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Abstract— The problem of constructing Insertion/Deletion
codes for the editing distance is reduced to constructing
codes over the integers for the Manhattan distance by run
length coding. These latter codes are constructed by truncation
of translates of lattices. These lattices in turn are obtained
from Construction A applied to binary codes and Z4−codes.
Complete weight enumerators of these codes allow to compute
the generalized theta series of the corresponding lattices.
Asymptotic Gilbert and Hamming type of bounds are derived in
large dimensions. Constructive bounds better than the Gilbert
type bound are derived by use of geometric codes.

Keywords: Insertion/ Deletion codes, lattice, Lee metric,
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I. INTRODUCTION

Coding for the insertion/deletion channel remains a major
challenge for coding theorists. Part of the reason for this is
that the use of standard block algebraic coding techniques
(parity-checks, cosets, syndromes) is precluded due to the
specificity of the channel which produces output vectors of
variable lengths. A variation of this channel is the so-called
segmented insertion/deletion channel where at most a fixed
number of r − 1 errors can occur within segments of given
size [13], [12]. By looking at the input-output runlengths
of symbols, the channel becomes a standard memoryless
channel for which algebraic coding techniques can be used.
Specifically, we construct lattice-based codes, which, in
principle, can be decoded when obtained via Construction
A from Lee metric codes with known decoding algorithms
[6].

The proposed code constructions are analoguous to the
so-called (d, k)−codes in magnetic recording where each
codeword contains runs of zeros of length at least d and at
most k while each run of one has unit length [8], [11]. Given
d, k and assuming a constant number of runs of zeros, label
the runs by integers modulo m and consider block codes
over the ring of integers modulo m—the smallest possible
m depends on d and k.

Our approach differs from the one in [8], [11] in two
ways. First, we relax the unit length runlength of the ones.
Second, we consider lattices rather than codes over the
integers modulo m to allow a wider choice of parameters.
Indeed our codes are obtained as sets of vectors in a lattice
with certain metric properties. A code determines a lattice by
Construction A but not conversely. We extend some results
of [1], [17] on generalized theta series, called there ν−series,
to enumerate effectively these special sets of vectors in the
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lattice. In particular, if the lattice is obtained via Construction
A from a code, the generalized ν−series allows to enumerate
these sets from the weight enumerators of the code.

The paper is organized as follows. In Section 2, we
formulate the problem. In Section 3, we state the main results
on ν-series for Construction A lattices and provide some
numerical results. In Section 4, we derive the analogue of the
Gilbert and Hamming code size bounds for the Manhattan
metric space. In section 5 the asymptotic versions of the
analogues of respectively the Gilbert and Hamming bounds
are derived. In Section 6, we improve constructively on
these asymptotic bounds. In Section 7, we provide a few
concluding remarks.

II. BACKGROUND AND STATEMENT OF THE PROBLEM

Consider a binary sequence of length N , that starts with
a zero and ends with a one, and that contains n′ runs of
zeros and n′ runs of ones. (Similar considerations occur for
different choices of starting/ending symbol).

Example: The sequence 0011100011 contains n′ = 2 runs
of each symbol for a length of N = 10.

Working Hypothesis: In the whole paper, we assume that
n′ is the same for all the vectors in any given code so that we
can work in constant length. Vectors are restricted to have
runs of length at least r so that deletions of at most r − 1
bits do not destroy the pattern of runs at the receiving end.

There is a natural correspondence between such a se-
quence and a sequence defined over the natural integers.
Let xi and yi denote the ith run length of zeros and ones,
respectively. Then we can form a sequence of length n = 2n′

over the integers defined by

(x1, y1, . . . , xi, yi, . . . , xn′ , yn′).

Example: The binary sequence 0011100011 corresponds
to (2, 3, 3, 2).

This approach is a natural generalization of [11] which
considers the case where the yi’s are all equal to one.

Note that the integer sequence so constructed satisfies the
constraint

N =

n′∑
i=1

(xi + yi).

