-8 m(x .
[}

Then system (39) can be written as
AL Noa( ™) £Bd), B=(0,—5(@—1)7.
dt \ wi Wt ’ ’

(41)

Proposition 3.1: The operator A defined in (40) generates
a Cy-semigroup on H and B defined in (41) is admissible
to the semigroup e’ generated by A. Therefore, for any
initial value (w(-,0),w(-,0))T € H and the disturbance d €
L? .(0,00), (39) admits a unique solution (w,w)' € H.

loc
Proof: We first show the first assertion. Actually, for

any (f,9)7 € D(A), we have
Re(A(.9)"(f,9)7) = Ref" (gD
';;5,1()1'} T <2f +4/ m
-8 / 1 m(x)f(sc)dz) 70
< sl [t - [ mese]

.y ( / )P + 4 / m?(z)dz / l9(2) P
—1—16/01 m?(x)dx /01 f(x)|2dm)
<u(f @)+ / 1 s()Pds ) = Lal(F.0)T

42)
constant and the fact

dx was used.

where [ is a pos1t1ve

max{|f" (@), | (@)} < fy 1f" (@

A direct computation shows that A*, the adjoint of A, is
given by

(43)

398
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Then for any (f(x),g(z))" € D(A*),

Re(A*(f,9)".(f.9)")

! 2 !
sy ™ <2f W+ [ oo

s 1 m)f@yde ) 70

1
~ 2m/(1)

< Lil(f,9)TI*
(44)

It follows from (42) and (44) that, for any My > L1, A— M,
and A* — M; are dissipative in H. By Lemma 3.2 below
A is a closed operator. This together with Corollary 4.4 of
[8, p.15] shows that A — M; generates a Cp-semigroup of
contractions on H. Therefore, A generates a Cp-semigroup
on H.

Now show the second assertion. For any (p,1)" € H,
find the (f,g)" € D(A*) such that

(A* - 2M22)(fa g)T = (¢7¢)T7

where My > 0 is a constant. Then from the definition of A*
and the boundary conditions in (43), we can obtain

g'(1)
m/(1)

A

g(x) = —2M3 f () + m(z) — ¢(x),

and

f(x) = Cs sin(Myx) sinh(Msyx) + Cg(sin(Mox) cosh(Max)

— cos(Myx) sinh(Maz)) + 47]\1423 /0-/(Sin(M2(m -¥))

1 1 9
1)+ 2/0 m(z)g(x)dz — 4/0 m(z)f(x)dxf A = [2M3 cosh(M3)

M2 Sinh(Mg) 0 —b1
Ay = |2MF cosh(My) M3 (sinh(Ma) + cosh(Mz))  —ba|
2M3 sinh(My)  2M3(sinh(My) + cosh(Ms))  —bs
and
M2 sinh(Mg) 0 al

M3 (sinh(Ms) + cosh(Ms))  as

2M3 sinh(My)  2M3 (sinh(My) + cosh(Ms)) a3

where a1, as, as, by, bo, bg are constants as follows:

_(2M3 - 2) /1 :
a; = DR Jy [sin Ma(1 — y) cosh M5 (1 — g)
— cos M(1 — y) sinh My (1 — y)|m(y)dy,
(2M2 — 2) /1
_ LMy —2) s My(1 — y) cosh My(1 —
" b (1) Jy (SR cosh AL =)

+ cos Ma(1 — y) sinh My (1 — y)
+ sin Ma(1 — y) sinh My (1 — y)
1

sin Mp(1 = y) cosh Mo (1 = y)lm(y)dy — 55y

2 _ 1
as = (2M; —2) / [cos Ma(1 — y) sinh Ms(1 — y)
0

2m/(1)
+ cos My(1 — y) cosh Ma(1 — y)]m(y)dy,

and

-cosh(Mz(z — y)) — cos(Mz(z — y)) sinh(Ma(x — y)))h(y)dy,br = iz /0 [sin M>(1 — y) cosh M (1 — y)—

where
h(z) = ¢+ (2M3 = 2)g'(1)m' (1)~ 'm(x) — 2M5 p(x).

For simplicity, we can simply choose 2M2 > M; such
that cos(M3) = 1 and sin(M>) = 0. Taking the boundary

condition in (43) and f'(1) = —“;;&122) into account, we can
obtain
Cs = %, Cs = %a g(1)= %7
where
—by 0 al
Ay = |~b2  M3(sinh(Ms) + cosh(Mz))  ap ’
—bsy  2M3(sinh(My) + cosh(Ms)) a3
Mssinh(Mz)  —b1 ay
Ay = 2M2 cosh(My) —by as 7
2M3 sinh(My)  —bs a3

cos Ma(1 — y) sinh Ma(1 — y)]((y) — 2M3 ¢(y))dy +

¢'(1)
VR

1 1
by = M/o [cos My(1 — y) cosh My (1 — y)

+ cos Ma(1 — y) sinh Ma(1 — y)
+sin Ma(1 — y) sinh M>(1 — y)
+sin My (1 — y) cosh Ma (1 — y)]((y) — 2M3o(y))dy,

1 1
e et
0

+ cos Ma(1 — y) cosh M (1 — y)] (¢ (y) — 2M3p(y))dy.

Therefore, (A* — 2MZ2)~! exists and is bounded, and
B*(A* — 2M2)~(p,¥)" = ¢'(1) which is bounded from
H to C.

