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Abstract— We investigate one-dimensional convolution be-
haviors that comprise differential and delay-differential behav-
iors in particular. We thus continue work of, for instance, Fliess,
Glüsing-Lürssen, Mounier, Rocha, Vettori, Willems, Yamamoto,
Zampieri of the last twenty-five years. The signal space of these
behaviors is the space E of complex-valued smooth functions
on the real line with its standard Fréchet topology on which
the dual space E ′ with the strong topology of distributions
with compact support acts by a variant of the convolution
product. Also via convolution E ′ is a commutative domain and
topological algebra and E′E is a module. By definition gen-
eralized behaviors (gen. beh.) are closed, translation-invariant
subspaces or, equivalently, closed E ′-submodules B of some
E`, ` ≥ 0, that, by duality or orthogonality, are in one-
one correspondence with closed submodules U of E ′1×` or
with their finitely generated (f.g.) Hausdorff factor modules
M := E ′1×`/U . A gen. beh. is called a behavior if it can be
described by finitely many convolution equations as usual. The
torsion elements of E , i.e., the functions which are annihilated
by some nonzero distribution in E ′, are called mean-periodic
functions and were studied by analysts like Delsarte (1935),
Schwartz (1947), Kahane (1953), Ehrenpreis (1955, 1960) and
Berenstein and Taylor (1980). Their results are significant for
the study of convolution behaviors. Typical new results are
the following: (i) The E ′-submodule PE of E of polynomial-
exponential functions is injective and thus permits (Willems’)
elimination procedure for the polynomial-exponential part of
gen. beh. whereas E′E is not injective. (ii) We construct all
autonomous gen. beh.. (iii) We show that many gen. beh.,
in particular all autonomous ones, are indeed behaviors, but
cannot presently decide whether even all gen. beh. are behav-
iors. Schwartz’ seminal result (1947) in this context was that
every closed, translation-invariant subspace of E is a behavior
and indeed described by two equations. (iv) We construct and
investigate input/output decompositions of gen. beh.. The study
of convolution behaviors requires methods of topological algebra
since the operator domain E ′ is not noetherian and therefore
the usual purely algebraic methods of one-dimensional systems
theory (polynomial matrix or differential operator approach)
do not work.

I. INTRODUCTION

This paper is a survey of a larger journal paper in prepara-
tion on the subject of the title and gives indications of some
proofs only. The abstract describes the intention and scope
of our work. One-dimensional convolution equations have
already a longer history in mathematics and were especially
studied in the analytic theory of mean-periodic functions
[6], [24], [18], [17], [7], [1], [2]. The paper [2] gives an
excellent survey of the theory and its history. The study
of such equations and their solution spaces from Willems’
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behavioral point of view is of more recent origin and was
pursued, for instance, by Fliess and Mounier [10], [20],
Glüsing-Lürssen [11], [12], [13], van Eijndhoven and Habets
[14], [9], Rocha and Willems [23], Vettori and Zampieri [26],
[27], [28], Yamamoto [29], Yamamoto and Willems [30].
In connection with mean-periodic functions only generalized
subbehaviors of E are considered. The main results of this
paper are Theorems 4.1, 4.2, 5.2, 5.4, 6.2, 6.5.

II. BASIC DATA

We give the basic data in more detail. We quote our
papers [4], [5] for several results from the literature that we
especially collected there and need here again. Let E :=
C∞(R,C) be the space of smooth complex-valued functions
w(t) of the real variable t, interpreted as time. According
to [25, pp.88-90] this space has the Fréchet topology of
compact convergence of the functions and their derivatives.
Its topological dual E ′ of continuous linear functions T :
E → C is the space of distributions with compact support.
The canonical bilinear form

< −,− >: E ′ × E → C, < T,w >:= T (w), (1)

is non-degenerate, i.e., < T,− >, T ∈ E ′, and < −, w >
, w ∈ E , are injective. The weak locally convex Hausdorff
topologies on E ′ and E are the least ones for which the
latter linear functions are continuous and then each of the
two spaces is the weak dual of the other [3, §II.6]. The
strong topology [25, p. 89] on E ′ of uniform convergence
on bounded sets of E makes E reflexive, i.e., the Gelfand
map

E → E ′′, w 7→ (T 7→< T,w >) , (2)

is a topological isomorphism. The closed subspaces with
respect to the weak and strong topologies coincide [3, §II.6.3,
Cor. 3]. The forms and topologies are canonically extended
to finite powers E ′1×` (rows), ` ≥ 0, and E` (columns). If
U ⊆ E ′1×` resp. B ⊆ E` are subspaces their closures are
denoted by clE(U) resp. clE(B). Their polar subspaces are

Uo :=
{
w ∈ E`; < U,w >= 0

}
,

Bo :=
{
ξ ∈ E ′1×`; < ξ,B >= 0

}
, hence

Uo = Uooo, Bo = Booo.
(3)

The important bipolar theorem [3, Thm. II.6.1] implies

clE(U) = Uoo and clE(B) = Boo. (4)

For S, T ∈ E ′ and w ∈ E the convolution product on E ′ is
defined by

ST := S ∗ T, < S ∗ T,w >=< Ss, < Tt, w(s+ t) >> .
(5)
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This product makes E ′ a commutative (integral) domain and
a topological algebra with respect to the strong topology [25,
Ch. VI, Thms. IV, VII, XIV]. In deviation from the standard
stronger terminology we call a C-space M a topological E ′-
module if it has the structure of an E ′-module and of a locally
convex Hausdorff space and if all multiplications

E ′ →M, T 7→ Tx, x ∈M, (6)

are continuous, for instance E ′. Then E is a topological E ′-
module [25, Thm. VI.V] via the action T ◦ w, defined by

< T1, T ◦ w >:=< T1T,w >, T1, T ∈ E ′, w ∈ E . Then

T ◦ w = Ť ∗ w with < Ťt, w(t) >:=< Tt, w(−t) > .
(7)

This module structure is important since it comprises many
special cases of engineering significance, for instance

(δh ◦ w)(t) = w(t+ h), h ∈ R, < δh, w >:= w(h),

((δ1 − δ0) ◦ w)(t) = w(t+ 1)− w(t),

δ := δ0, −δ′ ◦ w = δ′ ∗ w = w′,

(T ◦ w)(t) = (Ť ∗ w)(t) =

∫ ∞
−∞

T (x− t)w(x)dx for T ∈

L1
0(R,C) := {integrable functions with compact support} .