Denote by φ the above correspondence from FN2 to Zn.
The Levenshtein distance between two binary vectors is
the least number of insertions/deletions to go from one to
the other. Alternatively it is the complement to the total
length of both vectors of the length of the largest common
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subsequence. The Manhattan distance between two vectors
w, z ∈ Zn is given by the expression

|w − z| =
n∑
i=1

|wi − zi|.

The following observation is trivial but crucial.
Proposition 2.1: Under the above working hypothesis, the

map φ is an isometry between the Levenshtein distance and
the Manhattan distance. Proof: Let

z = (x1, y1, · · · , xn, yn)

denote the sequence of runs. Let j be an integer ≤ r−1. Any
insertion /deletion of j zeros (resp. ones) into run number i
will result into a change of xi (resp. yi) into xi ± j (resp.
yi± j) yielding a sequence z′ at Manhattan distance j away
from z.

The problem we consider is to characterize A(n, d,N, r), the
largest number of length n vectors of nonnegative integers
at Manhattan distance at least d apart and with coordinates
summing up to N. Any set of length n vectors with integral
entries ≥ r, at Manhattan distance at least d apart, and coor-
dinates summing up to N, we refer to as an (n, d,N, r)−set.

III. ENUMERATION FOR CONSTRUCTION A LATTICES

By a code C of Znm, we shall mean a Zm− submodule
of Znm. Define the complete weight enumerator (cwe) of
C as the homogeneous polynomial in the variables xi given
by the formula

cweC(x1, x2, . . . , xm) =
∑
c∈C

m−1∏
i=0

x
ni(C)
i ,

where ni(c) is the number of entries equal to i in the vector
c. For m = 2, we let WC(x, y) = cweC(x, y), the classical
weight enumerator of a binary code.

By a lattice of Rn, we shall mean a discrete additive
subgroup of Rn. A lattice L is said to be obtained by
Construction A from a code C of Znm if it is the inverse
image of C in Zn by reduction modulo m componentwise.
This will be denoted by L = A(C). An important parameter
of a lattice is its minimum distance (norm) which is given
by the following proposition. Recall that the Lee weight of a
symbol x ∈ Zm = {0, 1, · · · ,m−1}, is min(x,m−x). The
weight of a vector is the sum of the weight of its components,
and the Lee distance of two vectors is the Lee weight of their
difference. The Lee distance of a linear code C ⊆ Znm is
then the minimum nonzero weight of one its element.

Proposition 3.1 ([15]): Let L be a lattice constructed
from a code C with reduction modulo m. Then its minimum
distance

d = min(d′,m),

where d′ is the minimum Lee distance of C.
For an integer r ≥ 0 denote by νL(r; q) the shifted

ν−series in the indeterminate q of the lattice L

νL(r; q) =
∑
{q|x| : x ∈ L,& min

i
xi ≥ r}.

This definition extends trivially to any discrete subset L of
Rn. The motivation for this generating function, whose case
r = 0 is the ν−series of [1], [16], is Propositionn3.2, whose
trivial proof is omitted. We use the Waterloo notation for
coefficients of generating series. Notation: If the q−series
f =

∑
i fiq

i, we denote by [qi]f(q) the coefficient fi.
Proposition 3.2: Keep the above notation. If L is a lattice

of Rn, of minimum Manhattan distance d then the set of
vectors of L with coordinate entries bounded below by r
and Manhattan norm N form a (n, d,N, r)−set of size
[qN ]νL(r; q) ≤ A(n, d,N, r).

We now show how to compute (shifted) ν−series of
lattices from (complete) weight enumerators of codes.

Theorem 3.3: If L = A(C) and m = 2, then

νL(r; q) = WC(
qa

1− q2
,

qb

1− q2
),

where a (resp. b) is the first even (resp. odd) integer ≥ r. If
L = A(C) and m = 4, then

νL(r; q) = cweC(
qa

1− q4
,

qb

1− q4
,

qc

1− q4
,

qd

1− q4
),

where a, b, c, d are the first integers ≥ r, congruent to
0, 1, 2, 3 modulo 4 respectively.

