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Observer design for a general class of triangular systems
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Abstract— The paper deals with the observer design problem
for a wide class of triangular nonlinear systems. Our main
results generalize those obtained in the recent author’s works
[2] and [3].
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switching dynamics.

I. INTRODUCTION

We derive sufficient conditions for the solvability of the
observer design problem for time-varying single output sys-
tems of the form

i’i - fi(tvxla "'axi+1)71’ = 1’ ey — 1
T = fu(tyz1, ..y xn),

y=x1,(21,..., ) ER"

(1a)
(1b)

where the functions f;(-), ¢ = 1,...,n, are continuous and
(locally) Lipschitz. It is known from Theorem 2.1 of Chapter
3 in [5] that for every zp € R" and for each fixed input,
every single output control system which has a uniform
canonical flag ([S, Chapter 2, Definition 2.1]) can be locally
transformed in the above canonical form (1) in such a way
that

0

mfi(t,l’l, ...,Ii_;'_l) 7& O,VI = (1’17 ceny

i=1,..,n—1 )

ZTn) EUE >0,

for certain neighborhood U of zy. We also mention the works
[4] and [8] where algebraic type necessary and sufficient
conditions are established for feedback equivalence between
a single input system and a triangular system whose dy-
namics have p-normal form. In our recent work [3], the
observer design problem is studied for a subclass of systems
(1) whose dynamics have p-normal form. The result of
present work constitutes a generalization of previous results
in the literature dealing with the observer design problem
for triangular systems (see for instance [1], [5], [6] and
relative references therein) and particularly generalizes the
main result of the recent author’s work in [3].

We make the following assumption for the right hand side
of system (1) which constitutes a (global) generalization of
assumption (2).
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H1. For each (t;21,...,2;) € Ryo xR, i =1,..,n— 1,
the function R > z — f;i(¢t,z1,...,x;,2) € R is strictly
monotone.

The paper is organized as follows. We first provide no-
tations and various concepts, including the concept of the
switching observer that has been originally introduced in [2],
for general time-varying systems:

&= f(t,x),(t,x) € Ryg x R"
y = h(t,z),y € R"

(3a)
(3b)

where y(-) plays the role of output. We then provide the pre-
cise statement of our main result (Theorem 1.1) concerning
solvability of the observer design problem for (1). Section
IT contains some preliminary results concerning solvability
of the observer design problem for the case (3) with linear
output (Propositions 2.1 and 2.2). In Section III we use the
results of Section II, in order to prove our main result.

Notations and definitions: We adopt the following nota-
tions. For a given vector x € R"™, x’ denotes its transpose
and |z| its Euclidean norm. We use the notation |A| :=
max{|Az| : * € R";|z| = 1} for the induced norm
of a matrix A € R™*". By N we denote the class of
all increasing C° functions ¢ : R>o — Rsq. For given
R > 0, denote by Bp the closed ball of radius R > 0,
centered at 0 € R™. Consider a pair of metric spaces X,
Xo and a set-valued map X; > =z — Q(z) C Xo. We
say that Q(-) satisfies the Compactness Property (CP), if
for every sequence (2, ),eny C X1 and (g,)peny C X2 with
x, —» 2 € X; and ¢, € Q(z,), there exist a subsequence
(24, )ken and ¢ € Q(z) such that ¢, — ¢. We also invoke
the well known fact, see [7], that the time-varying system
(3a) is forward complete, if and only if there exists a function
B € NN such that the solution z(-) := z(-,tg,zo) of (3a)
initiated from x( at time ¢ = ¢ satisfies:

w()] < B(t, |z0]), ¥t > tg > 0,0 €R™ (4

provided that the dynamics of (3a) are C° and Lipschitz on
z € R™. It turns out that, under these regularity assumptions
plus forward completeness for (3a), for each ¢ty > 0 and
xo € R™ the corresponding output y(¢) = h(t, z(t,to, o))
of (3) is defined for all ¢ > . For each ty > 0 and nonempty
subset M of R™, we may consider the set O(to, M) of all
outputs of (3), corresponding to initial state g € M and
initial time tg > 0:

O(to, M) :={y : [tg,0) — R"

: y(t) = h(t,$(t,t0,$0)),t Z t07x0 S M}
(5)
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A(t7va7evy) = (AC1(t7q7x7el7y)>AC'2(t7Qamvelae%y)v' T 7ACm(t7Q7x7el7“wemay))

For given ) # M C R", we say that the Observer
Design Problem (ODP) is solvable for (3) with respect
to M, if for every ¢y > O there exist a continuous map
G = Gy (t,z,w) : [tg,0) x R" x R" — R™ and a
nonempty set M C R™ such that for every zp € M and
output y € O(tg, M) the corresponding trajectory z(-) :
z(+,to, 20;y); 2(tg) = zo of the observer 2 = G(t,z,y)
exists for all ¢ > to and the error e(-) := x(-) — z(-) between
the trajectory z(-) := z(-,to,x0), o € M of (3a) and the
trajectory z(-) := z(+, to, z0; y) of the observer satisfies:

lim e(t) =0

t—o0

(6)

We say that the Switching Observer Design Problem
(SODP) is solvable for (3) with respect to M, if for
every to > 0 there exist a strictly increasing sequence
of times (tg)reny With t1 = to and limg_o tx = 00, a
sequence of continuous mappings Gy = Gy, _, (¢, z,w) :
[th—1,tks1] X R® X R® — R", k € N and a nonempty set
M C R™ such that the solution z(-) of the system

Zp = Gi(t, 21,Y), t € [th-1, k1] (7

with initial z(tx_;) € M and output y € O(tg, M), is
defined for every ¢ € [tx—1,tr+1] and in such a way that, if
we consider the piecewise continuous map Z : [tp, 00) — R”
defined as Z(t) := zp(t), t € [tg,tr+1). k¥ € N, where
for each £ € N the map z(-) denotes the solution of (7),
then the error e(-) := z(-) — Z(-) between the trajectory
z(+) := x(-, to, o), of (3a) and Z(-) satisfies (6).