(8)
Thus convolution equations comprise differential, delay-
differential and integral equations. We identify

s :=
d

dt
= −δ′, C[s] = C[

d

dt
] = C[−δ′] = ⊕∞k=0Cδ(k) ⊂ E ′,

(9)
and thus differential operators with constant coefficients
belong to E ′. As usual the scalar multiplication T ◦ w is
extended to matrices via

R ◦ w :=

∑̀
j=1

Rij ◦ wj


1≤i≤k

, R ∈ E ′k×`, w ∈ E`.

(10)
Convolution behaviors are defined with E ′ as ring of opera-
tors and E′E as signal module. For E ′-submodules U ⊆ E ′1×`
resp. B ⊆ E` we define the orthogonal submodules [28, §2]

U⊥ :=
{
w ∈ E`; U ◦ w = 0

}
,

B⊥ :=
{
ξ ∈ E ′1×`; ξ ◦ B = 0

}
and obtain [4, Thm. 2.23]

U⊥ = Uo, B⊥ = Bo,
clE(U) = Uoo = U⊥⊥, clE(B) = Boo = B⊥⊥,

especially U⊥ = 0 ⇐⇒ clE(U) = E ′1×`.
(11)

A closed subspace B ⊆ E` is called a generalized convolution
or E′E-behavior (gen. beh.) if it is translation-invariant, i.e.,
if δh◦B = B for all h ∈ R. According to [25, (VI,3;16)] this
implies that T ◦B = Ť ∗B ⊆ B is invariant under all T ∈ E ′,
i.e., is an E ′-submodule. Equation (11) shows that gen. beh.
are of the form B = U⊥, U := B⊥, and thus in one-one-
correspondence with closed submodules of E ′1×`. The gen.
beh. B is called a behavior if B⊥ has a dense and finitely
generated (f.g.) submodule U1 = E ′1×kR, R ∈ E ′k×`. This

signifies that

B⊥ = clE(U1) = U⊥⊥1 or

B = B⊥⊥ = U⊥1 =
{
w ∈ E`; R ◦ w = 0

}
.

(12)

This is Willems’ kernel representation with the generaliza-
tion that R ◦ w = 0 is a linear system of convolution
equations instead of the customary differential equations.
These behaviors were already studied in the papers [27],
[28], [13] by Glüsing-Lürssen, Vettori and Zampieri and [9]
by Eijndhoven and Habets. A main result [24, Thm. 13 on
p. 914] of Schwartz’ seminal paper shows that every gen.
beh. B ⊆ E is a behavior and that indeed the closed ideal
B⊥ ⊆ E ′ contains a dense ideal with two generators. Below
we extend this result to all autonomous gen. beh. and to large
classes of nonautonomous ones. Schwartz’ result also shows
that a convolution behavior cannot in general be described
by a matrix of maximal row rank. For any submodule U ⊆
E ′1×` with f.g. topological factor module M := E ′1×`/U
(with the identification topology) the canonical Malgrange
isomorphism

HomE′(E ′1×`/U, E) = HomE′(E ′1×`/ clE(U), E) ∼=
B := U⊥ = clE(U)⊥, ϕ↔ w, ϕ(ξ + U) = ξ ◦ w,

(13)

holds. The left exact functor HomE′(−, E) on f.g. E ′-
modules thus is an equally important tool for convolution
behaviors as it is for differential behaviors.
The subspace PE ⊆ E of polynomial-exponential functions
is the torsion submodule of E as C[s] = C[ d

dt ]-module, i.e.,

PE := {w ∈ E ; ∃0 6= T ∈ C[s] with T ◦ w = 0} =⊕
z∈C
PE(z), PE(z) :=

⋃
k∈N

annE((s− z)k)

annE((s− z)k) :=
{
w ∈ E ; (s− z)k ◦ w = 0

}
=

C[t]<ke
zt =

k−1⊕
i=0

Cez,i, C[t]<k :=

k−1⊕
i=0

Cti,

ez,i :=
ti

i!
ezt, (s− z)j ◦ ez,i =

{
ez,i−j if j ≤ i
0 if j > i

(14)

(cf. [9, (7)]). Since the ring E ′ is commutative the annihilators
annE((s−z)k) are C-finite-dimensional (f.d.) E ′-submodules
of E and indeed behaviors and therefore also the PE(z) =
C[t]ezt and PE = ⊕z∈CPE(z) are E ′-submodules of E , but
not closed. For any U ⊆ E ′1×` and gen. beh. B := U⊥ ⊆ E`
the isomorphism (13) induces the isomorphism

HomE′(E ′1×`/U,PE) ∼= B
⋂
PE` (15)

for the polynomial-exponential part of B. The following
essential result was the fundamental result Thm. 6 of [24]
for B ⊆ E and was extended to arbitrary gen. beh. in [13,
(3.3)] by means of [22].

Result 2.1: The polynomial-exponential part B
⋂
PE` of

a gen. beh. B ⊆ E` is dense in B, hence

B⊥ = Bo =
(
B
⋂
PE`

)o
=
(
B
⋂
PE`

)⊥
.

