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Abstract— The variational framework for linear electric cir-
cuits introduced in [1] is extended to general nonlinear circuits.
Based on a constrained Lagrangian formulation that takes
the basic circuit laws into account, the equations of motion
of a nonlinear electric circuit consisting of inductors, capaci-
tors, resistors and voltage sources are derived. The resulting
differential-algebraic system can be reduced by performing the
variational principle on a reduced space. It is shown under
which conditions the corresponding reduced Lagrangian is
regular and thus the equations of motion transform to an
ordinary differential equation system. Based on a discrete vari-
ational formulation, a variational integrator for the structure-
preserving simulation of nonlinear electric circuits is derived
and demonstrated by numerical examples.

I. INTRODUCTION

In this contribution, a variational formulation for nonlinear
electric circuits is presented. The corresponding discrete
variational formulation provides a structure-preserving sim-
ulation method for nonlinear circuits that is called varia-
tional integrator. Variational integrators are geometric inte-
grators that are symplectic, momentum-preserving and have
an excellent long-time energy behavior (see e.g. [2], [3]).
This means that energy (for conservative systems) or the
energy rate (for systems with external forces) is on average
preserved in the discrete solution even for large step sizes,
i.e., there is no numerical energy dissipation or generation.
For an overview on variational integrators as well as their
application to different system classes based on different
variational formulations we refer to [2], [4] as well as
to the references listed in [1]. Variational integrators have
been mainly developed for mechanical systems, however,
there exist extensions to the simulation of electric systems
as well [1], [5]. In particular, in [1] a unified variational
framework for the modeling and simulation of electric cir-
cuits is presented. The variational formulation is based on
a Lagrangian consisting of magnetic minus electric energy
induced by inductors and capacitors present in the circuit, on
Lagrangian forces describing the influence of resistors and
voltage sources, and on the interconnection constraints which
are expressed in the Kirchhoff laws. Since a redundant set of
coordinates is used, the Lagrangian is degenerate, that means
that the Legendre transform is not invertible. The use of the
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Lagrange-d’Alembert-Pontryagin principle leads to implicit
Euler-Lagrange equations that involve additional hidden
algebraic constraints due to the degeneracy of the Lagrangian
[6], [5], [7]. It is shown in [1] that, under certain topology
conditions on the circuit, the degeneracy of the Lagrangian
system is canceled when the system is formulated on a
reduced space. Based on the reduced variational formulation,
structure-preserving integrators are derived and demonstrated
for linear LCR-curcuits. Whereas in [1] the focus lies on
the analysis and simulation of ideal linear circuit elements
that consist of inductors, capacitors, resistors, and voltage
sources, in this contribution, the variational formulation and
simulation is extended to general nonlinear circuits.

In Section II the variational formulations on the full branch
space and on the reduced mesh space are presented and the
equations of motion are derived. The main contribution is
Theorem 4.1 that provides conditions for a regular (non-
degenerated) reduced Lagrangian as an extension of the
result in [1] to the nonlinear case. In Section III exemplary
variational integrators are derived and demonstrated for the
simulation of nonlinear LCR-circuits. A comparison with
Runge-Kutta methods shows that a better energy behavior
is obtained (cf. also [8]).

II. VARIATIONAL FORMULATION

A. Basic Notation

We introduce an electric circuit as a connected, directed
graph G with the following notations: A branch and
accordingly an edge is a connection between two nodes in
which two or more elements meet. On every branch only
one element can be present. A trace of adjacent elements
with every element at most included once is called a path.
A loop is a path in G beginning and ending at the same
node. If the loop does not contain any other loops, it is also
called a fundamental loop or mesh. Finally, a planar graph
is a circuit which can be drawn on a plane without crossing
branches.

We consider circuits containing nL inductors, nC capaci-
tors, nR resistors, and nS voltage sources. We assign to each
of these components real-valued, time-dependent charges
q(t), currents v(t), voltages u(t) and magnetic fluxes ϕ(t)
with t ∈ [0, T ]. By qJ(t), vJ(t), uJ(t), ϕJ(t) ∈ RnJ (J ∈
{L,C,R, S}) we denote the component related quantities.
For each device we assign the direction of the voltage and
current accordingly to the graph G. Note that we introduce
here a set of artificial variables, namely qL, qR, qS , ϕC , ϕR
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and ϕS . The characteristic equations for the electric com-
ponents and differential relations are shown in Table I. To
make sure that the resistors are acting strictly passive, we
only allow strictly monotonically increasing functions fR

with fR(0, t) = 0 ∀t ∈ [0, T ]. We assume the inductor,
capacitor, and resistor relations to be time-invariant and that
the differential relations q̇ = v, ϕ̇ = u are true for all
components. The magnetic and electric energy stored in an

TABLE I
CHARACTERISTIC EQUATIONS FOR BASIC CIRCUIT ELEMENTS

device characteristic differential

inductor ϕL = fL(vL, t) d
dt

ϕL = uL

capacitor uC = fC(qC , t) d
dt

qC = vC

resistor uR = fR(vR, t) -

device voltage-controlled time-controlled

voltage source uS = fS(vS , t) uS = fS(t)

inductor and a capacitor, respectively, is

Emag(vL) =
∫ vL

0

fL(y) dy, Eel(qC) =
∫ qC

0

fC(y) dy.