Our main result is the following theorem.

Theorem 1.1: For the system (1), assume that Hypothesis
H1 is satisfied and (1a) is forward complete, i.e. there exists a
function 5 € NN, such that the solution z(+) := (-, to, o)
of (1a) satisfies the estimation (4). Then:

(i) the SODP is solvable for (1) with respect to R”.

(ii) if in addition we assume that it is a priori known, that
the initial states of (1) belong to a given ball By of radius
R > 0 centered at zero 0 € R™, then the ODP is solvable
for (1) with respect to Bgr. <

Theorem 1.1 constitutes a generalization of Theorem 1.1
in [3] for systems (1), whose dynamics are C' and have
the particular form f;(t,z1,...,zi11) = fi(t,xl,...,xi) +
ai(t,z1)xy, for certain f; € C'(Rxo x R%;R) and a; €
C'(R>o x R;R), i = 1,...,n — 1, where the constants m;,
i =1,...,n— 1 are odd integers and the functions a;(-, ),
i =1,...,n—1 satisfy the condition |a;(t,y)| > 0, V¢ € R>o,
y € R.

II. PRELIMINARY RESULTS

The proof of our main result concerning the case (1), is
based on some preliminary results concerning the case of
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(10)

systems (3) with linear output:
&= f(t,x) = F(t,z, H{t)z), (t,z) € Rs>o x R™ (8a)
y = h(t,x) == H(t)z, y e R" (8b)

where H : R>g — R™" is C% and F : R>¢ x R" x R" —
R™ is C° and Lipschitz on (z,y) € R™ x R™. We assume
that system (8a) is forward complete, namely, the solution
z(+) := x(-, to, xo) of (8a) satisfies (4) for certain S € NN,
hence, for every R > 0 and ¢t > 0 we can define:

Yr(t) :={y € R" : y = H(t)x(t, to, z0),

for certain tg € [0,t] and zg € Bg}  (9)

where H(-) is given in (8b). Obviously, Yz () # () for all
t > 0 and, if (4) holds, the set-valued map [0,00) 3 t —
Yr(t) C R™ satisfies the CP and further y(t) € Yg(t), for
every t > to > 0 and y € O(to, Br); (see notations). Also,
given integers £,m,n,n € N and a map A : R>o x R x

Property P1, if the following holds:

P1. A(t,q,x,e,y) has the form (10) on top of the page,
where each mapping Ac; : R>g x RY x R™ x R* x R® —
R™*! j = 1,..,m is continuous on Ry x R’ x R™ x
{(e1,...,e;) € R" : e; # 0} x R™ and bounded on every
compact subset of R>g x RY x R" x R? x R™.

We make the following hypothesis:

Hypothesis 2.1. There exist a function g € C'(R>o;R)

satisfying:

0<g(t)<1Vvt>0; (11a)
g(t) = —g(t).vt > 0; (11b)
tli)m g(t)=0 (11c)

an integer £ € N, amap A: Rsg x R x R* x R® x R" —
R™*" satisfying P1 and constants L > 1, ¢1,¢0 > 0, R > 0
with

C1 Z % (12)
such that the following properties hold:
Al. For every £ > 1 there exists a set-valued map
[0,00) 2t — Qr(t) :== Qre(t) C R’ (13)

with Qg(t) # 0 for any ¢ > 0, satisfying the CP and such
that

YVt >0,y € Yr(t),z,z € R" with |z| < 8(¢, R)
and |[x — z| <& = AF(t,x,z,y) = F(t,z,y) — F(t,z,y)

=A(t,q,z,x — z,y)(x — z) for certain ¢ € Qgr(t)  (14)

with Yg(-) as given by (9).

A2. For every £ > 1 there exists a set-valued map
Qr = Qgr¢ as in Hypothesis Al, in such a way that
for every ¢y > 0, a time-varying symmetric matrix Pr :=
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Pret, € C*([to, 00); R™ ™) and a function dg := dpg¢ 1, €
C°([to,o0); R) can be found, satisfying:

Pr(t) > Inxn, ¥t > to; | Pr(to)| < L; (152)

dR(t) > ¢y, Vit > to-‘rl;/ dR(S)dS > —cg, Vig > t1 > tg;
" (15b)

¢’ Pr(t)A(t,q. 7, e,y)e + s¢'Pr(t)e < —dg(t)e' Pr(t)e,
Vit > to,q € Qr(t),r € R", e € ker H(t),y € Yr(?) :
|$‘ < ﬂ(t7R)a |6| < 5, GIPR(t)B 2 g(t) (15¢)

with Yr(-) as given by (9).