Furthermore, we consider the dual system:

(43
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That is,
pi(@,t) = —q(x,t) + L5 m(a),
Qt(l'a t) pacarwc(x t) + QqT(llt) m(x),
(1) 45)
p(0,2) = p2(0,1) = q(0,t) = ¢.(0,2) = 0,
Poaa(L,1) = 0, pu(L,1) = grff(f;

Define

F() = 5 [ Bt + )

Since A generates a Cy-semigroup on H, and so does A*,
there exist constants w, M, such that F'(t) < M,e“"F(0)
for all ¢ > 0. Finding the derivative of F along the solution
of (45) gives

az(1,t)
2m/ (1)

q;f,l(’lt)) /0 (K" (2)pya(x,t) + 2m(z)q(z, t)]dz,

F'(t) =-—

+

which implies
a(1,¢)

< —2m/(1)F'(t) + %qi(l,t)
22 ([ 10" @paa(o.) 4 2m(alate 0] )

2

1 1 1
< =2m/(1)F'(t) + 5(]3,(1,75) + 4/ m”2(x)dac/ P2 (x,t)dx
0 0

1 1
+16/ mZ(z)dI/ ¢ (x,t)dx.
0 0

Therefore, for any given 7' > 0, we obtain

/1 A (1, t)dt < —4m’ (1)(F(T) — F(0))
0

+8/ m'"?(z dx/ / p2 . (x, t)dxdt
+32/ m? dm/ / (z,t)dxdt

< CrF(0

where Cr is independent of F(O) This fact together with the
boundedness of B*(A* —2M2)~! shows the admissibility of
B([9D. u

We are now in a position to show the main result of this
section.

Theorem 3.1: Suppose that the disturbance d is bounded
measurable and S(¢) is defined by (35). Then for any
(w(-,0),w,(-,0))" € H, S(0) # 0, there exists a t, >
0 such that (39) admits a unique solution (w,w,g)T €
C(0,to; H) and S(t) = 0 for all ¢ > ty. Moreover, S(t)
is continuous, monotone in [0,%p]. On the sliding surface
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S(t) = 0, the system (1) becomes (36) which is exponen-
tially stable.

Proof: 'We need only prove that S(¢) is continuous,
monotone in [0,tg]. Suppose without lost of generality that
S(0) > 0 since the proof for S(0) < 0 is similar.

Since by Proposition 3.1, B is admissible for et the
solution to system (39) can be written as

< uli((-',’tt)) > = At ( Zt((..:%)) > i /Ot A-B(s)ds,

(46)
which means, for any (f,g)" € D(A*), that

d ! 1

i ), Wee (2, 1) f () + wi (x, t)g(x)dx

_ [ W (T —g(x g) m(z

~ [ sty (~ate) + L)

+wy(x, t) <f<4> - 2779;/((11))m(a:))dx + g’(1)> d(t)

(47)

Substitute (f,g)" = (m(z),2m(z))T € D(A*), where m
is defined in (34), into (47) to obtain

d
7 (wz(lt +2/ m(x)w(z,t)dx
—4/ m(x
which is just

S(t) = 2m’(1)d(t), for S(t) # 0.

This shows that .S is continuous in the interval where S # 0.
Moreover, (38) holds true. Therefore, there exists a tg > 0
such that S(t) is monotone in [0,to] and S(t) = 0 for all
t > to. In particular, if S(0) = 0, then t; = 0. This completes
the proof. |

IV. NUMERICAL SIMULATION

In this section, we present some numerical simulations
for illustration. The purpose are twofold. The first is to
verify the theoretical results of both ADRC and SMC and
the second is to look at the peaking value reduction by the
time varying gain approach in ADRC. We apply the finite
difference method to compute the displacement for system
(1). For numerical computations, here we take parameter
k =2, d = sint. We also take the grid size N = 20 for z,
the time step dt = 0.0001, and the initial values as follows:

(z,t dx) =2m/(1)d(¢),

w(z,0) = =3z 4+ 1.5; we(z,0) =2z — 1. (48)
e(t) defined in (11) is taken as
1
t) = —— 49
t) = 17 9)
and the time varying gain function r is taken as
St t < 10gé30)7
r(t) = (50)
log (30
30, ¢ > 108(30)
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It is seen that r grows slowly from the small value in the
beginning to its maximum value r = 30 which is used as
the constant gain in our numerical simulations.

Figures 1(a) and 1(b) display the displacement w under the
controller by ADRC with the time varying gain and constant
gain, respectively. It is clearly seen the convergence of w. In
addition, from these figures, we see that the peaking value
from Figure 1(b) is dramatically reduced by the time varying
gain in Figure 1(a).

Figure 2 plots the tracking errors for the disturbance where
Figure 2(a) is with the time varying gain (50) and Figure
2(b) is with the constant gain r 30. It is clearly seen
from these figures that the peaking value from Figure 2(b) is
dramatically reduced by the time varying gain in Figure 2(a).
This is the most advantage of the application of the time
varying gain compared with the constant gain in existing
literature [6], [7], [4]. This is also a remarkable property
of the ADRC in dealing with the disturbance. We actually
do not need much high gain for the convergence due to
the nature of estimation/cacellation in ADRC although it is
difficult to prove this fact theoretically.

Figure 3 shows the behavior of the feedback control law
u with time under both time varying gain and constant gain.
It is seen that the control is much less by time varying than
constant gain. This is another advantage of the time varying
gain. The price is that the convergence is slightly slowly
which is seen from figure 2.

Figure 4 displays the displacement w by SMC and the
control v with time. It is clearly seen the convergence for w.
The chattering phenomena is also observed from Figure 3(b).
Compared with Figure 2, we see that ADRC takes advantage
of much less energy over SMC.

wi,t) wiz,t)

(a) The displacement w with the (b) The displacement w with the
time varying gain constant gain

Fig. 1. The displacement w with both time varying gain and constant gain.
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(a) The control law u by time vary- (b) The control law u« by constant
ing gain high gain

Fig. 3. The feedback control law w with both time varying gain and
constant gain by ADRC.
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