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Abstract— Assume that the state process is a controlled
Markov process (Xt), which is partially observed with obser-
vation process (Yt). We consider a game with two players: the
maximizer who controls off-line he is choosing for each time
a control function (control rule), which is a function of the
current state of the process and filtering process plus eventually
(in the case of MINMAX game) current value of control of
the minimizer (the oponent). The minimizer knows control
functions of the maximizer but gets only a partial observation
(Yt) of the state process plus, in the case of MAXMIN game,
the current value of control of the maximizer. In the paper
upper and lower values of the game are characterized and a
simple counterexample for which upper value is strictly greater
than the lower value of the game is shown.

I. MODEL FORMULATION

We consider a nonsymmetric partially observed zero-sum
(between two players - maximizer and minimizer) discrete-
time stochastic game where the maximizer i.e. player I con-
trols off-line choosing control functions, which are functions
of the current state of the process plus filtering process and
in the case of MINMAX game also control of the minimizer,
whereas player II (the minimizer) gets a corrupted informa-
tion about the state process and knows previous control func-
tions chosen by the maximizer plus additionally in the case of
MAXMIN game control value values of maximizer. Such an
asymmetrical partially-observed stochastic game (POASG)
is determined by eight objects (E,D,U, V, p, q, µ, {rt}t∈N0

)
where E is a finite state space which is observable to player I
but not to player II, D is a finite observation space observable
to both players, U and V are finite action spaces of players I
and II, resp. Denote by P(E) the set of probability measures
on E. Let {Xt}t∈N0

be a controlled (by both players) Markov
chain on E with stochastic transition kernel p : E×U×V 7→
P(E) given by

P [Xt+1 = i|Ft] = p(i|Xt, ut, vt), i ∈ E, (1)

with {ut}t∈N0
, {vt}t∈N0

being the control processes of
player I and II resp. taking values in U and V resp., and
Ft ≡ σ{(Xs, Ys) : 0 ≤ s ≤ t} with {Yt}t∈N0 being the
corresponding observation process on D with observation
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transition kernel q : E 7→ P(D) given by

P
[
Yt = d|X (t) ∨ Ft−1

]
= q(d|Xt), d ∈ D, (2)

where X (t) ≡ σ{Xs : 0 ≤ s ≤ t}. We denote by µ ∈ P(X)
the initial state distribution of {Xt}t∈N0

, by rt : E×U×V 7→
R the one-stage cost function at time t, the observation
σ field Y(t) ≡ σ{Ys : 0 ≤ s ≤ t} and the maximizer
controls σ field U (t) = σ {us, s ≤ t} up to time t. The
players depending on the kind of game have or do not have
current information concerning the control chosen by their
oponent. To be more precise in the MINMAX game the first
player (maximizer) at each time moment gets an information
about the current control chosen by the minimiser. In the case
of MAXMIN game the second player (minimizer) at each
time moment gets the control chosen by the maximizer. The
strategy ut of the maximizer at time t in the MINMAX game
is of the form of function ũt of Xt, filtering process (defined
later) πt and control of the minimizer vt taking values in
U , while in the case of MAXMIN game it is a function
of Xt, filtering process π̃−t with observation up to time
t− 1 of the maximizer controls. We shall use the following
notation UMINMAX

def
= {ũ : E × P(E)× V → U} and

UMAXMIN
def
= {ũ : E × P(E)→ U}. The strategy of the

minimizer vt at time t takes values in V and is adapted to
the filtration Y(t) in MINMAX game and to Y(t) ∨ U (t) for
MAXMIN game.

The cost functional is over a finite horizon T and is defined
as

JT (µ, {ut}, {vt})
def
= Eµ

[
T∑
t=0

rt(Xt, ut, vt)

]
, i ∈ E, (3)

where, without loss of generality, we assume rT (i, u, v) =
rT (i) for all (i, u, v) ∈ E × U × V , assuming that initial
state of the process (Xt) is µ.