The following proposition provides a Luenberger type
observer, for the case where it is a priori known, that the
initial state of the system belongs to a given nonempty
bounded subset of the state space. This result constitutes a
slight generalization of Proposition 2.1 in [3].

Proposition 2.1: Consider the system (8) and assume that
it is forward complete, namely, (4) holds for certain 3 € NN
and satisfies Hypothesis 2.1. Then, the following hold:

For each ty > to > 0 and constant ¢ satisfying

€ > VLexp{2c:}B(to, R),R:= R+1 (16)
there exists a function ¢ := ¢rei, € C'([to,00); Rso),
such that the solution z(-) of system

2 =Gy (t,2,y)
=F(t,2,y) + or(t) Py (VH'(H)(y — H(t)2)  (172)
with initial z(g) = 0 (17b)

where Pgr(-) := Pprei,(-) is given in A2, is defined for
all t > o and the error e(-) := z(-) — z(-) between the
trajectory x(-) := (-, tg, zo) of (8a), initiated from x¢ € Bg
at time to > 0 and the trajectory z(-) := z(-, %9, 0;y) of (17)

satisfies:
le(t)] < &, Vt > to; (18a)
le(t)] < max{{exp{—ci(t — (fo + 1))}, Vg(t)},
vt >t +1 (18b)

It follows from (11c) and (18b), that for #y := ¢, the ODP
is solvable for (8) with respect to Bp; particularly the error
e(+) between the trajectory z(-) := x(+, tg, x0), ©o € Br of
(8a) and the trajectory z(-) := z(, %o, 20;y), 20 = 0 of the
observer zZ = Gy, (t, z,y) satisfies (6). <

The following proposition constitutes a slight generaliza-
tion of Proposition 2.2 in [3]. It establishes sufficient condi-
tions for the existence of a switching observer exhibiting the
state determination of (8), without any a priori information
concerning the initial condition. We make the following
hypothesis:

Hypothesis 2.2: There exist constants L > 1, cj,co >
0 such that (12) holds, an integer ¢ € N, a function g €
C*(Rxo; R) satisfying (11) and a map A : R>o x Rf x R™ x
R™xR™ — R™*" gatisfying P1, in such a way that for every
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R > 0 Hypothesis 2.1 is fulfilled, namely, both A1 and A2
hold.

Proposition 2.2: In addition to the hypothesis of forward
completeness for (8a), assume that system (8) satisfies Hy-
pothesis 2.2. Then the SODP is solvable for (8) with respect
to R™. «

The proofs of Propositions 2.1 and 2.2 are based on the
same approaches with those used for proofs of Propositions
2.1 and 2.2 in [3], respectively, plus some elementary mod-
ifications. Moreover a preliminary technical result (Lemma
2.1 below) is required, which also constitutes a slight modi-
fication of Lemma 2.1 in [3]. In order to present the precise
statement of this preliminary result we consider a pair (H, A)
of mappings:

H:=H(t): Rsg — R™™; (19a)
A= A(t,q,z,e,y) : Ry x RE x R® x R™ x R® — R™*™

(19b)
for certain £,m,n,n € N, where H(-) is continuous and
A(+, -+, ) satisfies Property P1. We make the following
hypothesis:

Hypothesis 2.3: Let g(-) € C°(R>o;R) satisfying (11a)
and assume that for certain constant R > 0 and for every
& > 1, there exist a function Sr := Bre € N and set-
valued mappings [0,00) 5t — Yg(t) := Yr(t) C R and
[0700) S5t — QR(t) = QR’g(t) C Rf with YR(t) £ 0
and Qg(t) # 0 for all ¢ > 0, satisfying the CP, in such
a way that for every ¢y > 0, a time-varying symmetric
matrix Pg := Pr¢q, € CH([to,00); R™*™) can be found,
satisfying Pg(t) > Ixm,Vt > to and a function dp :
dr.eto, € CO([to, 00); R), in such a way that

e Pr(t)A(t,q,x,e,y)e + %e’PR(t)e < —dg(t)e' Pr(t)e,
Vit > to,q € Qr(t),z € R" e € ker H(t),y € Yr(¢) :
2| < Br(t),|e] < & e Pr(t)e > g(t) (20

Lemma 2.1: Consider the pair (H, A) of the time-varying
mappings in (19) and assume that Hypothesis 2.3 is fulfilled
for certain R > 0. Then for every £ > 1, tg > 0 and dp :=
CiR,E,to S CO([t(), OO),R) with JR(t) < dR(t), Vt > tg, there
exists a function ¢r = Prer, € C([to,00);R>0) such
that

¢ Pr()A(t,q, 2, e,y)e + 3¢ Pr(t)e < or(t)| H(t)e|”
— dp(t)e' Pg(t)e,¥t > to,q € Qr(t),r € R" e € R™,
|| < Br(t),|e| <& € Pr(t)e > g(t) < 21

Yr(t) :
1II. PROOF OF THEOREM 1.1

In this section we apply the results of Section II to prove
our main result concerning the solvability of the SODP(ODP)
for triangular systems (1).