This is false in higher dimensions and therefore the theory
of this paper cannot be extended to higher dimensions.
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III. THE USE OF COMPLEX VARIABLES

The following considerations were used for multidimen-
sional analytic behaviors over Stein algebras in [5, §3, §5].
Let O := O(C) denote the C-algebra of entire functions (ev-
erywhere convergent power series) in the complex variable
s ∈ C. It is a Fréchet algebra with the topology of compact
convergence. The Laplace transform [15, Thm. 7.1.14]

L : E ′ → O, T 7→ T̂ , T̂ (s) :=< Tt, e
ts >, (16)

is an injective algebra homomorphism where E ′ resp. O
are furnished with the convolution resp. with the pointwise
multiplication. For a > 0, p ∈ N and F ∈ O define

‖F‖a,p := sup
z∈C
|F (z)|(1 + |z|)−pe−a|<(z)|,

Oa,p := {F ∈ O; ‖F‖a,p <∞} ={
F ∈ O; ∃C > 0∀z ∈ C : |F (z)| ≤ C(1 + |z|)pea|<(z)|

}
,

PWS :=
⋃

a>0,p∈N
Oa,p.

(17)
Then Oa,p is a Banach space with the norm ‖ − ‖a,p and
a convergent sequence in Oa,p is compactly convergent in
particular. The Paley-Wiener-Schwartz theorem [15, Thm.
7.3.1] implies the algebra isomorphism

L : E ′ ∼= PWS, T 7→ T̂ ,

supp(T ) ⊆ [−a, a] := {t ∈ R; |t| ≤ a} ⇐⇒ T̂ ∈
⋃
p∈N
Oa,p

(18)
where supp(T ) is the support of T . This theorem was an
important tool already in [27] and [13].
A sequence (Tn)n∈N ∈ E ′N converges weakly (and then also
strongly) to T ∈ E ′ if and only if limn→∞ < Tn, w >=<
T,w > for all w ∈ E . According to [8, Lemma 5.17, p.155],
[2, p.211] this is equivalent to the existence of

a > 0, p ∈ N such that ∀n ∈ N : T̂n, T̂ ∈ Oa,p and

lim
n→∞

‖T̂n − T̂‖a,p = 0.
(19)

This enables the construction of distributions with support
in [−a, a] by limit processes in the Banach space Oa,p and
is very important for the present paper. In the sequel we
identify

E ′ = PWS ⊂ O, T = T̂ , T (s) := T̂ (s) =< Tt, e
ts >,

δ̂h = ehs, h ∈ R,−δ′ = −̂δ′ = s.
(20)

This identification coincides with that in (9), i.e., s is
identified with d

dt = −δ′ ∈ E ′ and with s = −̂δ′(s) ∈
O. Hörmander uses the Fourier-Laplace transform T 7→<
Tt, e

−its >= T̂ (−is) instead of L. This has the consequence
only that various constants have to be changed and that
s = i d

dt .
The algebra O is a Stein algebra [5, §6] and has many
valuable algebraic properties. An ideal b of O is closed if
and only if it is f.g. and then even a principal ideal, hence
O is a Bézout domain and therefore also coherent [5, Def.

and Cor. 2.3]. More generally, submodules U ⊆ O1×` are
closed if and only if they are f.g. and then indeed free. This
implies that the f.g. Stein modules O1×`/U , U closed, [5,
Result 6.1, Thm. 6.2] are precisely the finitely presented or
coherent ones. The principal ideals E ′f, 0 6= f ∈ E ′, are not
closed in general. Indeed, the following equivalences hold
[16, Thms. 16.3.10, 16.5.7, Def. 16.3.12 ]:

E ′f is closed ⇐⇒ E ′f = E ′
⋂
Of ⇐⇒ f ◦ E = E .

(21)
Then f is called invertible. Smooth functions with compact
support, considered as distributions, are never invertible
whereas all differential operators f ∈ C[s] ⊂ E ′ are
invertible due to the standard result f ◦ E = E . This applies
especially to the prime powers (s − z)k = (−δ′ − z)k and
was widely exploited in the seminal paper [24]. For every
z ∈ C the ring Oz := C < s − z > is the ring of locally
convergent power series at z. It is a discrete valuation ring
(DVR), i.e., a principal ideal domain with the unique (up to
association) prime element s− z and unique maximal ideal
mz = Oz(s− z). The identity theorem implies the inclusion
O ⊂ Oz, f = fz :=

∑∞
n=0 f

(n)(z)(n!)−1(s − z)n. The
closure of an O-submodule V ⊆ O1×` is

clO(V ) =
{
w ∈ O1×`; ∀z ∈ C : wz ∈ OzV ⊆ O1×`

z

}
(22)

[5, Thm. 6.1,(8)]. Further maximal ideals are

mz ⊃ mO(z) := O
⋂

mz = {f ∈ O; f(z) = 0} =

O(s− z) ⊃ mE(z) := E ′
⋂

mO(z) = E ′(s− z) ⊃

mP (z) := C[s]
⋂

mO(z) = C[s](s− z).

(23)

The equation mE(z) = E ′(s−z) follows from the invertibil-
ity of s− z. The maximal ideals induce local rings

Oz ⊃ OmO(z) ⊃ E ′mE(z) ⊃ C[s]mP (z), (24)

all of which are DVRs with the unique prime s − z, up
to units. For E ′mE(z) this is again a consequence of the
invertibility of s− z. Equations (23) and (24), in turn, imply
the identifications or canonical isomorphims (k ≥ 1)

Oz/Oz(s− z)k = O/O(s− z)k =

E ′mE(z)/mE(z)k = E ′/E ′(s− z)k = C[s]/C[s](s− z)k =

⊕k−1
i=0 C(s− z)k ∼= C[s− z]<k

(25)
where f denotes the residue class. These factor algebras
have C-dimension k. Since E ′(s− z)k is closed the algebra
E ′/E ′(s− z)k is Hausdorff with the coinduced factor topol-
ogy and this coincides with the topology as f.d. C-space.
The identifications (25) finally induce the identification of
the completions of these DRVs [5, (94)], viz.

