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Consensus under Persistent Interconnections in a Ring
Topology: a Small Gain Approach

Nohemi Alvarez! and Antonio Loria?

Abstract— We study consensus problem over a net-
work of dynamic agents with time-dependent commu-
nication links which may disconnect for long intervals
of time. We assume that the nodes are interconnected
in a ring topology. The originality of our results lays,
in part, in our method of proof: we leave behind
graph theory for linear time-invariant systems and
use instead, stability theory. In particular, we employ
the small-gain theorem to establish simple checkable
conditions on the network interconnections, to guar-
antee the achievement of consensus. Simulations on
an academic example are provided to demonstrate the
effectiveness of the theoretical results.

I. INTRODUCTION

In spite of the considerable bulk of literature in the
past years, the consensus problem is still of great interest
for researchers of several disciplines due to the multiple
applications related to networked multi-agent systems.
Satellite formation flying [1], [2], coupled oscillators [3],
formation tracking control for mobile robots [4], cou-
pled air traffic control [5] just to mention a few. These
applications justify the design of appropriate consensus
protocols to drive all dynamic agents to a common
value. The consensus problem consists in establishing
conditions under which the differences between any two
motions among a group of dynamic systems, converge to
zero asymptotically.

Although the case of constant fixed topologies
with permanent all-to-all interconnections is completely
solved by various means —see [6], the problem of consen-
sus under intermittent interconnections is still of actual
interest. It is clearly motivated, for instance, by scenarios
in which communication failures appear. In the pioneer
paper [7] the author presents a coordination problem
for a network of agents with single integrator dynamics.
The network coupling is allowed to be time-dependent
and non-bidirectional. It is represented by a linear time-
varying system in continuos time with a Metzler matrix.
Stability analysis shows that all state components con-
verge to a common value as time grows unbounded using
a Lyapunov function.

In [8] the authors provide a theoretical explanation
for the observed behavior of Vicsek model [9]. Explicitly
takes into account possible changes of each agent’s near-
est neighbors over time, can be thought of as a consensus
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problem. Using a classical convergence result show that
all agents converge to a common steady state provided
all agents are “linked together” with sufficient frequency
as the system evolves.

The approaches in [7] and [8] are based on undirected
graphs. When the information exchange is unidirectional,
that is, consensus may to be achieved in the presence
of limited information exchange. In [10] the authors
present both continuous and discrete time consensus
problem for switching directed graphs. Considering that
the Laplacian matrix is piecewise constant it is shown
that consensus is achieved if and only if the topology
has a directed spanning tree. In [11] a class of nonlin-
ear consensus protocol for networks of dynamic agents
whose dynamics are simple integrators is prescribed.
A Lyapunov function is introduced and quantifies the
total disagreement among the agents, guaranteeing that
consensus problem is globally asymptotically achieved.

In this paper, we solve the consensus problem for a
group of agents modeled by single integrators, intercon-
nected in a ring topology. We assume that the com-
munication links may fail therefore, the communication
may be interrupted by arbitrarily long but uniformly
bounded intervals of time. More precisely we establish
that persistency of excitation of each interconnection be-
tween any pair of agents, is necessary condition to achieve
consensus. This condition is also sufficient provided that
the intensity of one of the interconnections is relatively
small. The results are established using the small-gain
theorem.

The paper is organized as follows. In section II we
establish the principal protocol and consensus problem.
Section IIT contains the main results. In section IV we
present some illustrative simulation results and Section
V offers our concluding remarks.

II. PROBLEM STATEMENT
Consider N dynamic agents
i€{1,2,...,N} (1)

\I!i:mi:ui,

where w; represents a protocol of interconnection. The
most common continuous consensus protocol under an
all-to-all communication assumption, has been studied
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n [12], [13] and is given by

N
ui=—Y ag(t)(z;—a;), Vie{l,....N} (2
j=1

where a;;(t) is the (¢,7) entry of the adjacency matrix
and z; is the information state of the i-th agent. In
this paper, we study consensus under the assumption of
a ring-communication topology, that is, for each i, we
define