Proof of Theorem 1.1: The proof of both statements is
based on the results of Propositions 2.1 and 2.2 and is based
on a generalization of the methodology employed in the
proof of the main result in [3]. Without loss of generality,
we may assume that, instead of Assumption H1 it holds:
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_ fity,®e,®s,..ip1)— fi(t,y,T2—e€2,23,...,Tiq1)
A b

5i,2(t7y3127'“7xi+1362)
1<:<n;n>2

for627£0and2§i2§ n;n >3

= flbwr) folbytazea) fop ey £ Qandi = 1,2n = 20ri = l;n > 3

:= 0, for e; = 0 and n, i, j in each case above

(t;y;LEQ, ...,$i+1;62) S RZO xR x R x R

(23a)

_ filt,y,wa—ea,.. @i 1—€j1,%5,T 41, Tit1) = fi (LY, T2 —€2,. . Tj1—€j1,T5—€5,Tj 41,0, Tit1)
bl

5i,j(t>y7$2> ey Lt 1, €2, -eny ej)

€

forej#Oand3§i§n71;3§j§i;fnz40ri:n;3§j§nfl;n24

Ity ma—en, 1 —en1,@n) = fn(ty,L2—€2, Tn1—€n—1,Tn—€n)

3<j<i<mn=>3

€n ’

fore, #0andi=j=n;n >3
:=0, fore; =0, and n, i, j in each case above

(t; Y3 Tay ooy Tig1; €2, oy €j) € Rog x R x RY x RIT!

(23b)

5i,i+1(t7ya$27~-~7$i+17€27-~-a@i+1) :
2<i1<n—1;n>3

(ty; 2, s Tit1; €2, €i41) € Ryg X RX R x RY,

=0, fore;+1 =0

i(ty,xa—ea,....xi—e;,xit1)—fi(t,y,T2—e2,...,Ti—e€i,Tit1—e;
_ filty,za—es i—ei,xitv1)—fi(t,y,x2—ea, i—€i,Tit1 7+1)’ fOl“eZ-Jrl#O

€i41

(23¢)

H1. For each (t;z1,...,2;) € Ryo xR, i=1,...,n—1,
the function R 3 2 — fi(¢,x1,....,x;,2) € R is strictly
increasing.

The proof of the first statement, is based on the establish-
ment of Hypothesis 2.2 for system (1). Hence, we show that
there exist an integer £ € N, a map A : R>¢ x RY x R™ x
R™ x R — R™*"™ satisfying P1, constants L > 1, ¢1,¢co > 0
such that (12) holds and a function g(-) satisfying (11), in
such a way that for each R > 0, both A1 and A2 hold for
(1). Let R > 0, £ > 1 and define:

F(t,.ﬁ,y) ::(fl(t,y,l‘Q),f2(t7y,$2,$3), seey
fnfl(tywr%~-‘>xn)7fn(t7yax27-~-
(t,z,y) € Rsg x R" xR

7)),

(22)

Also, for every pair of indices (4,j) with2 < j <mn,j—1<
i < n we define the functions J; ;(-) as in (23a)-(23¢c) on top
of the page (where we have used the notation x; 11 |i=, :=
and R'|;,—, := R"~! in (23a), (23b)). By exploiting the
Lipschitz continuity assumption for the functions f;(-), i =
1,...,n it follows that for every 2 < j <n, j—1 <17 < n,
the following properties hold:
S1. 6; ;(-) is continuous on the set

O = RogxRxR x {(eg,...,e;) € RI71 1 e; £ 0} (24)

S2. §;,;(+) is bounded on every compact subset of R>q x
R x R? x R/~1, (where we have used the notation R?|;_,, :=
R™~1! in both S1 and S2)

Furthermore, from H1’, (24), (23a) and (23c) it follows:

S3.

Siit1(t Y, Ty oy Tig1, €2, s €i41) > 0, (25)
V(t;y; w2, Tig1; €2, o €i41) € Oiig1,i=1,.,n — 1
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From (23a)-(23c) we deduce that for ¢ = 1,...,n it holds:

fi(ta Y, T2y eees Ii—‘rl) - fi(t7y7 B2y ey Zi+1)
i1

= Zém(t,ng, ey Lig 1, Ty — 2o, ey & — 25) (25 — 25)
j=2

Vt € RZO, y € R, (1‘2, ey .7,‘1'+1), (22, ceey Zi+1) S R® (26)

(where we have used the notation 23112 li=n = 2o
Zit1lizn = Tpn and z;11]i=n = 2zp). Also, by invoking
Property S2, the following property holds.

S4. There exists a function op :=
C1([0,0); R) satisfying:

ore € NN

n i
OR(t) 2 Z Zsup{|6i7j(t7y7x27 ey Lj41, €25 -0ny 6])' :

=2 j=2
|y‘ Sﬂ(taR>7 ‘(:CQa ...,$i+1)| S 5<t7R)7

|(62,...,€j)| §§},Vt20 (27)

(where we have used the notation z;11|i=, = x,). Next,
consider the set-valued map [0,00) > ¢t — Qgr(t) =
Qre(t) CRY, €= ") defined as

Qr(t) == {0 =(q1,1,02,1, 42,25 - Gn, 1 Gn.2, -+ Gnn) € R
lg| <or(t)} (28)

that obviously satisfies the CP and consider the set val-
ued mappings R>g x (0,€] > (t,r) — Qr,(t,r) =
Qreit,r) CRxR' xR, i =1,...,n— 1 given as