Considering the circuit as a directed, connected graph with
n = nL+nC +nR+nS edges and m+1 nodes, we represent
a component on an edge (branch) by symbols as shown in
Fig. 1. For the analysis of the circuit, we introduce local

Fig. 1. A typical branch of a circuit with capacitor C, inductor L, resistor
R, and voltage source S.

coordinates q = (qL, qC , qR, qS)T (resp. for v, ϕ, u). The
two basic circuit laws that we have to take into account are:

1) The Kirchhoff Current Law (KCL) states that the sum
of currents leading to and leaving from any node is
equal to zero.

2) The Kirchhoff Voltage Law (KVL) states that the sum
of voltages along each fundamental loop (or mesh) is
equal to zero.

The KCL can be translated to an algebraic constraint KT v =
0 presented by the Kirchhoff constraint matrix K ∈ Rn,m

defined by

Kij =

 −1 branch i connected inward to node j
1 branch i connected outward to node j
0 otherwise.

(1)
The constraint matrix has only m columns as the ground
node does not provide an independent constraint. The KVL
is presented by the Fundamental Loop matrix K2 ∈ Rn,l,
where for a connected, planar graph l = n−m is the number
of independent meshes. By defining the Fundamental Loop

matrix by

K2,ij =

 −1 branch i is a backward branch in mesh j
1 branch i is a forward branch in mesh j
0 otherwise,

(2)
the algebraic constraint resulting from the KVL is written as
KT

2 u = 0. With coordinates as above we can express these
matrices as

K =


KL

KC

KR

KS

 , K2 =


K2,L

K2,C

K2,R

K2,S

 ,

with the submatrices KJ ∈ RnJ ,m, K2,J ∈ RnJ ,l, J ∈
{L,C,R, S}. The voltages satisfying the KVL can also
be expressed by the node voltages û as Kû = u. Since
u ∈ ker(KT

2 ) and u ∈ im(K) it holds ker(KT
2 ) = im(K)

and im(K2) ⊥ im(K), respectively. The last statement is
usually refered to as Tellegen’s Theorem.

B. Geometric Setting

In [1] a geometric approach is introduced for the analysis
of an electric circuit. The electric branch charges are assumed
to be the configuration manifold called charge space with
elements q ∈ Q ⊆ Rn. The associated tangent space
TqQ ⊆ Rn for a given q consists of the currents v passing
through the branches. The tangent bundle TQ, which is the
disjoint union of the tangent spaces TqQ, is therefore called
the current space. The corresponding cotangent bundle T ∗Q
with the electromagnetic fluxes ϕ ∈ T ∗q Q is called the flux
linkage space. Finally, the branch voltages u are assumed
to be covectors in the cotangent space u ∈ T ∗q Q, as branch
voltages are the analogy with forces in mechanical systems,
see [6].

The KCL and KVL can be represented by the constraint
distribution ∆Q ⊂ TQ and its annihilator ∆0

Q(q) ⊂ T ∗Q,
respectively, as described below (cf. [1]). With KT as local
coordinate representation for m independent one-forms wa,
the constraint KCL space is given by the submanifold

∆Q(q) = {v ∈ TqQ | 〈ωa, v〉 = 0, a = 1, . . . ,m} ⊂ TqQ

=
{
v ∈ TqQ | KT v = 0

}
⊂ TqQ (3)

which includes all branch currents satisfying the KCL for
a given charge.1 Furthermore, the constrained KVL space is
given by the annihilator ∆0

Q and determined by

∆0
Q(q) =

{
ω ∈ T ∗q Q | 〈ω, v〉 = 0, ∀v ∈ ∆Q(q)

}
⊂ T ∗q Q

=
{
u ∈ T ∗q Q | KT

2 u = 0
}
⊂ T ∗q Q, (4)

with the natural pairing 〈·, ·〉 : T ∗q Q×TqQ→ R of cotangent
and tangent vectors. ∆Q(q) and ∆0

Q(q) are spaces of dimen-
sion l and m, embedded in TqQ and T ∗q Q, respectively, with
local representatives being in Rn. Note that the choices of K
and K2 are in general not unique. The only design criterion
for K2 is the condition im(K) ⊥ im(K2). However, due to

1Note that since K is constant, ∆Q(q) is integrable and thus holonomic.
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its physical interpretation we choose the Fundamental Loop
matrix as candidate for the matrix K2.