There are many papers concerning stochastic games with
partial for both players but there are of few papers concerning
dynamical models in which the observation is asymmetric.
In the class of repeated dynamical models with asymmetric
information we have the papers by Sorin [6], [7], [8] and the
review paper by Zamir [9]. Particular versions of such games
were studied in [4] and [5]. In this paper we are studying
general version Markov game with partial observation in
the setting typical for stochastic system theory in which
we have state and observation processes. To avoid problems
with selectors we consider the simplest case with finite state,
observation and control parameters spaces. The paper is
using various results from discrete time filtering theory (see
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[3]). The results in this note are formulated without proofs.
For proofs and further details see [1].

II. FILTERING PROCESSES

The minimizer does not observe the state process. How-
ever based on his available observation he is able to track
conditional law of the state process. Let for i ∈ E, l ∈
D, η ∈ P(E), ũ ∈ UMINMAX and v ∈ V

M̃ũ,v(l, η)(i)
def
=

∑
j∈E q(l|i)p(i|j, ũ(j, η, v), v)η(j)∑

k∈E
∑
j∈E q(l|k)p(k|j, ũ(j, η, v), v)η(j)

(4)
and for any bounded measurable f : E × P(E) 7→ R, ũ ∈
UMINMAX , v ∈ V ,

P̃ũ,vf(j, η)
def
= (5)∑

k∈E

∑
l∈D

q(l|k)p(k|j, ũ(j, η, v), v)f(k, M̃ũ,v(l, η)).

Define also for y ∈ D and η ∈ P(E)

M0(y, η)(i)
def
=

q(Y0|i)µ(i)∑
k∈E q(Y0|k)µ(k)

(6)

Given control processes {ut}t∈N0 , {vt}t∈N0 , where {ut}t∈N0

is determined by the functions ũt ∈ UMINMAX and initial
law µ of X0 define filtering process {πt}t∈N0

as follows for
i ∈ E

π0(i)
def
= M0(Y0, µ)(i) (7)

and for t ≥ 1 recursively

πt(i)
def
= M̃ũt−1,vt−1(Yt, πt−1)(i) (8)

Following Lemma 1.1 of [3] we have
Theorem 1. The filtering process (Yt) has the following

interpretation for i ∈ E, P a.e.

πt(i) = P{Xt = i|Y(t)}. (9)

Moreover for a bounded measurable f : E×P(E) 7→ R we
have

E{f(Xt+1, πt+1)|Ft} = P̃ũt,vtf(Xt, πt) (10)

P a.e. for t ≥ 0.
Let now for i ∈ E, l ∈ D, η ∈ P(E), u ∈ U and v ∈ V

Mu,v(l, η)(i)
def
=

∑
j∈E q(l|i)p(i|j, u, v)η(j)∑

k∈E
∑
j∈E q(l|k)p(k|j, u, v)η(j)

(11)

and also for ũt ∈ UMAXMIN ,

Kt(u, η)(i)
def
=

1ũt(i,η)=uη(i)∑
j∈E 1ũt(j,η)=uη(j)

(12)

for any bounded measurable f : E × P(E) 7→ R, u ∈ U ,
v ∈ V ,

Pu,vf(j, η)
def
= (13)∑

k∈E

∑
l∈D

q(l|k)p(k|j, u, v)f(k,Mu,v(l, η)).

Furthermore let for i ∈ E, η ∈ P(E), u ∈ U , v ∈ V ,
ũ0,∈ UMAXMIN ,

π̃−0 (i)
def
=

q(Y0|i)µ(i)∑
k q(Y0|k)µ(k)

, (14)

π̃u0 (i)
def
= K0(u, π̃−0 )(i), (15)

and
π̃0(i)

def
= π̃

ũ0(X0,π̃
−
0 )

0 (i). (16)

Then we define inductively for t ≥ 1, i ∈ E and control
processes {ut}t∈N0

, {vt}t∈N0
, where {ut}t∈N0

is determined
by the functions ũt ∈ UMAXMIN

π̃−t (i)
def
= Mut−1,vt−1(Yt, π̃t−1)(i), (17)

π̃ut (i)
def
= Kt(ut, π̃

−
t )(i), (18)

and
π̃t(i)

def
= π̃

ũt(Xt,π̃
−
t )

t (i). (19)

Theorem 2. We have that P a.e. for i ∈ E, u ∈ U and
t ≥ 0

π̃t(i) = P{Xt = i|Y(t) ∨ U (t)}, (20)

π̃ut (i) = P{Xt = i|
{
ũt(Xt, π

−
t ) = u

}
∨ Y(t) ∨ U (t−1)},

(21)
with U (t−1) = {∅,Ω}, conditional mean with respect to an
event and σ field defined in the Appendix and

π̃−t (i) = P{Xt = i|Y(t) ∨ U (t−1)}. (22)

Furthermore for a bounded measurable f : E ×P(E) 7→ R
we have

E{f(Xt+1, π̃
−
t+1)|Ft} = Put,vtf(Xt, π̃t) (23)

P a.e. for t ≥ 0.