Qr.i(t,r) == {(y; 22, .; Tir1;€2, . €i41) € R X R x R :
ly| < B(t, R),|(w2, ..., zip1)| < B(t, R),

l(e2; s €iv1)| <&, leipa| > 7} (29)
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Finally, for ¢ = 1,...,n — 1 define:
Dr,i(t,7) := Dr(t,r)
=min{d; ;+1(t, Yy, T2, ..., Tit1, €2, ..oy €i41) :
(y; 2, ..., Tiy1;€2, .., €i41) € Qri(t, 1)}
(t,r) € R>o x (0,¢] (30)
By exploiting (29), (30) and Properties S1, S3, it follows that
the functions Dg,(+,-), ¢ = 1,...,n — 1 are continuous and
the following hold:
0 < Dpri(t,r) < 8iit1(t,y, T2, oo, Tig1, €2, oy €i41)5
V(y; 2, ooy Tig1; €2, oy €i41) € Qril(t,T),

(t,r) € R>o x (0,¢] 31
Dpr(t,r1) < Dr,;(t,r2),Vt € R>q,
r1,72 € (0,&] withry < g (32)
Now, let Yr(-) as given by (9) with
H:=(1,0,...,0) € R**" (33)
and notice that, due to (4), (9) and (33), it holds:
lyl < B(t, R), forevery y € Yr(t),t >0 (34)

From (22), (26), (28), (34) and Property S4, it follows that
forevery t > 0,y € Yr(t) and x, z € R™ with |z| < (¢, R)
and |z — z| <& we have:

F(t,%y) —F(t,z,y) = A(ta%xva_zvy)(x _Z)7

for some ¢ € Qr(t) withg; 1 =0,i=1,...,n; (35a)

Notice that this map has the form (10), and, due to S1 and
S2, satisfies Property P1. Hence, Al is satisfied.

In order to establish A2, we prove that there exist constants
L > 1, ¢1,co > 0 such that (12) holds and a function
g(-) satisfying (11), in such a way that for every R > 0,
& > 1 and ty > 0, a time-varying symmetric matrix Pg :=
Pre o € C'([to, 00); R™ ™) and a function dg := dpg ¢ 1, €
C([tg,o0); R) can be found satisfying all conditions (15a),

by (33), (35b), (9) and (28), respectively and with (-, ")
as given in (4) for the case of system (1). We proceed by
induction as follows. Pick L > 1, ¢; := 1, ¢5 := n and let
g(+) be a C! function satisfying (11). Also, let R > 0 and
for k = 2, ...,n define:

Hy, :=(1,0,...,0) € RY* e := (e, _p41;¢') € R x RF !
é :=(en_nt2,..ren) € RF L (36a)

and consider the map Ay, : R>o xR x R x RF xR — RF*k
with components:

(Ak(t;qvxvevy))i,j
= AGn—k+in—k+j, forj <i
= 6n—k+i,n—k+j (ta Yy T2y ooy Tn—k+j, 07 ey Oa
En—k4ls - n_ktj), forj=i+1Lk<n—1
= On—kotiyn—ktj (5 Yy T2, ooy T kot 5 €25 ooy En—ktj )
forj=i+Lk=n—1n
=0, forj>i+1

(36b)
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Claim 1 (Induction Hypothesis): Let £ € N with 2 < k <
n. Then for L, R and g(-) as above and for every £ > 1
and t9 > 0, there exist a time-varying symmetric matrix
Pri = Presr € CH([to,o0); R¥**) and a mapping
drk = dreto.6 € C°([to,o0); R), in such a way that the
following hold:

Pr i (t) > Ipxk, Vt > to; |Pri(to)| < L;

(37a)

ta
dpb,k(t) >n—k+1,vt2to+1;/ dR7k(8)dS> —k,
t1

Vig > tq,t1,t9 € [to,to + 1] (37b)
elPR7k(t)Ak(t7 q,%,¢, y)e + %e/PR,k(t)e
< — dRVk(t)e’PR’k(t)e,Vt > to, qc QR(t), T € an
e € ker Hy,y € Yr(t) : |z| < B(t, R), [e] <&,
€' Pr(t)e > g(t) (37¢)
(36b), (9) and (28), respectively.
By taking into account (36), it follows that the mappings

given in (37b), (37a). Indeed, relations (15a), (15¢) follow
directly from (37a), (37¢) and both inequalities of (15b) are
a consequence of (37b) with k& = n, if we take into account
that ¢c; =1 and ¢ = n.
Proof of Claim 1 for k& := 2: For reasons of notational
simplicity, we may assume that n > 3. In that case we may
define:

Hy :=(1,0),e:= (ep_1,e,) € R? (38a)
AQ(tv q,Z,¢, y) =
( 67L—1,71(t7 Y, X2y ey Ty 07 sy 07 €n—1, en)

dn,n
Also, consider the constants L, R and the function g(-) as
above and let & > 1 and ¢y > 0. We establish existence
of a time-varying symmetric matrix Pro = Pgpe¢yi2 €
C'([to,00); R?*%) and a mapping dro = dpgei,2 €
C°([to,o0); R) in such a way that

Pro(t) > Ioxa,Vt > to; |Pra(to)| < L;

dn—1,n—1
dn,n—1

(38b)

(39a)

to
dR72(t) >n—1,Vt>ty+ 1;/ dR72(S)dS > —2,

ty

Yty > t1,t1,ts € [to, to + 1]; (39b)