We already mentioned the possibility to express branch
voltages by means of node voltages. This idea can be
expanded to express all quantities of the circuit in a nodal or
a mesh (fundamental loop) fashion. Therefore, we introduce
the branch space B with quantities (q, v, ϕ, u), the node
space N with quantities (q̂, v̂, ϕ̂, û) and the mesh space M
with quantities (q̃, ṽ, ϕ̃, ũ) . Note that the mesh voltage ũ
and the node current v̂ are both zero in accordance with the
the KVL and KCL, respectively. For mesh and node space
we define the configuration spaces M ⊆ Rl, N ⊆ Rm, the
tangent spaces Tq̃M ⊆ Rl, Tq̂N ⊆ Rm and the cotangent
space T ∗q̃ M ⊆ Rl, T ∗q̂ N ⊆ Rm, where M is the mesh charge
space and N the node charge space. Branch, mesh, and node
space are defined to be the Pontryagin bundle which is the
direct sum of tangent and cotangent space, that is B =
∆Q ⊕∆0

Q, M = TM ⊕ T ∗M , and N = TN ⊕ T ∗N . The
Fundamental Loop Matrix K2 and the Kirchhoff Constraint
Matrix K define linear relationships between these different
spaces as shown in Figure 2 and discussed in [1].

T ∗q̂ N
K

−−−−−→ ∆0
Q(q)

KT
2

−−−−−→ {0} ⊂ T ∗q̃ M
N B M

nodes branches meshes

{0} ⊂ Tq̂N
KT

←−−−−− ∆Q(q)
K2

←−−−−− Tq̃M

Fig. 2. This diagram gives the relations between the different spaces in
terms of the Kirchhoff constraint matrix K and the Fundamental Loop
matrix K2.

C. Constrained Variational Formulation

The Lagrangian of an electric circuit is given by the
difference between magnetic and electric energy. Thus, for a
circuit with nC capacitors and nL inductors, the Lagrangian
L : TQ→ R is defined as

L(q, v) = L(qC , vL) =
nL∑
k=1

vLk∫
0

fLk
(y) dy−

nC∑
j=1

qCj∫
0

fCj
(y) dy,

(5)
with the inductor relations fLk

and capacitor relations fCj
,

see Table I. Note that the chosen Lagrangian is independent
of the currents across all non-inductor elements. Therefore,
the Legendre transform FL : TQ→ T ∗Q, defined by

FL(q, v) =
(
q,
∂L
∂v

(q, v)
)

=

(
q,

(
fL(vL)
0C,R,S

))
= (q, ϕ),

(6)
with the vector

fL(vL) = (fLj (vLj ))nL
j=1 (7)

and 0C,R,S ∈ RnC+nR+nS is clearly degenerate as no
relation between the artificial fluxes ϕC,R,S and the existing

currents vC,R,S is provided.2 In particular, the Legendre
transform states that all artificial fluxes are zero ϕC,R,S = 0.
Therefore, we define the constraint flux linkage subspace by
the Legendre transform as

P = FL(∆Q) ⊂ T ∗Q,

where ∆Q ⊂ TQ is the distribution. The resistors and
voltage sources are incorporated in the Lagrangian force
fL : TQ→ T ∗Q as

fL(q, v, t) =


0L

0C

−fR(q, v, t)
fS(q, v, t)

 =


0L

0C

−fR(vR)
fS(vS , t)

 . (8)

The resistor relations are negative signed, as they induce
a damping force to the circuit, while the voltage sources
provide energy to the circuit.

Now the Lagrange-d’Alembert-Pontryagin principle as
presented in [5] is used to derive solution curves
q(t), v(t), ϕ(t) given as

δ

T∫
0

{
L(q(t), v(t)) + ϕ(t) · (q̇(t)− v(t))

}
dt

+

T∫
0

{
fL(q, v, t) · δq

}
dt = 0. (9)

Taking arbitrary variations δv, δϕ and constrained variations
δq ∈ ∆Q(q) with fixed initial and final point δq(0) =
δq(T ) = 0 gives the implicit Euler-Lagrange equations as

∂L
∂q

(q, v)− ϕ̇+ fL(q, v, t) ∈ ∆0
Q(q) (10a)

q̇ = v,
∂L
∂v

(q, v) = ϕ (10b)

v ∈ ∆Q(q). (10c)