III. MINMAX GAME

In this game the maximizer has a priority in the sense that
he knows the control chosen by the minimizer. We first define
by backward induction a system of equations and selectors.

Let w̄T (i) = rT (i) for i ∈ E and

w̄+
T−1(i, v) = sup

u∈U
[rT−1(i, u, v) + Puvw̄T (i)] (24)

for
Puvw̄T (i) =

∑
j∈E

w̄T (j)p(j|i, u, v) (25)

with supremum attained for ûT−1(i, v) which defines opti-
mal ˆ̃uT−1 ∈ UMINMAX at time T −1. Let v̂T−1 be defined
for η ∈ P(E) as selector in the equation

inf
v∈V

∑
k∈E

w̄+
T−1(k, v)η(k) =∑

k∈E

w̄+
T−1(k, v̂T−1(η))η(k). (26)

Define
w̄T−1(i, η) = w̄+

T−1(i, v̂T−1(η)). (27)
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Further step in backward induction is defined as follows: for
i ∈ E, η ∈ P(E) and ũ ∈ UMINMAX , v ∈ V let for
t ≤ T − 2

w̄+
t (i, η, ũ, v) = (28)

rt(i, ũ(i, η, v), v) + P̃ũ,vw̄t+1(i, η)

For a given control function ũ ∈ UMINMAX of the
maximizer the minimizer is choosing the control v̂ũt (η) such
that

inf
v∈V

∑
k∈E

w̄+
t (k, η, ũ, v)η(k) =∑

k∈E

w̄+
t (k, ηt, ũ, v̂

ũ
t (η))η(k). (29)

The maximizer is choosing his control function ˆ̃ut at time t
as the maximizer of

sup
ũ∈UMINMAX

Eµ
[
w̄+
t (Xt, πt, ũ, v̂

ũ
t (πt))

]
=

Eµ

[
w̄+
t (Xt, πt, ˆ̃ut, v̂

ˆ̃ut
t (πt))

]
(30)

Note that the above supremum is attained since random
variables under expected value have only finite number of
admissible values therefore in fact we maximize over a finite
number of values. Consequently the upper value of the game
at time t is equal to

w̄t(i, η) = w̄+
t (i, η, ˆ̃ut, v̂

ˆ̃ut
t (η)) (31)

and by backward induction we obtain successively the value
w̄0(i, η).

Theorem 3. The function of µ of the form∑
i∈E

∑
y∈D

w̄0(i,M0(y, µ))q(y|i)µ(i) (32)

is the upper value of the game with cost functional (3) in the
sense for any sequence of control functions (ũt), where ũt ∈
UMINMAX and corresponding sequence of control values
ut we have

JT (µ, {ut}, {v̂t}) ≤
∑
i∈E

∑
y∈D

w̄0(i,M0(y, µ))q(y|i)µ(i)

(33)
for v̂t = v̂ut

t (πt) for t ≤ T − 2 and v̂T−1 = v̂T−1(πT−1)

with equality whenever ût = ˆ̃ut(Xt, πt, v̂
ˆ̃ut
t ) for t ≤ T − 2

and ûT−1 = ˆ̃uT−1(XT−1, v̂T−1). Moreover for any control
(vt) of the minimizer we have

JT (µ, {ût}, {vt}) ≥
∑
i∈E

∑
y∈D

w̄0(i,M0(y, µ))q(y|i)µ(i)

(34)
for ût = ˆ̃ut(Xt, πt, vt) for t ≤ T − 2 and ûT−1 =
ˆ̃uT−1(XT−1, vT−1) with equality for v̂t = v̂

ˆ̃ut
t (πt) for t ≤

T − 2 and v̂T−1 = v̂T−1(πT−1).