€/PR72(t)A2(t, q,x,e€, y)e + %BIPRQ(LL)e
< —dpa(t)e' Pra(t)e,Vt > to,q € Qr(t),z € R",
e=(en_1,en) €R%y € Yr(t): |z| < B(t, R),

e € ker Hy, |e| < &,¢' Pra(t)e > g(t) (39¢)
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@1 612(ty, T2, €2) 0 0
921 72,2 b2,3(t, Y, v2, 3, €2,€3)
A(tv q,%,¢, y) = 0 (35b)
dn—1,1 dn—1,2 dn—1,3 5n—1,n(tayax23"'axTLaeQa"'aen)
Qn,l (In,2 Qn,S Qn,n
with Ha, As(-,+, ), Yr(-) and Qr(-) as given in (382), and define 6 := 0Ogrey, € C'([to,00);R), pr €
(38b), (9) and (28), respectively. Define: C*([to,0);R) and dp 2 € CY([tg,0); R) as follows:
PrA(t) pR(t)> =0 t=to
Pro(t) = (PP >t 40 7
r2(?) (pR(t) L =0 (“40) 0(t)] €10,1], te [to,to+ Z] (48)
. T2
for certain pr1,pr € C'([to,>);R), to be determined in =1 t& [to+ %, 00)
the sequel and notice, that due to (38a) and (40), we have: pr(t) == —0(t) L(n;él)z(t)) ,t >ty 49)
{eEkeng . ‘€| §§and6’PR72(t)eZg(t)} = _]\427 te t07t0+7—72:|
:{6: (076,”)/ : \/g(t)/LS ‘€n| Sf} 41 dR’Q(t) € [—Mg,n], te tO+%,tO+T2:| (50)
=n, t € [to+ 12,0)

Then, by taking into account (38), (40) and (41), the desired
(39c¢) is written:

pR(t)(Sn—l,n(ta Y, T2y .00y Ty Oa ceey 07 en) + an,n

We show that (39b), (44) and (45) are fulfilled, with pg(-)
and dgo(-) as given by (49) and (50), respectively. Indeed,
(44) follows directly by recalling (46), (48) and (49). Both

< — Ldgra(t),Vt > to,q € Qr(t),z € R",e = (0,e,) € R?, inequalities of (39b) are a direct consequence of (47b) and

y € Yr(t) : |z < B(t, R), Vg(t)/L < |en| < ¢

By invoking (28), (29), (34) and the equivalence between
(39c) and (42), it follows that, in order to prove (39c),
it suffices to determine pr1,pr € C'([tp,00);R) and
dra € C°([to,00);R) in such a way that (39a) and (39b)
are fulfilled, and further:

(42)

pR(t)énfl,n(t7y7x27 "'7xn707 "'707 en) + LUR(t)
<- LdR,Q(t)7Vt > th (y;$27 "'71'?1;07 "'70aen) €

QR,'IL—l(ta V g(t)/L)

We also require, that the candidate function pr(-) satisfies:
pr(t) < 0,¥t > to; pr(to) =0

Then, by taking into account (31), (44) and (43), it suffices
to prove:

PrR()DRrn-1(t,/g(t)/L) + Log(t) < —Ldg(t), Vt > to
(45)
S

(43)

(44)

for certain pr1,pr € C'([to,00);R) and dg2
C([tg, o0); R) satisfying (39a), (39b) and (44).
Construction of pr and dr »: First, notice that the mapping

t = Drn—1(t,+/g(t)/L), t >ty is continuous, and due to
(31) we can find a function ps € C([to, o0); R), satisfying:

0 < pa(t) < Dronr(t,\/g(8) /L), forevery t > to (46)
Let

My :=max{og(t) : t € [to, to + %]} (472)
T :=min {]\;27 1} (47b)
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(50). We next show that (45) holds as well, with pr(-) and
dr,2(-) as above and consider two cases:

Case 1: ¢ € [to,to + Z]. In that case, (45) follows directly
from (44), (46), (47) and (50).

Case 2: t € [tp + %,00). Then from (46), (48), (49) and
(50) it follows that:

WDR’”l(t’ Vg(t)/L) + Log(t) <

— In < —Ldp(t)

namely, (45) again holds for all ¢ € [tq + %, 00).

We therefore conclude that (45) is fulfilled for all £ > t.
Finally, the construction of pg1(-) included in (40), is the
same with that given in proof of Theorem 1.1 in [3] and is
omitted. This completes the proof of Claim 1 for k£ = 2.
Proof of Claim 1 (general step of induction procedure):
Assume now that Claim 1 is fulfilled for certain integer k
with 2 < k < n. We prove that Claim 1 also holds for
k := k + 1. Consider the pair (H, A) as given in (19) with
H(t) := Hy, A(t,q,x,e,y) := Ag(t,q,z,e,y), L = w
m =k, n:=n and n := 1, where H;, and A, are defined
by (36a) and (36b), respectively. Notice, that the map Ay
as given by (36b) has the form (10) and due to S1 and S2,
satisfies Property P1. Hence, by the first inequality of (37a)
and (37c), we conclude that Hypothesis 2.3 of the previous
section holds, with R and g(-) as above, Yr(-), Qgr(-) and
Br(+) := B(-, R) as given in (9), (28) and (4), respectively,
and with dr(-) := dg () and Pg(-) := Pg(-) as given in
(37a), (37b). Finally, for every £ > 1 and ¢y > 0, consider

the function dr i := dg ¢+, defined as:

dri(t) == dpi(t) — 3.t > to

>

61y
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Gn—kn—k  On—kn—kt1(t Y, 22, s Tp—ppt1,0,...,0,€npp1) 0 -+ 0
At ) An—k+1,n—k (56)
,q,T,e,y) = . é
k+1 q,%,6,Y Ak(t,(bxaevy)
dn,n—k

which satisfies dri(t) < dri(t) for all ¢t > to. It
follows that all requirements of Lemma 2.1 are fulfilled
and therefore, there exists a function ¢r i = Pre ok €
C1([tg,o0); R~) such that