Ôz = ÔmO(z) = Ê ′mE(z) = ̂C[s]mP (z) = C[[s− z]] (26)

where C[[s−z]] is the DVR of formal power series in s−z.
Since the inclusion A ⊂ Â of a local noetherian ring into
its completion is faithfully flat, i.e., the functor M 7→ Â⊗A
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M preserves and reflects exact sequences of A-modules, the
preceding considerations imply that all inclusions of DVRs

C[[s− z]] ⊃ Oz ⊃ OmO(z) ⊃ E ′mE(z) ⊃ C[s]mP (z), (27)

are faithfully flat.
Let b = Of be any nonzero closed ideal of O. Its associated
analytic variety is the the countable discrete set of zeros of
f or b, viz.

VC(f) := VC(b) := {z ∈ C; ∀g ∈ b : g(z) = 0} . (28)

Recall that mO(z)k = O(s− z)k ⊂ mk
z = Oz(s− z)k. The

multiplicity k(z) := mult(f, z) of f at z is defined by the
equivalent conditions

f ∈ mO(z)k(z) \mO(z)k(z)+1 ⇐⇒ f ∈ mk(z)
z \mk(z)+1

z

⇐⇒ ∃g ∈ O with f = g(s− z)k(z) and g(z) 6= 0 ⇐⇒
f (i)(z) = 0 for i = 0, · · · , k(z)− 1, f (k(z))(z) 6= 0,

(29)
hence VC(f) = {z ∈ C; mult(f, z) ≥ 1} . The family(
VC(f), (mult(f, z))z∈VC(f)

)
is called the cospectrum [24]

or multiplicity variety [1, p.117] of b . The Weierstraß and
Mittag-Leffler theorems imply the algebra isomorphism

∆ : O/Of ∼=
∏

z∈VC(f)

O/O(s− z)k(z), k(z) := mult(f, z),

g +Of 7→
(
g +O(s− z)k(z)

)
z∈VC(f)

with ker(∆) = b =
⋂

z∈VC(f)

O(s− z)k(z) and

O/O(s− z)k(z) =
(25)

C[s]/C[s](s− z)k(z) =

⊕k(z)−1
i=0 C(s− z)i 3 g := g +Of =

k(z)−1∑
i=0

g(i)(z)

i!
(s− z)i.

(30)
This implies in particular that the cospectra or multiplicity
varieties are in one-one correspondence with the nonzero
closed ideals of O. Notice that for finite VC(f) the iso-
morphism ∆ is a consequence of the Chinese Remainder
Theorem. There is no simple characterization of the closed
ideals Of or of the multiplicity varieties of distributions
f ∈ E ′. Already Schwartz [24, pp. 882-] used the principal
parts ppz(f−1) =

∑k(z)
i=1 az,i(s − z)−i for z ∈ VC(f) with

az,i ∈ C and f−1 − ppz(f−1) ∈ Oz to construct

εz := f ppz(f−1) = f(s− z)−k(z)
k(z)∑
i=1

az,i(s− z)k(z)−i ∈ O

with εz ≡ δz,z′ mod O(s− z′)k(z
′) for z, z′ ∈ VC(f) and

εz · εz′ = δz,z′εz in O/Of. If

f ∈ Oa,p ⊂ E ′ then also εz =

k(z)∑
i=1

az,i(s− z)−if ∈ Oa,p

(31)
and for all w ∈ E the action εz ◦ w ∈ E is defined.

IV. INJECTIVITY, ELIMINATION AND CLOSURE

Elimination in Willems’ sense for gen. beh. occurs as
follows: Assume

P ∈ E ′`2×`1 , U1 ⊆ E ′1×`1 and

U2 := (◦P )−1(U1) =
{
η ∈ E ′1×`2 ; ηP ∈ U1

}
.

(32)

The Ui induce f.g. modules Mi := E ′1×`i/Ui, gen. beh.

Bi := U⊥i = clE(Ui)
⊥ =

ident.
HomE′(Mi, E) ⊆ E`i

and maps (◦P )ind : E ′1×`2/U2 → E ′1×`1/U1,

P◦ = Hom((◦P )ind, E) : B1 = HomE′(M1, E)→ B2.
(33)

Notice that the Ui are not necessarily closed. The map
(◦P )ind is, of course, injective. In Thm. 4.1,(2), below we
show that clE(P ◦ B1) = B2. If P ◦ B1 is a gen. beh. it is
obtained by elimination in Willems’ terminology. Even if U1

is f.g. U2 is not necessarily so and therefore the treatment
of gen. beh. instead of behaviors only is mandatory.
A module E′F is injective if and only if the left exact functor
HomE′(−,F) is exact or, equivalently, transforms injections
into surjections, and an injective cogenerator if in addition
this functor also reflects exactness or if HomE′(M,F) = 0
implies M = 0. If 0 6= f ∈ E ′ = E ′1×1 is not invertible
the map ◦f : E ′ → E ′ is injective, but f◦ = Hom(◦f, E) :
E → E is not surjective and therefore f ◦ E is not a gen.
beh. and E′E is not injective and does not admit elimination.
But we are now going to show that PE admits elimination.
By [21, Thms. 1.14, 6.6] the module PE(z) = C[t]ezt is the
minimal injective cogenerator over the local ring C[s]mP (z)

and therefore also over its completion ̂C[s]mP (z) = C[[s−z]]
[19, Thm. 18.6,(iii)]. Here the action of C[s] on PE(z) by
differentiation can be canonically extended to C[[s−z]] since
(s − z)j ◦ ti

i! e
zt = 0 for j > i. This latter nilpotence of the

action moreover implies that C[s]- and C[[s−z]]-submodules
of PE(z) coincide. The flatness of the inclusion E ′ ⊂ E ′mE(z)

and the faithful flatness of the inclusions (27) then furnish
the following

Theorem 4.1: Let B ⊆ E` be any gen. beh..
1) The module PE(z) = C[t]ezt is the least injective

cogenerator over E ′mE(z). In particular, there is a matrix
Rz ∈ E ′kz×` that is of maximal row rank kz and
unique up to row equivalence over E ′mE(z) such that