For the Lagrangian (5), the Lagrangian forces (8), the con-
strained KCL space (3), and the constrained KVL space (4)
we obtain

0L

−fC(qC)
0R

0S

−


ϕ̇L

ϕ̇C

ϕ̇R

ϕ̇S

+


0L

0C

−fR(vR)
fS(vS , t)

 = Kλ

(11a)

q̇ = v,


fL(vL)

0C

0R

0S

−


ϕL

ϕC

ϕR

ϕS

 = 0

(11b)

KT v = 0,
(11c)

where λ : [0, T ] → Rm represents the node voltages
û ∈ T ∗q̂ Q (cf. Section II-B). System (11) is a differential-
algebraic system with differential variables q and ϕ and

2By (7) we assume that inductors are not magnetically coupled.
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algebraic variables v and λ. To eliminate λ and the algebraic
constraint (11c), we consider in the following paragraph a
reduced formulation that is based on a constrained variational
principle on a reduced state space, namely the mesh space.

D. Reduced Variational Formulation

By formulating the variational approach on the mesh space
M = TM⊕T ∗M (cf. II-B) we can gain multiple advantages
contrary to the usage of the branch space. These are:

1) The Lagrange multipliers are eliminated and the num-
ber of variables are reduced.

2) The degeneracy of the Lagrangian can be canceled out.
3) The KCL is directly included into the Lagrange-

d’Alembert-Pontryagin principle.

The last point is realized by instead of treating the KCL as
extra constraint in the form KT v = 0, we express currents
that satisfy the KCL with the help of the mesh currents ṽ ∈
Tq̃M as v = K2ṽ (cf. Fig. 2). Since K is constant, the KCL
are integrable, that is the charges q are constrained to be in
the submanifold

C = {q ∈ Q | KT q = 0}

for consistent initial values q ∈ C. This means that the KCL
constraints for the currents v also apply to the charges q
up to a constant vector. Thus, we have TqC = ∆Q(q) and
the branch charges q can be expressed by the mesh charges
q̃ ∈ M ⊆ Rn−m as q = K2q̃. Now define the reduced
constrained Lagrangian LM : TM → R via pullback as
LM := K∗2L : TM → R with

LM (q̃, ṽ) = L(K2q̃, K2ṽ). (12)

This reads for the Lagrangian (5) as

LM (q̃, ṽ) =
nL∑
j=1

(K2ṽ)Lj∫
0

fLj
(y) dy −

nC∑
i=1

(K2q̃)Ci∫
0

fCi
(y) dy

(13)

with the Legendre transform

FLM (q̃, ṽ) = (q̃, KT
2,LfL(K2,Lṽ)) = (q̃, ϕ̃). (14)

Define the cotangent bundle T ∗M via the Legendre trans-
form as

T ∗M = {(q̃, ϕ̃) ∈ Rl,l | (q̃, ϕ̃) = FLM (q̃, ṽ), (q̃, ṽ) ∈ TM}
= {(q̃, ϕ̃) ∈ Rl,l | (q̃, ϕ̃) = (q̃, KT

2 ϕ), ϕ ∈ P}.

Accordingly, we define the reduced Lagrangian force fML ∈
T ∗M as

fML (q̃, ṽ, t) = KT
2 fL(K2q̃, K2ṽ, t),

which reads for the Lagrangian force (8)

fML (q̃, ṽ, t) = −KT
2,RfR(K2,Rṽ) +KT

2,SfS(K2,S ṽ, t). (15)

For the mesh based approach the variations δq̃ are not
constrained anymore and the reduced Lagrange-d’Alembert-
Pontryagin principle then reads as

δ

T∫
0

{
LM (q̃, ṽ) + ϕ̃ ·

( ˙̃q − ṽ
)}
dt+

T∫
0

{
fML (q̃, ṽ, t) · δq̃

}
dt =0.

(16)

Fixing the initial and final points for q̃(0), q̃(T ) and taking
variations δq̃, δṽ, δϕ̃ gives the implicit Euler-Lagrange equa-
tions on the mesh space

∂LM

∂q̃
+ fML − ˙̃ϕ = 0, ˙̃q = ṽ,

∂LM

∂ṽ
− ϕ̃ = 0. (17)

Inserting the reduced Lagrangian (13) and the reduced La-
grangian force (15), the implicit Euler-Lagrange equations
have the form

˙̃ϕ =−KT
2,CfC(K2,C q̃)−KT

2,RfR(K2,Rṽ)

+KT
2,SfS(K2,S ṽ, t) (18a)

˙̃q =ṽ, ϕ̃ = KT
2,LfL(K2,Lṽ). (18b)

While the Lagrangian L with the Legendre transform (6)
is degenerate if any other components beside inductors are
involved in the circuit, the reduction to LM can cancel out
this degeneracy iff KT

2,LfL(K2,L ·) : Tq̃M → T ∗q̃ M is
(locally) invertible. The following theorem extends the result
in [1] for linear to nonlinear systems.