¢ Prip(t)Ar(t, q,2,e,y)e + 1€/ Pri(t)e
< ¢rk(t)|Hiel* — dp r(t)e' Pr i (t)e,
Vt >to,q € Qr(t),x € R", e € R*,y € Yg(t) :

|| <B(t, R), le| < & €' Pri(t)e > g(t) (52)

Furthermore, due to (37b) and (51), the map dg x(-) satisfies:

ta _
dri(t) >n—k+ $Vt > to + 1;/ dri(s)ds > —(k + 1),
ty

Vig > t1,t1,t2 € [to, to + 1] (53)

In the sequel, we exploit (52) and (53), in order to establish
that Claim 1 is fulfilled for k¥ = k£ + 1. Specifically, for the
same L, R and g(-) as above and for any £ > 1 and ¢, > 0,
we show that there exist a time-varying symmetric matrix
Pr+1 € CY([tg, 00); REFVX(k+1)) and a map dp gy1 €
C°([tg,o0); R), such that both (37a) and (37b) are fulfilled
with £ = k + 1 and further:

€ Prii1(t)Api1(t, ¢,z e,y)e + 3¢/ Pr oy (t)e
< —drit1(t)e' Prta(t)e, Vt > to,q € Qp(t),z € R"
e € ker Hyy1,y € Y(t) : 2] < Bt R), [e] <&,

¢’ Prr+1(t)e > g(t) (54)

where

Hpy1 :=(1,0,...,0) e RV o= (¢, _1;¢') € R x RF,

é Zz(en—k-‘rla ceey €n)/ S Rk (553)

the components of the map Ay 41 : R>o x R x R™ x RF+1 x
R — RE+HDx(E+1) are defined as:

(Arg1(t g ,e,9))ig (55b)

= Qn—k—14in—k—14j, for j <i

= Op—k—14i,n—k—1+j (t, Y, T2, ooy Top— kot O, oo
€k s C—kti), Torj =i+ 1Lk <n—2

= Op—k—1tin—k—145 (t, Ys T2, ooy Tpktiy €2, ooy En—kti),
forj=i+Lk=n—-2n-1

707

=0, forj>i+1
pr1(t) pr(t) 0 -+ 0
Pr(t)
Prpaa(t) =| ° Pr(t) (53¢)
0
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and where Yg(-), Qgr(-) are given in (9) and (28), respec-
tively. Again, for reasons of notational simplicity, we may as-
sume that £ < n—1. It then follows from (36b) and (55b) that
for every e = (0,é') = (0, €n—gt1,...,€n)" € ker Hpyq :=

form (56) on top of the page.

Let £ > 1 and ¢y > 0. We determine functions pr 1,pr €
C1([to,0); R) and dg 11 € C°([to,c0); R) such that (37a)
and (37b) are fulfilled with £ = k41, and further (54) holds,

By taking into account (56), it follows that (54) is equivalent
to:

€2 1 1PR(E)0n—kn—ks1(,Y, T2, ooy Tp_k11,0, ..., 0,
en—it1) + € Pri(t)Ar(t,q,2,8,y)é + 3¢ Pry(t)é
< —dp k1€ Pri(t)é,Vt > to,q¢ € Qr(t),z € R”,
e:=(en_p;€¢) € RxRF y € Yr(t): |z| < B(t,R),
e € ker Hyy1,le| <& €' Prrii(t)e > g(t) (57)
Notice that, according to (55a) and (55c), we have
€' Pprt1(t)e = éPryi(t)é for every e (0,¢") =

(0,en—k+1s---s€n) € ker Hy41, thus, by taking into account
(36a) and (52), it suffices, instead of (57), to show that

e?L—k—Q—l(pR(t)(sn*k,n*kJrl(tv Yy T2y ooy Tn—k+1, Oa cey Oa

en—tt1) + Or k(1) < (dri(t) — dr k11 (t)€ Pri(t)e,

Vt > to,x €R", é € RY, y € YR(¢t) : |2 < B(t, R),

] <& € Pri(t)é > g(t) (58)
Establishment of (58) plus (37a) and (37b) for k = k +
1: We impose the following additional requirements for the
candidate functions pg(-) and dp g+1(-):

pr(t) < 0,Vt > to; pr(to) = 0;
drk+1(t) < dpi(t), vt > to

(59a)
(59b)

Then, by taking into account (59b) and the fact that the
desired inequality in (58) should be valid for those ¢ € R¥
for which |é] < ¢ and é'Pgr(t)é > g(t), it follows that,
in order to show (58) and that (37a), (37b) are valid with
k =k + 1, it suffices to show that