—aiip1(t)(xi — wiq1), Vie{l,...,N—1}
U; =
—aq () (x; — 1), i=N
3)
where a;;+1 > 0, it is strictly positive whenever informa-
tion flows from the (i 4 1)th node to the ith node. Under
(3), the system (1) has the form

&= —L(t)x (4)

where L(t) is the following Laplacian matrix

L(t) :

alz(t) 7(112(15) 0 0 0
0 azg(t) —azg(t) 0 0
0 0 an—1n(t) —an—1in(t)
—aN1(t) 0 aN1(t)
(5)
and z := ( x1,...,2n )T is the vector containing the

state of each agent. The Laplacian L(¢) has associated a
graphic representation which is shown in Figure 1.

ay(t)

Fig. 1. Ring topology with time dependent communication links.

The system (4) reaches consensus if for any initial
condition all the states reaches a common value as t tends
to infinity. The consensus problem has been thoroughly
studied both for the case of constant and time-varying
interconnections, mostly under the assumption of an all-
to-all communication topology. Typically, graph theory is
used to establish that consensus is reached if there exists
a directed spanning tree (any node may be reached from
any node). In the case that the interconnections are time-
varying, a similar result was established in [7].

In this paper, we take a different approach to the anal-
ysis of consensus: stability theory. Indeed, our analysis
builds upon the elementary observation that consensus
is equivalent to the asymptotic stability of the origin of

A(t)z (6)

z
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where we defined the error states

Vie{l,...,.N—1}, (1)

2 = Ti — Tit1

the vector containing all the errors z; is defined as z =

( 21y 9y RN—-1 )T and
A(t) :=
—alg(t) a23(t) 0
0 0. —aN—QJ.\I—l(t) aN—iN(t)
—an1(t) —an1(t) —(an1+an—1n)(t)

(8)

The latter follows from evaluating the time derivative
of (7) to obtain, substituting the dynamics of the agents

2,

(9)

Our main result, which is presented next, establishes
sufficient and necessary conditions for the origin of (6)
to be uniformly globally exponentially stable therefore,
for the system (4) to reach consensus uniformly and
exponentially fast.

—aii+1(t)z7; —+ a¢+1¢+2(t)zi+1 7 € {1, ey N — 2}

—an—1n(t)zn—1 +ani1(t)zy =N —1.

III. MAIN RESULTS

We assume that the functions a;41 may be equal
to zero for intervals of time whose length is uniformly
bounded. That is, we assume that each coefficient a;; 11
is persistently exciting. The latter property, which is well-
known in the literature of adaptive control systems —see
[14], is defined as follows.

Definition 1: Persistence of Excitation. A locally
integrable function a : R>¢ — R is said to be persistently
exciting (PE) if there exist positive numbers 7" and pu
such that

vt >0 (10)

t+T
/ o(r)dr > p,
t

It is an elementary but important fact (see [15]) that
if t — a(t) is persistently exciting then

t
—/ a(r)dr
e Ju < ke kOt Vt>t >0

(11)

where k = e# and k = u/T.

Example 1: Consider a PE signal a with 7' = 3 and
@ = 1 wich is shown in the Figure (2). The signal a
satisfies the property (11) with k = 2.78 and k = 0.33,
see Figure (3).
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Fig. 2. Persistently exciting signal @ with 7"=3 and p = 1.
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Fig. 3. Property of a persistently exciting signal.

We are ready to present our main result.

Theorem 1: If

|an1]oo :=sup |ani(t)]
>0

is sufficiently small, the system (4) reaches consensus uni-
formly in the initial times if and only if a;; is persistently
exciting.

A quantification of “sufficiently small” is given in Lemma
2.