Theorem 4.1: The reduced Lagrangian LM is regular in
ṽ ∈ Tq̃M if

1) the number of capacitors, resistors, and voltage sources
equals the number of independent constraints involving
the currents through the capacitor, resistor, and source
branches, and

2) in ṽ ∈ Tq̃M it holds

rk
(
∇fL(x)|x=K2,Lṽ

)
= nL.

Proof. To show the regularity of LM , we have to as-
sure the invertibility of the Legendre transform FLM (cf.
(14)). The proof is performed in two steps: (i) By us-
ing condition 1) on the network topology we show that
rk(K2,L) = l. (ii) Together with condition 2) we can prove
that rk

(
∂
∂ṽK

T
2,LfL(K2,Lṽ)

)
= l. Then, the implicit function

theorem ensures the invertibility of the Legendre transform
FLM .

Step (i): Let nL be the number of inductors, nX = nC +
nR +nS the number of non-inductors and m the number of
Kirchhoff constraints such that KT

X ∈ Rm,nX and let lX ≤
l be the number of independent constraints involving the
currents through the capacitor, resistor, and source branches.
By condition 1) we have nX = lX ≤ m and thus rk(KT

X) =
nX and equivalently

ker(KT
X) = {0}. (19)

Furthermore, with l = n−m it follows nL ≥ l for K2,L ∈
RnL,l. To determine rk(K2,L) we define a matrix L with

L =
(

Λ 0
0 0

)
∈ Rn,n, Λ = diag(Λi) ∈ RnL,nL , Λi 6= 0 ∀i,
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whose kernel is

ker(L) = {v ∈ TqQ | vL = 0}.

Expressing im(K2) by ker(KT ) as

im(K2) = ker(KT ) =
{
v ∈ TqQ

∣∣∣∣ (KT
L KT

X)
(

vL

vX

)
= 0
}

we obtain

im(K2) ∩ ker(L) = {v ∈ TqQ | KT
XvX = 0} (19)= {0}

and therefore

{0} = ker(LK2) = ker

(
ΛK2,L

0

)
= ker(ΛK2,L)

⇔ rk(ΛK2,L) = l
Λ diag
=⇒ rk(K2,L) = l. (20)

Step (ii): Define Υ = ∇fL(x)
∣∣∣
x=K2,Lṽ

. Due to the in-

ductor relation (7), Υ is diagonal with the entries Υj =
d

dxj
fLj (xj)

∣∣∣
xj=vLj

, j = 1, . . . , nL. Condition 2) ensures

that diagonal elements are not zero. Splitting Υ in Υ =√
Υ

T√
Υ,
√

Υ ∈ CnL,nL leads to

rk
(
KT

2,LΥK2,L

)
= rk

(
KT

2,L

√
Υ

T√
ΥK2,L

)
= rk

(√
ΥK2,L

)
= rk(K2,L) = l.

The last equation holds, since the multiplication with the
diagonal matrix

√
Υ from the left acts as multiplication of the

rows of K2,L and therefore does not change the column rank.
Finally, the implicit function theorem gives the invertibility
of the Legendre transform FLM . �

Thus, if the reduced Lagrangian is regular, the DAE
system (18) can be written as ordinary differential equation
system in Hamiltonian form with the variables q̃ and ϕ̃.

Remark 4.1: The previous proof makes a connection be-
tween the Kirchhoff Constraint matrix K and the Fundamen-
tal Loop matrix K2. This is

rk(KX) = nX , nX ≤ m =⇒ rk(K2,L) = l, nL ≥ l.

Thus, the previous theorem states, that the reduced La-
grangian is regular, if each fundamental loop contains at least
one inductor.

Remark 4.2: By following the lines of [1] it can be shown
that the implicit Euler-Lagrange equations on the branch
space (10) and implicit Euler-Lagrange equations on the
mesh space (17) are equivalent that means that a solution
of the reduced Lagrangian system can be transformed to a
solution of the full Lagrangian system and vice versa.