B
⋂
PE(z)` =

{
w ∈ PE(z)`; Rz ◦ w = 0

}
. (34)

2) The module PE =
⊕

z∈C C[t]ezt is injective for f.g.
E ′-modules, i.e., HomE′(−,PE) preserves exactness
of sequences of f.g. modules. For the data from 1)
resp. (33) this implies

B
⋂
PE` =

⊕
z∈C

{
w ∈ PE(z)`; Rz ◦ w = 0

}
resp.

(35)
P ◦ (B1

⋂
PE`) = B2

⋂
PE`, clE(P ◦ B1) = B2.

(36)
in particular E′PE admits elimination.
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Notice that for arbitrarily chosen matrices Rz ∈ E ′kz×`

the gen. beh. B := clE
(⊕

z∈C
{
w ∈ PE(z)`; Rz ◦ w = 0

})
does not satisfy (35). This is in contrast to Thm. 5.2 below.

Result 2.1, Thm. 4.1,(1), and (22) imply the following
important result on the connection between algebra and
topology.

Theorem 4.2: Let U ⊆ E ′1×` be any E ′-submodule.
1) The closure of U in E ′1×` is

clE(U) = E ′1×`
⋂ ⋂

z∈C
UmE(z), hence also

clE(U)mE(z) = UmE(z) and
(
E ′1×`/U

)
mE(z)

=(
E ′1×`/ clE(U)

)
mE(z)

= E ′1×`mE(z)/UmE(z).

(37)
2) The closures in E ′1×` and in O1×` are related by

clO(U) = clO(OU) and clE(U) = E ′1×`
⋂

clO(U),

hence E ′1×`/ clE(U) ⊂
ident.
O1×`/ clO(U)

(38)
hold. If U =

∑m
i=1 E ′ui is f.g. then clO(U) =∑m

i=1O′ui, especially clO(E ′f) = Of and
clE(E ′f) = E ′

⋂
Of for f ∈ E ′ (cf. (21)).

This theorem enables the study of E ′1×`/ clE(U) by means
of the f.g. modules E ′1×`m(z)/Um(z) over the DVRs E ′m(z) with
their well-known simple structure.

Example 4.3: We use (14) and illustrate Thm. 4.1,(1), by
solving the equation f ◦ y = u =: ez,k = tk/(k!)−1ezt for
y ∈ C[t]ezt where 0 6= f = (s − z)jg ∈ E ′ and g(z) 6=
0. Recall that over the principal ideal domains E ′mE(z) ⊂
C[[s − z]] injectivity and divisibility of a module coincide.
The condition g(z) 6= 0 implies g−1 =

∑∞
i=0 ai(s − z)i ∈

Oz = C < s− z > with ai ∈ C and a0 = g(z)−1. Define

y := g−1 ◦ ez,k+j =

∞∑
i=0

ai(s− z)i ◦ ez,k+j =

k+j∑
i=0

aiez,k+j−i ∈ C[t]ezt =⇒ f ◦ y =

(s− z)j ◦ g ◦ g−1 ◦ ez,k+j = (s− z)j ◦ ez,k+j = ez,k = u.
(39)

V. AUTONOMOUS BEHAVIORS

Let D′ := D′(R,C) denote the space of distributions and
D′+ its subspace of distributions with left bounded support.
The convolution product makes D′+ an integral domain [25,
Thm. VI.XIV] and E ′ is a subalgebra of D′+. The subspace
E+ = D′+

⋂
E of smooth functions with left bounded support

is an ideal of D′+ and therefore a torsionfree D′+-module. We
conclude that E+ is a torsionfree E ′-submodule of E′E .

Theorem and Definition 5.1: (cf. [13, Prop. 3.10] [28,
Def. 2, Prop. 4]) For a not necessarily closed submodule U ⊆
E ′1×` and the associated f.g. E ′-module M := E ′1×`/U and
gen. beh. B := U⊥ the following properties are equivalent:

1) M is a torsion module, i.e., there is a nonzero f ∈ E ′
with fM = 0 or E ′1×`f ⊆ U .

2) B
⋂
E ′`+ = 0. i.e., the past of a trajectory of B

determines its future.
3) There is a nonzero g ∈ E ′ with

g ◦ B = 0 or B ⊆ (E ′1×`g)⊥ =
{
w ∈ E`; g ◦ w = 0

}
.

(40)
If U is closed one may choose f = g in (1) and (3).

Under these conditions B is called autonomous.
There is no structure theorem for arbitrary closed E ′-
submodules U ⊆ E ′1×` or gen. beh. B = U⊥, but we
construct all autonomous gen. beh. in the next theorem. So
assume

U ⊆ E ′1×`, M := E ′1×`/U, 0 6= f ∈ E ′,
fM = 0 or E ′1×`f ⊆ U, B := U⊥ ⊆ (E ′1×`f)⊥.