To prove the theorem we start by observing that the
matrix A(t) in (6) may be partitioned as

A1) = A+ As() (12)
with
Al(t) =
—alg(t) (lgg(t) 0 ce 0
0 —agg(t) a34(t) 0
0 0 0. _aN—ZI;T—l(t) aN—iN(t)
0 0 0 cee 7aN,1N(t)
(13)
and
0 0 0 0
0 0 0 0
Az(t) = : : : :
0 0 0 cee 0
—aNl(t) —aNl(t) —aNl(t) —aNl(t)
(14)

Therefore, (6) is equivalent to the feedback-
interconnected system
3 . z = A(t)z+y
1 -
PN N o= z (15)
Yo yo = As(t)hn
—see the illustration in Figure 4, below.
n=0 N
) s,
y r,=0
2 3 )
2 U/
Fig. 4. Interconnected system

The interest of this observation is that the stability
conditions for (15), hence for (6), may be derived by
computing the norms of the systems >; and Y3 and
invoking the small gain theorem —see e.g. [16]. Indeed, the
system X is a particular case of that covered by the small
gain theorem with the inputs r1(¢) = 0 and r2(¢) = 0 for
every nonnegative t —see Figure 4.

In other words, in view of (12), the system (6) may be
studied as a perturbed system with nominal dynamics

and perturbation (output injection) As(t)y;. Moreover,
note that the perturbation only depends on the in-
terconnection function ay1(t) hence, we shall establish
exponential stability under the condition that the |- |
norm of an1(t) is sufficiently small and the origin of (16)
is exponentially stable. The stability of system (16) is
given by the following result.

Lemma 1: Let

D(t,to) = A1 ()D(t, L), D(toste) =In_1 YEt>t,>0
(17)
where
Al(t) =
—a12(t) az3(t) 0 - 0
0 —a23(t) a34(t) 0
0 0 0 —an_anvo1(t)  an_in()
0 0 0 —an_1n(t)
(18)

Assume that, for every ¢ = 1,...,.N — 1, a;41(t) is a
bounded persistently exciting signal. Then, there exist
@ > 0, a > 0 such that

|B(t, to)|| < @e™tt) >, >0. (19)
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Proof: Note that the solution of the differential
equation (17) is given by ®(t,t.) = [¢s;(t,to)] where

0 P>
t
—/ aii+1(s)ds

¢l](t7t0) == e to z :]
t

Gii(t, 8)air1,i42(8)Piv1,(s,to)ds i<y
to

(20)

We show that every element of ®(¢,t,) is bounded by
an exponential function. Taking the absolute value of
(20) and using the property (11) for its diagonal entries,
we have

lpij(t,to)] = 0 1>

|pis(t,to)] < ke hilt=s) i=7
t

|ij(t,to)] < |0ii(t: 8)||ait1,iv2(8)||Pig1,5(s:to)|ds
to

i<

(21)

For each j = ¢ + 1 such that ¢+ < N — 1 the integral
(20) depends on ¢;; and ¢;41,41 which are bounded
by ke % (=) and ki e *+1(t=9) respectively. Conse-
quently,

T 1 - o~ min{k; ki}(t—to)
v Ny

where by assumption, |a;+1,i+2|co is bounded. Thus, all
elements of ®(¢,t,) are bounded in norm by a decaying
exponential. ]

i (t,to)| < kikjlaittivaloo

Now, we can compute the input-output gain of the
system 3, as follows. The norm of the output of ¥, is
given by

o I < 112, o) [[]|2(Eo) +/t @ (t, 7)[[[y2(7)|dr.

By Lemma 1 we have ||® (t,,) || < ae~*(¢~%)  then

t
Hylan\f;ae*aﬁfnﬂnz@onl+f/ﬂ@6’““*“wuncﬂndr
to

Solving the integral and taking the initial condition for
z equals to zero, we obtain

a i
@l < —(1—e =10 lya oo
Thus, i
IEille < 3

[e3

(22)
On the other hand, the norm of the output of X5 is

ly2lloo < [[A2(8)]oolly1]oo-

Hence,
B2fle < [[A2(t)][oc < (N = 1)[an1]oo-

Finally, the proof of the theorem is completed by the
following lemma, which establishes the stability of the

(23)
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feedback interconnected system (4) based on the com-
puted input/output gains.

Lemma 2: Consider the interconnected system

2’; =

Yo
DI ! { Yy =
Yo Y2 =

Ar(t)z + 2

z (24)
As()ya

Under the assumptions of Lemma 1 the interconnected

system (24) is stable if |an1|oco < 55=. In particular,

(N-1Da-
all components of z(t) converge to a common value as

t — 0.

