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ABSTRACT. One-point Goppa codes are among the most studied algebraic geometric codes. They
are obtained evaluating vector spaces of rational functions on curves defined over finite fields at
appropriate sets of points. In some relevant cases (e.g., for codes from norm-trace curves) the dual
minimum-weight codewords of such codes are characterized by the intersections of the underlying
curve with lines and conics in the plane. We describe a geometric method to determine the dual
minimum distance of such codes and explicitly count their dual minimum-weight codewords.

1. MOTIVATIONS

Goppa codes are error-correcting codes for which we have efficient decoding algorithms. They
are becoming more and more interesting for their possible applications in cryptography through
the McEliece cryptosystem (see [13]). The minimum distance and the minimum-weight codewords
play an important role in the decoding performance of a code.

2. ONE-POINT CODES

Let us briefly recall the definition of one-point Goppa code. See [14] for a geometric introduction
to Goppa codes and [15] for a more number-theoretic approach.

Definition 1. Let X C P be an algebraic curve defined over a finite field IF,, and let P € X (F,) be a
raional point of X. For m € Z, denote by .Z (mP) the Riemann-Roch space associated to the divisor
mP on X. Set {Py,...,P,} := X(F,) \ {P}. The one-point code ¢ (X,mP) is defined as the image
of the evaluation map of rational functions

ev: Z(mP) = F,, = (F(P), e f(B))-
The dual code of €' (X, mP) will be denoted by (X, mP).

Among the most commonly used curves for constructing one-point codes there are norm-trace
curves (in particular, Hermitian curves) and curves which are covered by the Hermitian curve. See
[15], Section 8.3, [10] and [6] among the others. This talk is concerned with the parameters of codes
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of type € (X,mP) arising from such curves. In particular, we are interested in their minimum
distance and in the number of their minimum-weight codewords.

3. FROM INTERSECTIONS OF CURVES TO MINIMUM-WEIGHT CODEWORDS

When studying a code of type €+ (X,mP) a simple description of the Riemann-Roch space
Z(mP) on X is very useful. For many curves employed in coding theory (e.g., for Hermitian
curves and norm-trace curves) the Riemann-Roch space .Z(mP) turns out to be a vector space of
homogeneous forms with some prescribed zeroes. For example, if 7 is the Hermitian curve' and
P :=(0:1:0) is its point at infinity then, for any m € Z~,

L(mP.) = H'(H;, 6 4,(d)(~aP.),

where m = d(q+ 1) —a with 0 < a < ¢ (see [4], Remark 7). Analogous results hold for norm-trace
curves and for curves covered by the Hermitian curve (see [3] and [2] for details). As a consequence,
it is natural to study codes obtained evaluating vector spaces of the form

H(X,0x(d)(~E)),

where X is a plane curve defined over a finite field, £ C X is a zero-dimensional scheme whose
support consists of rational points, and d is a positive integer. To construct codes as long as possible,
we simply evaluate the elements of H’(X, Ox(d)(—E)) at all the rational points of X avoiding the
support of E. We denote such a code by €' (X,d,E) and its dual by (X ,d,E). See [1], Lemma 1
for the dimension of codes of this form.

In many relevant cases (for example, when X = J7;) a support S of a minimum-weight codeword
of €+ (X,d,E) is characterized (see [4], Lemma 17 and Proposition 13 for a detailed proof) by the
non-vanishing condition

dim H'(P?, Zxus(d)) > 0.

Classical results on zero-dimensional schemes in the plane (e.g., [9]) provide a geometric de-
scription of such a condition in terms on the intersections of £ U S with low degree curves in the
plane. As a straightforward consequence, the possible supports S of the minimum-weight code-
words of (X ,d,E) are completely determined by the rational intersections of X with low degree
curves in the plane. Determining such intersections is a well-studied problem in discrete geometry,
and very precise results are available for curves of degree one and two, i.e., for lines and conics (see
in particular [11] and [12]).

Remark 2. Notice that for any linear code over a finite field IF, the number of minimum-weight
codewords, say m, and the number of their possible supports, say s, are related by m = s(q — 1).
Hence the knowledge of all the possible supports gives, in particular, the number of the minimum
weight codewords.

Remark 3. A. Couvreur studied codes obtained evaluating homogeneous forms on curves and sur-
faces first. In particular, he provided in [8] a geometric method to lower bound the dual minimum
distance of codes obtained evaluating vector spaces of the form H°(X, Ox (d)), where X is a projec-
tively connected and smooth complete intersection. Introducing zero-dimensional schemes in the
framework of [8], we improved the method for the special case of plane curves.

! Let P2 be the projective plane of coordinates (x : y : z) over the algebraic closure of a finite field ;2. The Hermitian
curve 7, C IP? is defined over I by the affine equation y7 +y = xatL
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4. SOME EXPLICIT RESULTS

Here we state two of the main results we obtained for codes from an Hermitian curve 7 defined
over F ey In the notation of Definition 1, we provide a characterization (and in many cases the exact

number) of the minimum-weight codewords of any code €'+ (A5, mPs) With 0 < m < @ +q.

Theorem 4 ([4], Theorem 18). Let m € Z~o. Write m =d(q+ 1) —a, with 0 < a < g. Assume
d<q—1.Set¢ :=C(H#,,mP.). Denote by § the minimum distance of € and by A5 the number
of its minimum-weight codewords.

(1) If a > d then €+ is isometric to € (4,(d —1)(g + 1)P), which is studied in the next
case.
(2) Assume a = 0. Then § = d +2. Distinct points Py, ..., Ps of 7 (FF2) \ {P..} are the support

of a minimum-weight codeword of ¢’ if and only if they are collinear. Moreover,
As (4"~ ") ifd=g—1,

=3 2[4 4 afatl) .

g*—1 T\ s +(¢" —q) 5 ifd<qg—1.

(3) If 0 < a < d then 6 = d + 1. Distinct points Py, ..., Ps in (I 2) \ { P} are the support of
a minimum-weight codeword of € if and only if P., P}, ..., P5 are collinear. Moreover,

A5:2q
g*—1 T\s)

Theorem 5 ([4], Theorem 19). Fix an integer a with 0 < a < g and set m := g(¢+ 1) — a. Denote
by 8 the minimum distance of €+ := ¢+ (4€;,mP.,), and by A5 the number of its minimum-weight
codewords.

(1) If @ = 0 then 6 = 2¢ + 2. Distinct points P}, ..., Ps in 5(F ) \ {P-} are the support of a
minimum-weight codeword of € if and only if they lie on a conic of P?.

(2) If a =1 then § = 2g + 1, and distinct points P}, ..., Ps in 7 (F2) \ { P} are the support of
a minimum-weight codeword of €+ if and only if P., Py, ..., Ps lie on a conic of P2

(3) If 2 < a < g then § = 24, and the following two facts hold.
(a) Assume g even. Then points Py, ..., Ps in 7 (F 2)\ {P.} are the support of a minimum-

weight codeword of ¢ if and only if they lie on two lines intersecting at P... More-

over,
2
q
As= (-1 .
5= (g )<2>

(b) Assume g odd. Then distinct points P, ..., Ps in 7 (F ) \ {P-} are the support of a

minimum-weight codeword of 4’ if and only if either they lie on two lines intersecting
at P, or they lie on a smooth conic of P? which is tangent to X at P... Moreover,

As=(q"—1) [612(61+1)(q— 1/2+ (qjﬂ :

Analogous results (even if less detailed) can be obtained for codes from more general norm-trace
curves and quotients of the Hermitian curve ([3] and [2]). In some cases two-point Goppa codes
can be studied using the same method (see [5]).
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