(41)

We use data from (28), (29) and (31) for f . Recall from Thm.
4.1 that PE(z), z ∈ C, is the least injective cogenerator over
the DVR E ′mE(z) and that

B
⋂
PE` =

⊕
z∈C

(
B
⋂
PE(z)`

)
, PE(z) = C[t]ezt,

B
⋂
PE(z)` =

ident.
HomE′(M,PE(z)) =

ident.

HomE′
mE(z)

(MmE(z),PE(z)) where

MmE(z) = E ′1×`mE(z)/UmE(z), fE ′1×`mE(z) ⊆ UmE(z).

(42)

Recall

k(z) := mult(f, z), f = (s− z)k(z)fz, fz ∈ E ′,
fz(z) 6= 0, z ∈ VC(f) ⇐⇒ k(z) > 0.

(43)

The condition fz(z) 6= 0 signifies that fz is a unit in E ′mE(z).
If f(z) 6= 0 then f = fz itself is a unit in E ′mE(z) and hence

E ′1×`mE(z) = fE ′1×`mE(z) = UmE(z), MmE(z) = 0,

B
⋂
PE(z)` = 0 (f(z) 6= 0, z 6∈ VC(f)).

(44)

For z ∈ VC(f) recall (25) and define

U(z) := U + E ′1×`(s− z)k(z) =⇒
U(z)/E ′1×`(s− z)k(z) ⊆ E ′1×`/E ′1×`(s− z)k(z) =

=
(25)

C[s]1×`/C[s]1×`(s− z)k(z).
(45)

This implies that U(z) is closed and that there is a matrix
Rz ∈ C[s]`×` such that

degs(R
z) < k(z), U(z) = E ′1×`Rz + E ′1×`(s− z)k(z),

U(z)⊥ =
{
w ∈ C[t]`<k(z)e

zt; Rz ◦ w = 0
}
⊆(

E ′1×`(s− z)k(z)
)⊥

= C[t]`<k(z)e
zt.

(46)
Localization w.r.t. mE(z) furnishes

E ′1×`mE(z)f = E ′1×`mE(z)(s− z)
k(z) ⊆ UmE(z), hence

UmE(z) = UmE(z) + E ′1×`mE(z)(s− z)
k(z) = U(z)mE(z) and

U(z)⊥ = U(z)⊥
⋂
PE(z)` = B

⋂
PE(z)`.

(47)
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Theorem 5.2: Let f ∈ E ′ ⊂ O be nonzero with the data
from (28), (29) and (31).

1) If B ⊆ E` is any autonomous gen. beh. with f ◦B = 0
then there are polynomial matrices Rz ∈ C[s]`×`, z ∈
VC(f), of degree degs(R

z) < k(z) such that

B
⋂
PE` = ⊕z∈VC(f)U(z)⊥ where

U(z) := E ′1×`Rz + E ′1×`(s− z)k(z),

B
⋂
PE(z)` = U(z)⊥ ={

w ∈ C[t]`<k(z)e
zt; Rz ◦ w = 0

}
.

(48)

2) Conversely, choose arbitrary polynomial matrices
Rz, z ∈ VC(f), as in item 1) and define

U(z) := E ′1×`Rz + E ′1×`(s− z)k(z) =

E ′1×2`
(

Rz

(s−z)k(z) id`

)
⊆ E ′1×`,

hence U(z)⊥ ⊂ C[t]`<k(z)e
zt ⊂ PE(z)`, z ∈ VC(f),

(49)
where the U(z) are closed and the U(z)⊥ are
C-finite-dimensional differential behaviors. Then
⊕z∈VC(f)U(z)⊥ is an E ′-submodule of PE` and

B := clE
(
⊕z∈VC(f)U(z)⊥

)
(50)

is the unique autonomous gen. beh. B with

B
⋂
PE(z)` =

{
U(z)⊥ if z ∈ VC(f)

0 if z ∈ C \ VC(f)
(51)

and moreover f ◦ B = 0.
3) With the εz ∈ E ′ from (31) one obtains:

∀z ∈ VC(f) : εz ◦ B = U(z)⊥,

∀w ∈ B
⋂
PE` : w =

∑
z∈VC(f)

εz ◦ w, and

B →
∏

z∈VC(f)

U(z)⊥, w 7→ (εz ◦ w)z∈VC(f),

(52)

is injective.
Remark 5.3: Consider the special case ` = 1 and B ( E

in Thm. 5.2. In this case the injectivity of the map in (52) was
established in Schwartz’ fundamental theorem [24, Thm. 9]
from which he inferred that B

⋂
PE is dense in B whereas

we simply used Result 2.1. The quoted analysts proved a
stronger version of Thm. 5.2,(3). Indeed they showed that for
all w ∈ B the sum representation w =

∑
z∈VC(f)

εz ◦w holds
where a suitable notion of convergence has to be used [24,
Thm. 11], [2, Thms. 2,3, 4]. The sum representations w =∑

z∈VC(f)
εz ◦ w generalize the convergent Fourier series.

Notice that

εz ◦ w =

k(z)−1∑
i=0

bz,iez,i ∈ εz ◦ B = U(z)⊥ ⊆ C[t]`<k(z)e
zt

where bz,i ∈ C`, ez,i =
ti

i!
ezt, hence

w =
[2]

∑
z∈VC(f)

εz ◦ w =
∑

z∈VC(f),0≤i<k(z)

bz,i
ti

i!
ezt.

(53)

Theorem 5.4: Every autonomous gen. beh. B ⊆ E` is
indeed a behavior. If 0 6= f ∈ E ′ with supp(f) ⊆
[−a, a], a > 0, annihilates B, i.e., if f ◦ B = 0, then there
is a matrix R ∈ E ′`×` with supp(R) ⊆ [−a, a] such that

B =
{
w ∈ E`; R ◦ w = 0, f ◦ w = 0

}
, hence

B⊥ = clE
(
E ′1×2`

(
R

f id`

))
.

