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Abstract

Minimal linear codes are such that the support
of every codeword does mot contain the support of
another linearly independent codeword. Such codes
have applications in cryptography, e.g. to secret
sharing and secure two-party computations. We
pursue here the study of minimal codes and con-
struct infinite families with asymptotically non-zero
rates. We also introduce a relazation to almost
minimal codes, where a fraction of codewords is al-
lowed to violate the minimality constraint. Finally,
we construct new minimal codes based on hyper-
ovals.

Keywords: Minimal codes, Trace codes, Se-
cret sharing.

1. Introduction

A minimal codeword [1, 2] ¢ of a linear code
C is a codeword such that its support (set of non-
zero coordinates) does not contain the support of
another linearly independent codeword. Minimal
codewords are useful for defining access structures
in secret sharing schemes using linear codes. The
problem of finding a code in which all nonzero code-
words are minimal, called a minimal linear code
has first been envisioned in [3] and later studied in
[4, 5, 6].

In [5], the motivation for finding minimal lin-
ear codes is in a new proposal for secure two-party
computation.

Minimal codes are close to intersecting and sep-
arating codes [7], [8], [5]. Such codes have been
suggested for applications to oblivious transfer [9],
secret sharing [10] ,[3],[4] or digital fingerprinting
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[11].

We will focus here on the g-ary case, since
secret-sharing and secure two-party computations
both demand a large alphabet.

We pursue in Section 2 the study of [5, 6] on
bounds for minimal linear codes and construct fam-
ilies of minimal codes with better rates (asymptot-
ically nonzero). We relax the notion of minimality
to almost-minimality, thus exhibiting families with
improved asymptotic rates. We also describe in
Section 3 new minimal codes using trace functions
and hyperovals, following the works of [3, 4, 6].

2. Minimal Codes — Bounds and Con-
structions

2.1. Notation and preliminaries

We denote by |F| the cardinality of a set F.
Let g = p", where p is a prime number and h € Nx.
An [n,k,d]; code is a vector subspace of Fy of di-
mension k with minimum Hamming distance d. Let
dmaz be the maximal distance between two code-
words of C, or, equivalently, the maximal Hamming
weight of a codeword of C. Normalized parame-
ters will be denoted by R =k/n,d = d/n,dmaz =
dmaw/n~

The support of a codeword ¢ € C is supp(c) =
{i € {1,...,n}|c; # 0}. The Hamming weight of a
codeword ¢ € C denoted by wt(c) is the cardinality
of its support : wt(c) = |supp(c)|. A codeword ¢
covers a codeword ¢’ if supp(c’) C supp(c).

Definition 1 (Minimal codeword) [I] A code-
word ¢ is minimal if it only covers Fy - c.

Definition 2 (Minimal linear code) [3] A lin-
ear code C is minimal if every non-zero codeword
c € C is minimal, i. e. if no pair (c,c’) of indepen-
dent codewords s is "bad” (has supp(c’) C supp(c)).

Definition 3 (Almost-minimal linear code)
A linear code C is said (€)almost-minimal if at
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most ¢** pairs of codewords are bad, for some
fized € with 0 <e<1/2.

For a complete treatment of coding theory, we
refer to the book of MacWilliams and Sloane [12].
We extend in the next paragraph some results of
[6] to almost-minimal codes.

2.2. Bounds on almost-minimal codes
Theorem 4 (Maximal Bound) Let C

almost- minimal linear [n,k,d] q-ary code,
R <log,(2)/(1—¢€)+o(1).

an
then

By definition, at most ¢°**! codewords can share

the same support. Thus, |C| = ¢* < ¢°*T12" and
R=k/n<log,(2)/(1—¢)+o(1).

Theorem 5 (Minimal Bound) For any positive
R=k/n such that R < 525 logq(q23q+1) +o(1),

there exists an infinite sequence of [n,k] almost-
minimal linear codes.

Let us fix n and k. For a € Fy/, such that |supp(a)| =
i, there are ¢' — ¢ linearly independent vectors b
such that supp(b) C supp(a). The pair (a,b) belongs

linear [n, k] codes, where denotes the

to |7 2 T

k—2 ’ ’ k
g-ary Gaussian binomial coefficient. There are less
than

é (D (a—1Diq" —q) =

(¢? —_q—|— 1)™ such ordered bad (a,b) pairs. As long
n n—2 :
as 2k [k} > [kQ} (¢> —q+1)" , there are lin-

ear [n,k] codes containing no more than ¢2<* bad
pairs, . e. almost-minimal codes. For k/n <

—: logq(q2 )+0(1), this quantity is positive.