IV. MAXMIN GAME

We now assume that the minimizer knows at each time the
current value of the control of the maximizer. By backward
induction again we have wT (i) = rT (i) and

w+
T−1(i, u, v)

def
= rT−1(i, u, v) + PuvwT (i). (35)

Let for given u ∈ U , i ∈ E, η ∈ P(E), the value v̂T−1(η, u)
be defined as minimizer of

inf
v∈V

∑
j∈E

w+
T−1(j, u, v)η(j) =∑

j∈E
w+
T−1(j, u, v̂T−1(η, u))η(j). (36)

Then ˆ̃uT−1 ∈ UMAXMIN is defined as maximizer in

sup
ũ∈UMAXMIN

Eµ
[
w+
T−1(XT−1,

ũ(XT−1, π̃
−
T−1), v̂T−1(π̃

ũ(XT−1,π̃
−
T−1)

T−1 ,

ũ(XT−1, π̃
−
T−1)))

]
=

Eµ

[
w+
T−1(XT−1, ˆ̃uT−1(XT−1, π̃

−
T−1), (37)

v̂T−1(π̃
ˆ̃uT−1(XT−1,π̃

−
T−1)

T−1 ,

ˆ̃uT−1(XT−1, π̃
−
T−1)))

]
and we define for i ∈ E and η ∈ P(E)

wT−1(i, η)
def
= w+

T−1(i, ˆ̃uT−1(i, η),

v̂T−1(KT−1(ˆ̃uT−1(i, η), η), ˆ̃uT−1(i, η)). (38)

Inductively we define for t ≤ T − 2 given wt+1

w+
t (i, η, u, v)

def
= rt(i, u, v) + Puvwt+1(i, η). (39)

and v̂t(η, u) is defined as minimizer in

inf
v∈V

∑
j∈E

w+
t (j, η, u, v)η(j) =∑

j∈E
w+
t (j, η, u, v̂t(η, u))η(j). (40)

The optimal control function ˆ̃ut of the maximizer is defined
by the formula

sup
ũ∈UMAXMIN

Eµ

[
w+
t (Xt, π̃

ũ(Xt,π̃
−
t )

t , ũ(Xt, π̃
−
t ),

v̂t(π̃
ũ(Xt,π̃

−
t )

t , ũ(Xt, π̃
−
t )))

]
=

Eµ

[
w+
t (Xt, π̃

ˆ̃ut(Xt,π̃
−
t )

t ,

ˆ̃ut(Xt, π
−
t ), v̂t(π̃

ˆ̃ut(Xt,π̃
−
t )

t , ˆ̃ut(Xt, π̃
−
t )))

]
(41)

and finally we define lower value of the game at time t

wt(i, η)
def
= w+

t (i,Kt(ˆ̃ut(i, η), η),

ˆ̃ut(i, η), v̂t(Kt(ˆ̃ut(i, η), η), ˆ̃ut(i, η))). (42)
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Theorem 4. The function of µ of the form∑
i∈E

∑
y∈D

w0(i,M0(y, µ))q(y|i)µ(i) (43)

is the lower value of the game with cost functional (3) in
the sense for any sequence of control functions (ũt) such
that ũt ∈ UMAXMIN that determines control sequence of
the maximizer (ut) and v̂t = v̂t(π̃

ũt(Xt,π̃
−
t )

t , ũt(Xt, π̃
−
t ))),

for t ≤ T − 2 and

v̂T−1 = v̂T−1(π̃
ũT−1(XT−1,π̃

−
T−1)

T−1 , ũT−1(XT−1, π̃
−
T−1))) we

have

JT (µ, {ut}, {v̂t}) ≤
∑
i∈E

∑
y∈D

w0(i,M0(y, µ))q(y|i)µ(i)

(44)
with equality for ût = ˆ̃ut(Xt, π̃

−
t ) for t ≤ T − 2 and

ûT−1 = ˆ̃uT−1(XT−1, π̃
−
T−1). Furthermore for any strategy

of the minimizer (vt) we have

JT (µ, {ût}, {vt}) ≥
∑
i∈E

∑
y∈D

w0(i,M0(y, µ))q(y|i)µ(i)

(45)
where ût = ˆ̃ut(Xt, π̃

−
t ) for t ≤ T − 2 and

ûT−1 = ˆ̃uT−1(XT−1, π̃
−
T−1) with equality for v̂t =

v̂t(π̃
ˆ̃ut(Xt,π̃

−
t )

t , ˆ̃ut(Xt, π̃
−
t ))) for t ≤ T − 2 and

v̂T−1 = v̂T−1(π̃
ˆ̃uT−1(XT−1,π̃

−
T−1)

T−1 , ˆ̃uT−1(XT−1, π̃
−
T−1))).