(54)

Proof: For ` = 1 we give an indication of the proof that
furnishes [24, Thm. 13 on p.914], but differs from the proof
of Schwartz. Let b be a nonzero closed ideal of E ′ = PWS,
0 6= f ∈ b

⋂
Oa,p and B := b⊥. Consider the data from (28)

and (29) for f , especially V := VC(f). Then

clO(b) = clO(Ob) =
⋂
z∈V
O(s− z)m(z), m(z) ≤ k(z),

gz :=
f(s)

(s− z)k(z)−m(z)
∈ Oa,p, mult(gz, z) = m(z).

(55)
We choose a(z) > 0 for z ∈ VC(f) such that∑

z∈V a(z)‖gz‖a,p < ∞. Equation (17) implies g :=∑
z∈V a(z)gz ∈ Oa,p ⊂ E ′ = PWS. Let h := gcdO(f, g).

Then

∀z ∈ V : mult(g, z) = m(z) =⇒ ∀z ∈ V : mult(h, z) =

min(mult(f, z),mult(g, z)) = min(k(z),m(z)) = m(z),

also ∀z ∈ C \ V : mult(h, z) = 1 =⇒ clO(b) = Oh =⇒

clE(E ′f + E ′g) = E ′
⋂

(Of +Og) = E ′
⋂
Oh =

E ′
⋂

clO(b) = clE(b) = b =⇒

B = b⊥ = {w ∈ E ; f ◦ w = g ◦ w = 0} .
(56)

Corollary 5.5: If B1 ⊂ E`1 is an autonomous behavior
and P ∈ E ′`2×`1 then also B2 := clE(P ◦ B1) is a behavior.

The emphasis of [27] is on delay-differential behaviors. To
discuss these we need the algebras

R :=
⊕
h∈R

C[δ′]δh =
⊕
h∈R

C[s]ehs ⊂ H := quot(R)
⋂
O

(57)
where R is the ring of delay-differential operators and
quot(R) ⊂ M = quot(O) is its quotient field inside the
field M of meromorphic functions. Each h ∈ H has the
simpler form h = fg−1 with f ∈ R and 0 6= g ∈ C[s] (cf.
[13, Thm. 2.2], [5, (85)]) and hence H ⊂ E ′ since g is in-
vertible. A behavior of the form B =

{
w ∈ E`; R ◦ w = 0

}
with R ∈ Hk×` is called delay-differential [13, Def. 3.1].

Remark 5.6: If h ∈ H annihilates a gen. beh. B this
is autonomous and hence a behavior, but not necessarily
delay-differential. The closed image of an autonomous delay-
differential behavior is a behavior, but again not necessarily
delay-differential.

VI. CHARACTERISTIC VARIETY AND INPUT/OUTPUT
STRUCTURES

Let K := quot(E ′) ⊂ M be the quotient field of E ′
inside the field M of meromorphic functions. Consider
a f.g. E ′-module M = E ′1×`/U with its factor module
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M := E ′1×`/ clE(U) and associated gen. beh. B := U⊥ =
clE(U)⊥. The annihilator ideal

a := annE′(M) = annE′(B) = {f ∈ E ′; f ◦ B = 0} (58)

is closed. Thm. 4.2,(1), implies

KU = K clE(U) = KUmE(z), hence K ⊗E′ M =

K1×`/KU = K ⊗E′
mE(z)

MmE(z), z ∈ C. (59)

Since E ′mE(z) is a DVR the module MmE(z) is free if and
only it is torsionfree. We define the characteristic variety

char(B) :=
{
z ∈ C; MmE(z) is not free

}
, (60)

especially char(B) = {z ∈ C; rank(R(z)) < rank(R)} if
B =

{
w ∈ E`; R ◦ w = 0

}
is a behavior. The module M is a

torsion module or B is autonomous if and only if K⊗E′M =
K1×`/KU = 0 or a 6= 0 and then

char(B) = VC(a) =
{
z ∈ C; B

⋂
PE(z)` 6= 0

}
and

B
⋂
PE` =

⊕
z∈char(B)

(
B
⋂
PE(z)`

)
.

(61)
The direct sum decomposition in (61) generalizes the
well-known and important modal decomposition of one-
dimensional autonomous differential behaviors.

Theorem and Definition 6.1: (cf. [13, Thm. 3.12]) If U is
closed the following properties are equivalent:

(i) U = E ′1×`
⋂
KU .

(ii) M ⊂ K ⊗E′ M , i.e., M is torsionfree.
(iii) There is a matrix P ∈ E ′`×m such that ker(◦P ) ={

ξ ∈ E ′1×`; ξP = 0
}

= U or (◦Pind) : M =
E ′1×`/U → E ′1×m is injective.

(iv) There is P ∈ E ′`×m such that clE(P ◦ Em) = B or
P ◦ PEm = B

⋂
PE`.

(v) char(B) = 0.
(vi) B = clE(B

⋂
D`).

Under these conditions B is called weakly controllable ( cf.
[13, p. 11]). The condition (v) is usually described as spectral
controllability of B.
(2) The gen. beh. Bcont := HomE′(M/ tor(M), E) =
clE(B

⋂
D`) is the largest weakly controllable gen. beh.

contained in B.
Here tor(M) is the torsion submodule of M and D := D(R)
the torsionfree E ′-submodule of E+ ⊂ E of smooth functions
with compact support. Notice that conditions (i)-(iii) of Thm.
6.1 imply that U is closed.
We define the output resp. input rank of B as

p := rank(U) := dimK(KU) resp.
m := rank(M) := dimK(K ⊗E′ M), hence p+m = `.