(I+(g—1)g)"—¢" ' <

q2
—q+1
2.3. Constructions

There exists a sufficient condition on weights
for a given linear code to be minimal.

Proposition 6 [10] Let C be an [n,k,d] code. Let
d and dpqe be the mzmmum and maximum nonzero
weights respectively. If d - > q—l then C is min-
imal.

Remark 7 Note that the stronger sufficient con-
dition E > q L s too demanding to get asymp-
totically good codes; indeed, by the Plotkin bound
[12], for any code, not necessarily linear, of length
n, size M and distance d, if d > (¢—1)n/q, then
M <d/(d—(1-q"'n)).
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2.4. Infinite constructions

The general idea is to concatenate a g-ary
“seed" or inner code (e.g. a simplex) with an infi-
nite family of algebraic-geometric (AG) codes (the
outer codes) [13], in such a way as to obtain a high
enough minimum distance and conclude by Propo-
sition 6.

In practice, we can take the seed to be Sy ,[n =
(¢"=1)/(g—1),k =r,d=q"""; (with § > (q—
1)/q), set r =2m and concatenate with AG[N, K =
NR,D = NA| ;2 These codes exist lying al-
most on the Singleton bound, namely satisfying
R+A=1—(¢"-1)"">(¢-1)/q.

This concatenation results in the family
C[nN,kK,dD],. If dD/nN =0A > (¢—1)/q, min-
imal by Proposition 6.

It is not hard to check that, for example, choos-
ing ¢ large and « small enough, m > 2,A = (¢ —
1)/g+a,R=1/qg—1/(¢"™ —1)—«a > 0, this is the
case.

To summarize, we construct infinite families
of codes with R =2m(1/q—1/(¢™—-1)—a)(q—
1)/(g®™ — 1) ~ 2m/¢*>™ satisfying 6/6maz > (¢ —
1)/q, thus minimal. Note that, by the Plotkin
bound, they necessarily satisfy § < (¢—1)/q, so the
fact that 0,4 < 1 is crucial.

3. An explicit construction of mini-
mal linear codes via a hyperoval

Let us begin with some background related to
Boolean functions theory and finite geometry.

3.1. Some additional background

Definition 8 (Trace function over Fgr) Let ¢
be a power of a prime number. The trace function

Tryrsq:Fqr — Fy is defined as:
r—1
Tryrq(x qu —otal+a? o ta?
=0

The trace function from F¢r to its prime subfield is
called the absolute trace function.

An (n,r)-function F or (vectorial function) is a
mapping from Fon to For. When r =1, F is said to
be a Boolean function. The component functions of
F are the Boolean functions z — T'r] (vF(x)),v # 0.
Given a Boolean function f defined on Faon, its
Walsh transform is the discrete Fourier transform
of its sign function, that is, x(f) := (1) where x
is the canonical additive character.
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Definition 9 (The Walsh transform) The
Walsh transform of f denoted by X7 is defined as:

Ya € Fan, G (0) = Ser,, (1) 0T 02),

Finally, a Boolean function f on Fan (n even) is
bent if and only if its Walsh transform satisfies
Xf(a)= +2% for all a € Fan. A vectorial function is
said to be bent if all its components are bent. The
dual f of a bent Boolean function f is defined by
the relation X7 (w) = 2% (—1)f (), Vw € Fan.

A hyperoval in the projective space of dimen-
sion 2 on Fan (denoted by PG2(2™)) can be defined
as follows.

Definition 10 (Hyperoval) A  hyperoval in
PGo(2™) is a set of 2" +2 points, no three points
of them collinear (that is, lying on a line!).

A certain type of polynomials on Fon gives rise to
hyperovals in PG2(2™):

Definition 11 (Oval polynomial) An oval
polynomial on Fanis a polynomial G on Fon such
that the set {(1,t,G(t)),t € F5}U{(0,0,1),(0,1,0)}
(denoted by D(G)) forms a hyperoval of PG2(2™)
(for short, o-polynomial ).

There is a close connection between hyperovals
and o-polynomials since a hyperoval of PG2(2™)
can be represented by D(G) where G is an o-
polynomial on Fan. In fact, there exists a necessary
and sufficient condition for a mapping over Fan to
give a hyperoval of PG5(2™). This leads to a refor-
mulation of the definition of an o-polynomial given
as follows.

Definition 12 (Oval polynomial) A permuta-
tion polynomial G over Fon is an o-polynomial if,
for every v € Fon, the function

G(z+7)+G()

z € Fon — z ZfZ;éO
0 if 2=0

is a permutation of Fon.