Proof: By the same argument as in [1], [17], writing
A(C) as a disjoint union of cosets of mZn, we have

νL(r; q) = WC(ν2Z(r; q), ν2Z+1(r; q))

for m = 2, and
νL(r; q) =

cweC(ν4Z(r; q), ν4Z+1(r; q), ν4Z+2(r; q), ν4Z+3(r; q))

respectively, for m = 4. The result follows by observing that

ν4Z(r; q) =
qa

1− q4

and so on by summing appropriate geometric series of reason
q2 or q4.

IV. BOUNDS ON A(n, d,N, r)

We will use the enumerative results of the previous section.
First we recall a well-known identity of formal power series.

Lemma 4.1: For any integer n ≥ 1, we have

1

(1− q)n
=

∞∑
i=0

(
i+ n− 1

n− 1

)
qi.

Proof: Differentiate the geometric series

1

(1− q)
=

∞∑
i=0

qi

with respect to q and use induction on n.
Using generating functions, we compute the volume V (n, e)
of the Manhattan ball of radius e in Zn.

Lemma 4.2: For any integers n ≥ e ≥ 1, we have

V (n, e) = [qe]
(1 + q)n

(1− q)n+1
=

min(n,e)∑
i=0

2i
(
n

i

)(
e

i

)
.
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Proof:

V (n, e) =
∑e
i=0[qi]νZn(−∞, q) =

∑e
i=0[qi]( 1+q

1−q )n

= [qe] (1+q)n

(1−q)n+1 .

The second expression is from [10]. It can be derived from
the above generating series by expanding

(1 +
2q

1− q
)n+1 =

n∑
i=0

(
n

i

)
2i

qi

(1− q)i+1

by Lemma 4.1.
By the same techniques, we can compute the volume of the
ambient space A(n, 1, N, r).

Lemma 4.3: For any integer N > nr and r > e ≥ 1, we
have

A(n, 1, N, r) =

(
N − nr + n− 1

n− 1

)
.

Proof:

A(n, 1, N, r) = [qN ]νZn(r, q) = [qN ](qr 1
1−q )n

= [qN−nr] 1
(1−q)n .

The result follows from Lemma 4.1.
We are now in a position to formulate the analogues of

the Gilbert and Hamming bound in the present context.
Theorem 4.4: For any integers N > nr, n ≥ d, and r >

e = b(d− 1)/2c ≥ 1, we have(
N−nr+n−1

n−1

)
V (n, d− 1)

≤ A(n, d,N, r) ≤
(
N−nr+n−1

n−1

)
V (n, e)

.

Proof: Combine Lemma 4.2 and Lemma 4.3 with the
standard arguments.

Since all codewords have constant Manhattan distance, it
is natural to use the Johnson bound in the Lee metric.

Theorem 4.5: If d > N(1− 1/2n), then we have

A(n, d,N, r) ≤ d

d−N(1− 1/2n)
.

Proof: Reduce all vectors modulo Q = 2N. Use
Lemma 13.62 of [5] with D = Q/4 = N/2, and x = 1/n.

V. ASYMPTOTIC BOUNDS ON A(n, d,N, r)

We assume that r is fixed, that N → ∞, and that n ∼
ηN/r, d ∼ δN for some constants η, δ with η ∈ (0, 1), and
δ ≥ 0. Because each codeword has weight N, the triangle
inequality in the Manhattan metric shows that δ ∈ (0, 2).
Denote by R the asymptotic exponent of A(n, d,N, r), that
is

R = lim sup
1

N
logA(n, d,N, r).

The asymptotic form of Theorem 4.5 shows that δ ∈ (0, 1)
whenever R 6= 0.

Let

L(x) = x log2 x+log2(x+
√
x2 + 1)−x log2(

√
x2 + 1−1).

It was proved in [9] that when x→∞ and e ∼ εn, then

lim
1

n
log2 V (n, e) = L(ε).

For convenience, let H(q) = −q log q − (1 − q) log(1 − q)
denote the binary entropy function and let

f(x, y, z) = [1− y+ y/x]H(
y

y + x(1− y)
)− (y/x)L(

xz

y
).

We now state and prove the asymptotic version of Theorem
4.4.

Theorem 5.1: With the above notation, we have

f(r, η, δ) ≤ R ≤ f(r, η, δ/2).