III. VARIATIONAL INTEGRATORS

A. Discrete Variational Formulation of Electric Circuits

The concept of variational integrators [2] is based on
a discretization of the variational principle (9). Due to
Remark 4.2 we discretize the reduced variational formulation
on the mesh space (16) instead. Consider a discrete time
grid ∆t = {t(k) = kh | k = 0, . . . N ;Nh = T} ⊂ [0, T ]

with constant step size h and accordingly discrete curves
q̃d : ∆t→M, ṽd : ∆t→ Tq̃M and ϕ̃d : ∆t→ T ∗q̃ M , where
we view q̃(k) = q̃d(hk), ṽ(k) = ṽd(hk), ϕ̃(k) = ϕ̃d(hk) as
approximations of the solution at the given times. For the
case that the conditions in Theorem 4.1 are satisfied, we
can assure that the degeneration of the Lagrangian system
(cf. (6)) is canceled out and obtain a variational integrator
suited for simulation. If the system is degenerate, the choice
of discretization of the variational principle is important
to bypass this intrinsic degeneracy. As a first exemplary
discretization we choose a left-sided evaluation of the re-
duced Lagrangian (13), resp. the Lagrangian force (15), and
substitute ˙̃q(t) by the forward difference operator. Therefore,
the discrete Lagrange-d’Alembert-Pontryagin principle on
the mesh space reads

δ

{
h

N−1∑
k=0

[
LM (q̃(k), ṽ(k)) + ϕ̃(k)·

(
q̃(k+1) − q̃(k)

h
− ṽ(k)

)]}

+h
N−1∑
k=0

fML (q̃(k), ṽ(k), t(k)) · δq̃(k) = 0

with fixed initial and final values for the charges δq̃(0) =
δq̃(N) = 0 and arbitrary variations δq̃(k), δṽ(k), δϕ̃(k). This
leads to the discrete implicit Euler-Lagrange equations on
the mesh space

∂LM

∂ṽ
(q̃(0), ṽ(0)) = ϕ̃(0)

∂LM

∂q̃
(q̃(k), ṽ(k))− (ϕ̃(k) − ϕ̃(k−1))

h
= −fML (q̃(k), ṽ(k), t(k))

∂LM

∂ṽ
(q̃(k), ṽ(k)) = ϕ̃(k)

(q̃(k) − q̃(k−1)) = hṽ(k−1)

(q̃(N) − q̃(N−1)) = hṽ(N−1)

for k = 1, . . . , N − 1. This scheme provided by the discrete
implicit Euler-Lagrange equations is also denoted as forward
Euler scheme. In detail, the resulting integrator for the
Lagrangian (13) and forces (15) is given as

q̃(k) = q̃(k−1) + hṽ(k−1)

ϕ̃(k) = KT
2,LfL(K2,Lṽ

(k))

ϕ̃(k) − ϕ̃(k−1)

h
=−KT

2,CfC(K2,C q̃
(k))−KT

2,RfR(K2,Rṽ
(k))

+KT
2,SfS(K2,S ṽ

(k), t(k))

with the explicit update for q̃(k) and the implicit updates
for ϕ̃(k), ṽ(k). Similarly (cf. [8]), a backward Euler scheme
can be derived. Following the lines of [9] higher order
integration schemes can be derived by using an s-stage
Runge-Kutta approximation to the condition ˙̃q = ṽ with
additional internal charges Q̃(k)

i , internal velocities Ṽ (k)
i and

internal fluxes Φ̃(k)
i , i = 1, . . . , s defined on the internal time

grid ∆τ = {τ (k)
i = t(k) + cih | i = 1, . . . , s}. The general
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discrete approach to (16) then reads

δ

N−1∑
k=0

s∑
i=1

h

[
Φ̃(k)

i ·
(
Q̃

(k)
i − q̃(k)

h
−

s∑
j=1

aij Ṽ
(k)
j

)

+biLM (Q̃(k)
i , Ṽ

(k)
i ) + ϕ̃(k+1) ·

(
q̃(k+1) − q̃(k)

h
−

s∑
j=1

bj Ṽ
(k)
j

)]

+h
N−1∑
k=0

s∑
i=1

bif
M
L (Q̃(k)

i , Ṽ
(k)
i , τ

(k)
i ) · δQ̃(k)

i = 0.