V. COUNTEREXAMPLE

We consider time horizon T = 2 with E = D = {0, 1} =
U = V . Let r0 = r2 ≡ 0, r1 > 0 and r1(1, 1, 1) =
0, r1(1, 1, 0) = r1, r1(0, 1, 1) = r1, r1(0, 1, 0) =
0, r1(1, 0, 0) = 0, r1(1, 0, 1) = r1, r1(0, 0, 1) = 0,
r1(0, 0, 0) = r1.

Then maxu∈U r1(1, u, 0) = r1 with û1(1, 0) = 1,
maxu∈U r1(1, u, 1) = r1 with û1(1, 1) = 0,
maxu∈U r1(0, u, 0) = r1 with û1(0, 0) = 0,
maxu∈U r1(0, u, 1) = r1 with û1(0, 1) = 1, and
consequently w̄1 ≡ r1 with optimal control function
ˆ̃u1(i, η, v) = 1i6=v and arbitrary v1 ∈ V .

Now for η ∈ P(E)

inf
v∈V

[r1(0, 1, v)η(0) + r1(1, 1, v)η(1)] = r1 [η(0) ∧ η(1)]

(46)
with optimal control v̂1(η, 1) = 1η(0)≤η(1), and

inf
v∈V

[r1(0, 0, v)η(0) + r1(1, 0, v)η(1)] = r1 [η(0) ∧ η(1)]

(47)
with v̂1(η, 1) = 1η(1)<η(0) as optimal control.

Therefore for any u ∈ U we have r(1, u, v̂1(u, η)) =
r11η(1)<η(0) and r(0, u, v̂1(u, η)) = r11η(0)≤η(1). Conse-
quently no matter what control function ũ1 ∈ UMAXMIN we
choose we obtain w1(1, η) = r11η(1)<η(0) and w1(0, η) =
r11η(0)≤η(1). and we see that depending on the value of
the process π1 ≡ η we may be below the value r1, which
corresponds to the upper value of the game.

APPENDIX

Given two events A and B we define conditional proba-
bility

PA(B)
def
= P [A|B] =

P [A ∩B]

P [B]
. (48)

Moreover for random variables X and Y and an event A such
that P (A) > 0 the conditional law P [X = j|A ∨ σ(Y )] is
understood as PA [X = j|σ(Y )]. We can even extend this
value to the such events A for which P (A) = 0 letting then
P [X = j|A ∨ σ(Y )] := P [X = j|σ(Y )]. The following
Lemma was used in the analysis of the lower value function
i.e. the max-min case.

Lemma 1. Given three random variables X,Z, Y taking
values in a countable set, say, S ≡ N, we have P a.e.

P [X = j|σ(Z) ∨ σ(Y )] = f(j, Z, Y ), (49)

where
f(j, i, k) = P [X = j|Z = i, Y = k] (50)

provided that P [Z = i, Y = k] > 0. Furthermore,

P [X = j|{Z = i} ∨ σ(Y )]
def
= (51)

P{Z=i} [X = j|σ(Y )] = f(j, i, Y ),

P a.e. implying that P [X = j|{Z = i} ∨ σ(Y )] is σ(Y )-
measurable.

In general case when random variable Z can be arbitrary
the conditional value P [X = j|{Z = z} ∨ σ(Y )] is under-
stood as f(j, z, Y ) where f(·, Z, Y ) is a regular conditional
probability (the existence of which follows e.g. from Theo-
rem 5.3 of [2]) such that

P [X = j|σ(Z) ∨ σ(Y )] = f(j, Z, Y ) (52)

P a.e..
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