(62)
In general there are different subsets I ⊆ [`] := {1, · · · , `}
with p elements such that the projection K1×` → KI

induces an isomorphism KU ∼= KI . Such an I is called
an input/output (IO) structure of U , M or B and B with
this structure is called an IO behavior. After the usual
permutation of the components of E ′1×` one assumes I = [p]

and gets KU = K1×p(idp,−H), H ∈ Kp×m. The unique
matrix H is called the transfer matrix of the IO behavior.
Equation (59) implies that IO structures and transfer matrices
of U , clE(U) and UmE(z) coincide. An IO structure induces
the usual exact sequence

0→ E ′1×m (◦(0,idm))ind−→ M

(
◦
(
idp

0

))
ind−→ M0 → 0 where

M = E ′1×(p+m)/U, M0 = E ′1×p/U0, U0 := U
(
idp

0

)
.

(63)
The module M0 is a torsion module and thus B0 :=
(U0)⊥ ⊂ Ep is autonomous and therefore a behavior by
Thm. 5.4. Application of HomE′(−, E) to this sequence
furnishes the exact gen. beh. sequence

0→ B0 inj−→ B proj−→ Em
y 7→ ( y

0 ) , ( y
u ) 7→ u

and

clE(proj(B)) = Em, proj
(
B
⋂
PEp+m

)
= PEm.

(64)

In particular, every polynomial-exponential input u gives rise
to a trajectory (y, u)> ∈ B. Even if U is closed U0 is not
necessarily so, but clE(U)

(
idP
0

)
⊆ clE

(
U
(
idP
0

))
implies

clE(U0) = clE(clE(U)0), hence

B0 = (U0)⊥ = (clE(U)0)⊥,
(65)

i.e., B0 does not depend on the choice of U with U⊥ = B. If
in (64) the module B⊥ = clE(U) has a dense f.g. submodule
E ′1×k(P,−Q) with (P,−Q) ∈ E ′k×(p+m) then the gen. beh.
are behaviors and as usual (cf. [13, Thm. 3.9])

rank(P,−Q) = rank(P ) = p, PH = Q,

B =
{

(y, u)> ∈ Ep+m; P ◦ y = Q ◦ u
}
,

B0 = {y ∈ Ep; P ◦ y = 0} .
(66)

A partial converse of (66) is the following
Theorem 6.2: Assume an IO structure KU =

K1×p(idp,−H) of B as in (64) and

B0 = {y ∈ Ep; P ◦ y = 0} , P ∈ E ′k×p, rank(P ) = p.

The matrix P exists since the autonomous gen. beh. B0 is a
behavior. Define Q := PH ∈ Kk×m. Then

1) Q ∈ Hk×m
E where HE := K

⋂
O =

⋂
z∈C E ′mE(z).

2) If Q ∈ E ′k×m then also B is a behavior, viz.

B =
{

(y, u)> ∈ Ep+m; P ◦ y = Q ◦ u
}
.

3) If H has an invertible common denominator f 6= 0
(fH ∈ E ′p×m), for instance if H ∈ quot(R)p×m,
then Q ∈ E ′k×m and hence B is a behavior by item 2).
Then also the controllable part Bcont of B is a behavior
((cf. [13, lines before Prop. 3.13])) and the projection
proj : B → Em, (y, u)> 7→ u, is surjective. (cf. [26,
Thm. 3.8]).

The preceding theorem shows that also many nonautonomous
gen. beh. are indeed behaviors.

If KU = K1×p(idp,−H) is any IO structure then by Thm.
and Def. 6.1 B := U⊥ is weakly controllable if and only if

U =
{

(ξ, η) ∈ E ′1×(p+m); ξH + η = 0
}
. (67)

MTNS 2014
Groningen, The Netherlands

1266



Assume conversely that any H ∈ Kp×m is given. It can, of
course, be written in the fractional form

H = ND−1, D ∈ E ′m×m, N ∈ E ′p×m, det(D) 6= 0.

Then U :=
{

(ξ, η) ∈ E ′1×(p+m); ξH + η = 0
}

={
(ξ, η) ∈ E ′1×(p+m); ξN + ηD = 0

}
(68)

is closed, KU = K(idp,−H) is an IO structure with transfer
matrix H and the associated gen. beh. B := U⊥ is weakly
controllable due to (67). As for differential behaviors this B
is the unique weakly controllable realization of H .

Corollary 6.3: Assume that B ⊆ Ep+m is the unique
weakly controllable realization of the transfer matrix H ∈
Kp×m. Then B is a behavior if either (i) m = 1 or (ii) there
is a matrix Y = ( N

D ) ∈ E ′(p+m)×q such that

N = HD, rank(D) = m, ∀z ∈ C : rank(Y (z)) = m.
(69)

The case (i) is proven like Thm. 5.4 and (ii) follows from
[26, Thm. 2.12].

Lemma 6.4: (Rosenbrock equations) Let B1 ⊆ Ep1+m be
an IO gen. beh. with transfer matrix H1 and autonomous
part B01 , P =

(
Y U
0 idm

)
∈ E ′(p2+m)×(p1+m) and (cf. (33))

B2 := clE(P ◦ B1) = clE {( Y ◦y1+U◦u
u ) ; ( y1

u ) ∈ B1} .
(70)

Then also B2 is an IO gen. beh. with transfer matrix H2 =
U + Y H1 and autonomous part B02 = clE(Y ◦ B01).

Theorem 6.5: If in the situation of Lemma 6.4 the transfer
matrix H1 of B1 has an invertible common denominator,
for instance if H1 ∈ quot(R)p1×m or if B1 is a delay-
differential behavior, then also H2 has an invertible common
denominator and therefore both B1 and B2 are behaviors.
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