Proof: The result follows from Theorem 4.4 by
standard entropic estimates for binomial coefficients for the
numerator and the result on large alphabet Lee balls from
[9] for the denominators.

VI. IMPROVEMENT OF GILBERT TYPE BOUND

Let L be a Construction A lattice in Zn−1 with
L1−distance d. Define

L̂ = {(x1, x2, . . . , xn−1, N −
n−1∑
i=1

xi)|(x1, . . . , xn−1) ∈ L}

and

E(n,N, r) = {y ∈ Rn−1|yi ≥ r,
n−1∑
i=1

yi ≤ N − r − ρ},

where ρ is the covering radius for L.
Then covering the volume of E(n,N, r) by Voronoi

domains for L yields the following bound

V ol(E(n,N, r)) ≤ A(n,N, r, d)V ol(L),

where V ol(L) is the volume of the Voronoı̈ cell for a lattice
L.

The volume V ol(E(n,N, r) is equal to the volume of the
unit sphere multiplied by (N−r−ρ)n−1

2n−1 , that is

V ol(E(n,N, r)) =
2n−1

(n− 1)!

(N − r − ρ)n−1

2n−1
.

Taking C as a linear code over Fp with parameter [n−1, k]
and L = A(C), that is

L =
⋃
c∈C

(c+ pZn−1),

the volume of L is equal to pn−1−k.
Thus

A(n,N, r, d) ≥ (N − r − ρ)n−1

(n− 1)!pn−1−k . (1)

By applying C as the concatenation code constructed in
Corollary 4.2 of [14], we get the following theorem.

Theorem 6.1: With the above normalization, there exists
a deletion code over Zp whose asymptotic rate satisfies

R ≥ 1

α

(
log2(αe) + (−1 +

1

2
(1− αδ)) log2 p

)
,

MTNS 2014
Groningen, The Netherlands

1151



where α = r
η .

Proof: With r, ρ ∼ p fixed, N →∞, n ∼ η
rN, d ∼ δN ,

We have
log2(A(n,N, d, r))

n
≥ log2N −

log2((n− 1)!)

n
− δr

2η
log2 p.

Using Stirling’s approximation for n! ∼ nne−n
√

2πn, we
get

log2(n!) ∼ log2 n− log2 e.

Then in the said asymptotic regime we obtain

lim(
log2(A(n,N, d, r))

N
) ≥ η

r

(
log2

(
re

η

)
− (1− k

n
) log2 p

)
.

Taking k
n = 1

2 (1− r
η δ), we get the theorem as claimed.

By applying the code C as in Corollary 4.8 of [14], we get:
Theorem 6.2: With the above normalization, there exists

a deletion code whose asymptotic rate satisfies

R ≥ 1

α
(log2(αe) + (−1 +R′(δ)) log2 p) ,

where α = r
η and

R′(δ) =
(
−v−

√
∆

2

)1/3

+
(
−v+

√
∆

2

)1/3

+ 4
3 −

1
p−1 if ∆ ≥ 0

2
√
−u
3 cos

(
1
3 cos−1(−

√
27v2

−4u3 ) + 2π
3

)
+ 4

3 −
1
p−1 if ∆ < 0

with ∆ = 6912δ′6 + 2112δ′4 − 16δ′2

3 , u = 36δ′2 − 1
3 and

v = (48δ′2 − 2
7 ) and δ′ = αδ.

Proof: Following the same idea as the proof above and
taking R′(δ) = k

n , we get the theorem.
Recall that in [14], the Victoria+descent construction is

better than the concatenation for large alphabet p. The graphs
of comparison show that for small alphabet p, for instance
p = 7, the latter construction using the concatenation code
[14] improves the former with larger relative distance δ
while, for large alphabet, for instance p = 17, the one using
the Victoria+descent code [14] does with smaller relative
distance δ.

VII. CONCLUSION

In this work, we have approached a problem of binary
coding for the Levenshtein distance by using lattices for
the Manhattan metric. These lattices are obtained by Con-
struction A applied to binary and quaternary codes. Finding
the densest lattice for the L1−metric in a given dimension
is still an open problem. Therefore it is worth varying
codes, alphabets and use other constructions to improve the
constructions of (n, d,N, r)−sets.
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