With ci =
∑

j aij , the scheme is completely defined by the
coefficients bi, aij , which can be chosen by the coefficients
given by the Butcher tableaus for standard Runge-Kutta
methods. As a second example we present an scheme based
on the implicit midpoint rule (s = 1, a = c = 1/2, b = 1),
therefore called midpoint rule scheme. The internal time grid
simplifies to ∆τ = {τ (k) = (k + 1

2 )h | k = 0, . . . , N − 1}
on which the internal stages Q̃d : ∆τ → M, Ṽd : ∆τ →
Tq̃M, Φ̃d : ∆τ → T ∗q̃ M are defined. The associated discrete
Lagrange-d’Alembert-Pontryagin principle is

δ

{
h

N−1∑
k=0

[
LM (Q̃(k), Ṽ (k)) + Φ̃(k) ·

(
Q̃(k) − q̃(k)

h
− 1

2
Ṽ (k)

)
+ϕ̃(k+1) ·

(
q̃(k+1) − q̃(k)

h
− Ṽ (k)

)]
+ϕ̃(0) · (q̃(0) − q̃0)

}
+ h

N−1∑
k=0

fML (Q̃(k), Ṽ (k), τ (k)) · δQ̃(k) = 0

where the initial charge condition q̃(0) − q̃0 is included in
the principle and thus we consider free variations δq̃(0) but
zero variations δq̃(N). The resulting integration scheme for
the Lagrangian (13) and forces (15) is

ϕ̃(k+1) =ϕ̃(k) − hKT
2,CfC

(
K2,C

( q̃(k) + q̃(k+1)

2

))
− hK2,RfR(K2,RṼ

(k)) + hKT
2,SfS(K2,S Ṽ

(k), τ (k))

q̃(k+1) =q̃(k) + hṼ (k)

ϕ̃(k+1) =− ϕ̃(k) + 2KT
2,LfL(K2,LṼ

(k))

for k = 0, . . . , N − 1. Note that this scheme determines the
discrete charges q̃(k) and fluxes ϕ̃(k) at different grid points
than the discrete currents Ṽ (k). For a more detailed derivation
and a discussion on the solvability of these schemes for linear
component relations we refer to [1].

B. Numerical Example: LC-Circuit

For a numerical demonstration, we consider the LC-circuit
shown in Fig. 3 without taking the resistor into account for
now. Therefore, no loss or gain of energy will occur in this
academical example. The number of capacitor branches in
this circuit is nC = 2 with the characteristic equations

uC = fC(qC) =
(

sgn(qC1)aq2
C1

1
b qC2

)

Fig. 3. Graph presentation for the LCR circuit. The resistor (dashed) and
therefore node 3 are only used in the second example in Section III-C.

with a, b ∈ R. With constants c, d ∈ R the nL = 2 inductors
have the characteristic equations

ϕL = fL(vL) =
(
cvL1

tan
( vL2

d

) ) .
Therefore, the circuit consists of both linear and nonlinear
components. The Lagrangian is given as

L(qC , vL) =
c

2
v2

L1
+
d

2
log
((

tan
(vL2

d

))2

+ 1
)

− sgn(qC1)
a

3
q3
C1
− 1

2b
q2
C2
.

The topology of the circuit with m+ 1 = 3 nodes (node N3

is only needed for the LCR-circuit example in Section III-
C) provides the Kirchhoff Constraint matrix K and the
Fundamental Loop Matrix K2 as

K =


1 −1
0 1
−1 0

0 −1

 , K2 =


1 0
0 1
1 0
−1 1

 .

Following the reduction steps described in Section II-D the
reduced Lagrangian is given as

LM (q̃, ṽ) =
c

2
ṽ2

1 +
d

2
log

((
tan

( ṽ2

d

))2

+ 1

)
− sgn(q̃1)

a

3
q̃3
1 −

1
2b

(q̃2 − q̃1)2.

Since the number of capacitors (nC = 2) equals the number
of independent constraints involving the currents through the
capacitors (i.e., rk(KC) = nC = 2) and since ∇fL(vL)
has full rank, the reduced Lagrangian LM is regular by
Theorem 4.1.

For the numerical computation we choose a = 0.002,
b = 1

30 , c = 30, d = 1, and h = 0.08 for the initial state
q(0) = (0.4, 0.2,−0.4, 0.2)T , v(0) = (0, 0, 0, 0)T , ϕ(0) =
(0, 0, 0, 0)T .

We compare three different variational integrators (mid-
point rule (VI MPR), backward Euler (VI EBD), forward
Euler (VI EBD)) to a forth-order Runge-Kutta method (RK4)
and the MATLAB ODE-solver ode45, which is a time adap-
tive Runge-Kutta solver using the Dormand-Prince method.
In Fig. 4 the current through the inductor L2 is plotted
for the different solvers during the time interval [260, 264].
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Fig. 4. LC-circuit with no resistors with step size h=0.08. Current
through inductor L2. Comparison of the numerical solution using variational
integrators (VI), namely midpoint rule (VI MPR), backward Euler (VI EBD)
and forward Euler (VI EFD), a Runge-Kutta method of forth order (RK4)
and the MATLAB ODE-solver ode45 (ODE45).