€ ri1 (PR n—km—rkt1 (t, s T2y oy T g1, 0, ..., 0,
en—k1) + Or k(1) < (dr1(t) — drrr1(t))g(t),

YVt > tg,x € R", ep—pt1 € Ry € Yi(1) :

lz| < Bt R), len—r+1] <€ (60)

for suitable functions pri1,pr € C([to,00);R) and
drr+1 € C°[to,0);R), in such a way that (37a), (37b)
hold with k = k£ + 1, and in addition pr(-) and dg g+1(-)
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satisfy (59). We proceed to the explicit construction of these
functions. Due to (29), (31), (34), (59a) and the fact that,
due to requirement (59b), equation (60) holds trivially for
en—k+1 = 0, it suffices, instead of (60), to show that

r?(PrR(E)Drp—r(t,7) + dr1k(1))
<(dpx(t) — drr+1(t)g(t),Vt > to,7 € (0,

Construction of the mappings pr and dg 11: Let

(61)

_ 1 2 t
M1 '=max < |dgi(t)| + - + %’k() it € [to,to + %]
4 g(t)
(62a)
1 1
=minq ——, = 62b
Th+1 m1n{4Mk+1, 2} (62b)
and consider a function 6 := Og¢y € Cl([tg,0);R)
defined as:
= 0, t= to
0(t) €10,1], te€ [to,to+ Tkgl] (63)
=1, t e [to+ 2, 00)
By taking into account (62), it follows that:
dr(t) — 3 > —Myy1,Vt € [to,to + Ti]  (64)

hence, by exploiting (64), we can construct a function
drk+1 € C%([to, 0); R), satisfying:

dp,k+1(1)
= 7Mk+1,_ te [to,toﬁ*%]
€ [~Mps1,dri(t) — ], t € [to+ 25>, to 4 Thp]
= dR,k(t)fi, tE[t0+Tk+1,OO)
(65)
Notice that (59b), follows from (64) and (65). Also, define:
1 g(t)
t):= | —————,t >t 66

Due to (30) and (31), the map ¢ — Dgn—x(t, (%)),
t > to is continuous and there exists a function px4; €
C1([to, 0); R) satisfying:

0 < pp+1(t) < Drp—k(t,((t)), forevery t >ty (67)
Finally, define pr € C*([tg,0); R) as:
0(t)¢r,k(t)
£) = —DUORED) sy 68
pR( ) ,uk.i,.l(t) 0 ( )

which due to (63) and (67), satisfies (59a).
Proof of (61): We consider two cases:

Case 1: t € [to,to + T’“; L]. By taking into account (62a),
it follows that M1 > —dpg(t) + % for every t €

[to, to+ %] which in conjunction with (62b) and (65) imply:
drk(1)E }
(69)

T
to, to 4+ L

dri(t) — dpg+1(t) > 5

O [

Hence, from (31), (59a) and (69) we deduce that
r*(Pr(E)Drp—k(t,7) + drk(t)) < r*drk(t)

2
<0k 4 < (T t) — dmsa (0)g(0), V7 € (0,8

g(t)

|
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which implies (61) for ¢ € [to, to + ).

Case 2: t € [lo + ™52, 00). We consider two further
subcases.

Subcase 1: 0 < r < ((t). Due to (65), it holds dr(t) —
dri+1(t) > % for every t € [to + 5+, 00), hence, by
exploiting (31), (59a) and (66) we have

r?(Pr()Drn—k(t,7) + dr k(1) < C(t)drk(T)
< (dri(t) — drat1(t)g(t)  (70)

Subcase 2: ((t) < r < & By taking into account (59b),
(63), (32), (66), (67) and (68), we deduce that

r?(pr(E)Dpin—k(t,7) + prk (1) < 77 PR k(L)

o (Pt 1) <0 < (na) = s (0)al0)
fret1(t)
The latter, in conjunction with (70) asserts that (61) is
fulfilled for every t € [ty + ™5, 00). Both cases above
guarantee that (61) holds for all ¢ € [tg, c0) as required.
Proof of (37a) and (37b) for k¥ = k + 1: The proof of (37b)
is the same with that given in proof of Theorem 1.1 in [3]
and is omitted. Finally, the proof of (37a) is based on the
construction of the map pr1(-) as involved in (55¢), and is
also the same with that given in proof of Theorem 1.1 in [3].

We have shown that all requirements of Claim 1 hold,
which, as was pointed out, establishes that for every R > 0
Hypothesis A2 is fulfilled. We therefore conclude, that for
system (1) Hypothesis 2.2 is satisfied hence, by invoking the
result of Proposition 2.2, it follows that the SODP is solvable
for (1) with respect to R™. The establishment of the second
statement of Theorem 1.1, follows directly from Proposition
2.1.0

Example: Consider the two dimensional system &
x3a1(t,v1) + waas(t, m1) + az(t,x1); 2o = 22b(t,21); y =
x1, where a;(t,x1) > 0,i=1,2,3,V(¢t,z1) € R>o xR and
assume that there exist C' € IV and a constant L > 0 such
that [a;(t,z1)| < C()(|z1| + L),i = 1,2,3;[b(t, z1)] <
L,VY(t,z1) € R>p x R. It is easy to check that the system
satisfies all conditions of Theorem 1.1, therefore the SODP
is solvable with respect to R2.
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