3.2. A construction of a class of g-ary lin-
ear minimal codes via Segre hyper-
oval

Let m be a positive integer. Let us con-
sider the set of points in PG2(2™) defined as
D(6) := {(1,t,t5),t € Fam } U{(0,0,1),(0,1,0)}. Ac-
cording to Segre and Bartocci [14], for m > 3 odd,

1We say a point p = (xg, -+ ,=y) is on a line L[y, -
if zoyo +z1y1+ - Tnyn =0.

7y’n-]
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D(6) is a hyperoval of PG2(2™) called Segre hy-
peroval. Moreover, according to Maschietti [15],
D(6) is a hyperoval of PG4(2™) if and only if,
ged(2™ —1,6) = 1 and the equation 26 +z+a =0
has either zero or two distinct solutions in Fom
(with m > 3) for every a € Fam.

For m = 3, the equation 26 +x+a =0 (*) has
either zero or two distinct solutions in Fom. In-
deed, if a =0, then (*) admits 0 and 1 as so-
lutions. If a # 0, then (*) is equivalent to the
equation 27+ 2% +ar = 0 (when x # 0), that is,
22 +ax+1=0. The latter equation has necessarily
two distinct solutions which are distinct (otherwise,
it would yield a = 0, a contradiction). Therefore,
D(6) is a hyperoval on PG2(2™) with m > 2 odd.
In the following, we construct a minimal code from
a Segre hyperoval. We state the main result of this
section.

Proposition 13 Let D(6) := {(1,t,t%),t €
Fam} U {(0,0,1),(0,1,0)} be the Segre hyper-
oval of PGo(2™) with m > 2 odd. Define T' as
[ := Fom x Fam \ ({(z,0),x € Fam} U {(0,y),y €
Fom}) = {(6;,¢),1 <4 < (2™ —1)?}. Let h and
m  be two positive integers such that h di-
vides m. For any a € Fom, define the function
O, : ' — Fyn associate to D(6) by Pq(x,y) =
Trgm/zh(am3‘2m+1*11y6),V(Jc,y) € I' x Fon. More-
over, define a linear code C over Fon as:

C:={Ca = (4(05,¢j),4 € [1,(2™ —1)?]),a € Fam }.

Then the linear code C is a minimal
code associated to D(6) with parameters [(2™ —
1?3, 2m 2k —1)(2m - 1)).

Only the minimum distance and minimality asser-
tions need checking. For every m > 2 odd, D(6)
is a hyperoval of PG2(2™), hence G(z) = 2% is an
o-polynomial on Fom. According to [16], for every
a € F5,, the (2m, m)-function (z,y) € Fam X Fam —
®,(x,y) is a bent vectorial function of the form
Oy (z,y) = Tr2m/2h(amG(yx2m_2)) with G(z) = 5.
Therefore, all the components of ®, are bent
Boolean functions belonging to the class H intro-
duced by Carlet and Mesnager [17]. Let 1)q., (w €

F%m) be a component of of ®,. 14 is of the form

om+l_ .
Yaw(®,y) = Tram jp(awz®?™ " ~1yf). Since Yaw

is bent, its Walsh transform takes only the values
+£2™ that is, @;(:my) = 42", Now, recall that
V(2,t) € Fam x Fom, Yoo (2,t) = 27 (—1)Pas(z:0),
where 1/7(1“, denotes the dual function of 1g,. Ac-
cording to [17], Yaw (v, B) = 1 if the equation 25+
Bz = « has no solution in Fom, and 0 otherwise.
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In particular, ¥4,(0,0) = 0, that is Yy, (0,0) =
2™, Now, on one hand, Zwe]F2h Xt g, (0,0) =

22m+h _ohyit(e,), according to Cohen et al [6]. On
the other hand, EwEIFZh X0, (0,0) = X4((0,0) +

Zwngh X4, (0,0).  Hence, ZweF2h Xt g, (0,0) =

22m 4 om(2h _1). Collecting the two expressions
of the sum }° cp  Xy,,,(0,0), we deduce that
2

the Hamming weight of any non-zero codeword
of C equals wt(¢,) = 22™ —22m=h _om 4 om—h _
2m=h(2h —1)(2™ —1). The code C has constant
weight equal to the claimed minimum distance, and
is thus minimal, which completes the proof.

Open problem: Is it true that the best
achievable rate of (almost) minimal codes is a de-
creasing function of ¢? A weaker statement holds:
if ¢ divides ¢', then a ¢’- (almost) minimal code
yields a g-ary (almost) minimal code with the same
rate.
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