0 100 200 300 400 500 600 700 800
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

time

e
n
e
rg

y

 

 

VI EFD

VI EBD

VI MPR

RK4

ODE45

exact

Fig. 5. Long term energy evolution for the LC-circuit example. The
solutions of the variational integrators show no energy dissipation compared
to the non symplectic Runge-Kutta methods.

Due to the different discretizations, the integrators induce
different phase shifts in the discrete solution. In addition,
the amplitude of the solutions from the RK4 method and
the ode45 solver slowly decreases. This phenomenon can
also be observed in the energy behavior of the simulated
circuits (see Fig. 5): Although the total energy (magnetic
plus electric energy) should be preserved (no resistors or
sources are present), the energy for the Runge-Kutta and the
ode45 solution is dissipating. For the variational integrators,
the system’s energy oscillates around its real value, however,
no dissipation or artificial growth of the energy occurs due
to their symplectic nature.

C. Numerical Example: LCR-Circuit

As second example we consider a LCR-circuit by adding
a nonlinear resistor in the previous example as shown in the
dashed part of Fig. 3. This induces a damping force to the
circuit and therefore the energy is not conserved anymore.
We use the same relations for the inductors and the capacitors

as for the LC-circuit in the previous subsection. Thus, the
(reduced) Lagrangian stays the same. The relation for the
resistor is given as

fR(vR) = ev3
R.

With the new component, the Kirchhoff constraint matrix
and the Fundamental loop matrix are given as

K =


1 −1 0
0 1 0
−1 0 1

0 −1 0
0 0 −1

 , K2 =


1 0
0 1
1 0
−1 1

1 0

 .

Note that since rk(KC,R) = nC + nR = 3 the reduced
system is still regular by Theorem 4.1. For the numerical
example we use a, b, c, d as before and e = 5000. The step
size is also set to h = 0.08. The energy “loss” caused by the
resistor is shown in Figure 6. Interestingly the variational
integrators keep in the mean a higher energy level at all
times. Even so we do not have the exact solution for this
problem, the analysis for linear circuits performed in [1], for
which the analytical solution is known, allows us to make the
assumption that the energy curve provided by the VI MPR
is the most accurate one in this example.
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Fig. 6. LCR-circuit with one resistor and the step size h=0.08. Long term
energy evolution. Comparison of the numerical solution using variational
integrators, namely midpoint rule (VI MPR), backward Euler (VI EBD)
and forward Euler (VI EFD), a Runge-Kutta method of forth order (RK4)
and the MATLAB ODE-solver ode45 (ODE45).

IV. CONCLUSIONS

In this contribution, the unified framework for the mod-
eling and simulation of linear electric circuits presented in
[1] is extended to general nonlinear circuits. A degenerate
Lagrangian is defined on the space of branches that consists
of electric and magnetic energy, dissipative and external
forces that describe the influence of resistors and voltage
sources, as well as holonomic constraints given by the KCL
of the circuit. The Lagrange-d’Alembert-Pontryagin principle
is used to derive the implicit Euler-Lagrange equations. A
reduced version on the mesh space is presented for which
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under some topology assumptions and regularity conditions
on the inductance relations the degeneracy of the Lagrangian
is canceled. Based on a variational discretization, variational
integrators are derived that ensure a structure-preserving
simulation of the nonlinear circuit, in particular a better
energy behavior compared to non symplectic Runge-Kutta
methods is demonstrated for two examples of LCR-circuits.

With the presented modeling approach, also large-scale
nonlinear circuits can be easily formulated in Lagrangian
dynamics. In particular, the concept of interconnection for
degenerate Lagrangian systems [10] is a useful approach for
the modeling of coupled or interconnected circuits. Since the
use of geometric integration methods ensures less errors in
the qualitative behavior for each sub circuit, it is expected
that error accumulation due to numerical errors in each sub-
system is less severe compared to non symplectic integration
methods.

Of course, for the simulation of circuits involving more
complicated devices, a Lagrangian description has to be
provided. This is subject of current and future work. Partic-
ularly, we are interested in including magnetically coupled
inductors in our framework. These are especially important
for transformers, and therefore, for power engineering. With
this in mind the long-time energy behavior of the derived
integrators becomes even more important. Another obvious
next step for the variational simulation of electric circuits is
the inclusion of transistors, which are used for switching
or amplification of electric signals. Transistors naturally
introduce a hybrid behavior to the circuit, that means an
interaction between continuous dynamics and discrete events
[11]. As a first step, we consider a simple diode model that
makes it possible to study a basic state-controlled switching
feature for the electric circuit. For the variational formulation

and simulation of such a hybrid electric systems, we adapt
strategies for the construction of nonsmooth variational col-
lision integrators [12]. Due to space limitations, the results
are not presented here but will be published in a long version
of this paper.
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