Proof: We apply the small gain theorem to the
interconnected system (24) using the upper bounds (22)
and (23) of ||X4|| and ||X2||, respectively, this is

&
[IZ[[[[Ze]l < (N = Dlani]oo ~ < 1. (25)

It follows that

o 1
janile < 2 (55)

N1 (26)

is a sufficient condition for the asymptotically stability
of (24). ]

IV. EXAMPLE AND SIMULATION RESULTS

For the sake of illustration, let us study a system with
four interconnected agents (see. Figure 5).

Fig. 5.

Ring topology with four interconnected agents

The information exchange among agents is represented
by the persistently exciting signals a1, as3 and as4 shown
in Figure 6 with parameters in Table 1.

TABLE I
PARAMETERS Ti AND p1; CORRESPONDING TO THE SIGNAL aj;+1,
i=1,2,3.

T; i
a12(t) 2 1
a23 (t) 3 0.3
aza(t) | 2.5 | 1.25
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a, 2(t)
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(o)
©
2
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<
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0 1 2 3 5 6 7
Time
aza(t)
T
[0 1 ]
°
2
3051 b
£
<
0 . . . .
0 1 2 3 5 6 7
Time
a0
T
(o) 1 ]
°
2
3051 i
£
<
0 . . . . . .
0 1 2 3 4 5 6 7
Time

Fig. 6. Persistently exciting signals a12(t) (top), a23(t) (middle)
and a34(t) (bottom).

For this example, the system 2z = A(t)z(¢) is parti-
tioned into two matrices A; and As defined as

[ _a12(t) a23(t) 0
Al(t) = 0 *a23(t) a34(t)
L 0 0 —a34(t) i
and ) )
0 0 0
As(t) = 0 0 0
L _a41(t) _a4l(t) —a41(t) i

To apply Theorem 1, is necessary to compute & and
a. By Lemma 1 we have

a = E1+|a34‘m%
E1]_€2E3
Hlazs|colasa oo =R Smin e
o = min(kl, ]{527 kg)

where the values of k; and k; are shown in Table II.

TABLE II
PARAMETERS k; AND k; CORRESPONDING TO THE SIGNAL a;;41,
i=1,2,3.
ki ki
alg(t) 2.71 0.5
a23 (t) 1.34 | 0.1
a34(t) | 3.49 | 0.5

Therefore, we have

a=13.1285 and & =47.1147.

By applying Theorem 1, we know that the origin of
2(t) = A(t)z(t) is exponentially stable if

lar (t)] < 0.092. (27)

To illustrate the feasibility of the results obtained we
performed simulations using SIMULINK of MATLAB.

528

The initial conditions of the agents are x1(0) -1,
z2(0) = 3, x3(0) —2 and z4(0) —0.5. The per-
sistently exciting signal ay;, satisfying (27), is shown in
Figure 7.

0.1
0.09
0.08
0.07

$0.06

2

£ 0.05/

£

< 0.04
0.03
0.02
0.01

O L L L L L

3 4
Time

Fig. 7. Persistently exciting signals a41(t).

Figure 8 depicts that all trajectories converge to a
common value.
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Fig. 8. Trajectories of states z1(t), x2(t), 3(t) and z4(t).

In [10], it is shown that having a spanning tree topol-
ogy is a sufficient condition to achieve consensus under
the assumption of piecewise constant communication
links among the agents. Therefore, by using this result
we can also conclude that the foregoing example reaches
consensus due to the persistently exciting signals aqo,
as3, a34 and ay; satisfy this condition. However, we want
to stress that our result is based on the assumptions
that the time-varying communication links among the
agents are represented by persistently exciting signals
and consequently our result is different with respect to
the one presented in [10].
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V. CONCLUSIONS

In this paper, we introduced a consensus problem for
a network of dynamic agents with a ring topology, under
the assumption that each interconnection between any
pair of agents is represented by bounded and persis-
tently exciting signals. By using the small-gain theorem
we obtained that the system reached consensus if the
intensity of one of the interconnections is relatively small.
Simulation results were presented and are consistent with
our theoretical results.
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