21st International Symposium on
Mathematical Theory of Networks and Systems
July 7-11, 2014. Groningen, The Netherlands

Existence for the Neumann stochastic semilinear equations via an

optimal control approach

Ioana Ciotir
Institute of Mathematics "Octav Mayer", Romanian Academy, Iasi Branch

and

University of Neuchatel, Switzerland

This work is concerned with the semilinear stochas- defined by
tic equation with Neumann boundary condition
AW ¥) = [ (T0. 0 dos [ @00 @) @) do
dX (t) — AX (t)dt = VQdW (t), (0,T) x O, o a0
X for all y» € H' (O), where
87+¢(X>907 (0,T7) x 00, v ©)
on Yo H'(0) — H2(90) (3)
X (0) =z, O,

(1)
where O is a bounded open subset of R? with smooth

boundary 00, —

on the boundary of O, ® is a maximal monotone
graph (possibly multivalued). We assume that W (t)
is a cylindrical Wiener process on a stochastic ba-

sis (Q,}", {ft}tzo ,IP’) taking values in the Hilbert

is the outward normal derivative

space L? (0), defined by W (t) = Y 3 (t) e, for all
j=1

t > 0, where {e;} is an orthonormal basis in L? (O)
and { B; };)11 is a sequence of mutually independent
Brownian motions on the probability space. We also
assume that z € L? (0) .

The operator () is considered to be linear, contin-
uous, self-adjoint and positive on L? (O), with finite
trace such that Ker@ = {0}.

Existence and uniqueness of the solution for this
equation was studied so far by standard existence the-
ory only under very restrictive hypotheses, i.e. ® is
assumed to be a maximal monotone operator defined
everywhere on R, monotonically increasing and satis-

fying
o (0) =0,
@ (r)] < Cy |r| + Oy, for all 7 € R,
(®(r) = ®(5)) (r—s) > C3(r—s)*, forallr,s R,

is the trace function.
Consequently, we can rewrite equation (1) as

{ dX (t) + AX (t)dt = /QdW (),

X0)==z
and check that, under assumptions (2), the operator
A satisfies hypotheses from [14]. See also [12] and
[13].

In the present work we prove existence and unique-
ness of the solution for equation (1) under more gen-
eral assumptions, motivated by physical applications.
To this purpose we shall use an optimal control ap-
proach based on the method formulated by Brezis and
Ekeland in [6].

An approach based on a similar idea was used in
[11] for deterministic equations.

Concerning stochastic differential equations, sim-
ilar results were already proved for the semilinear
equation with Dirichlet boundary conditions and for
the porous media equation in [1] and [2], but the case
with Neumann boundary conditions is still an open
problem.

Physical motivation

An important model which is not covered by as-
sumptions (2) is the temperature control regulated
by the temperature flux at the boundary. In this case
the operator @ is multivalued and the standard form
is

(2) g1, if oz <hy,

for some constants C; > 0, i = 1, 3. [g1,0], if z=h,
Indeed, we can consider the operator O (z)=4¢ 0, if hi <z < hs,

[0, 92] s if xr = h2,

A:HY(0)— (H'(0))" 92 if hy <.
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Here [g1, g2], with 0 € [g1, g2], is the closed inter-

val confining the flux of injected heat which can be
0

measured by — and h; and hy are the reference

n

temperature. For details see Example 3.6 from page
31 of [9]. A similar model describes a diffusion process
through semi-permeable walls.

Hypotheses and definition of the solution
We assume that

H; The operator & R — 2R is a maximal
monotone operator such that D (®) = R.

H, The potential g of the operator ® (i.e. dg = D)

verifies

g(=r) < Cig(r)+Cz, VreR,

where C; > 0. Without loss of generality we may
also consider that g > 0 and therefore we have
also that the conjugate g* > 0. Recall that

*

g (z) =sup{zx —g(z); zeR}, zeR

Hj3 The operator (Q from the noise is such that the

stochastic convolution Wg € C ([0,T] x O) .

Here we considered

WQ(t):/OtS(t—s)\/@dW(s), £>0,

and S (¢t — s) is the Cy—semigroup generated on
L?(O) by the Laplace operator with Neumann
boundary condition.

For sufficient assumptions on ) under which the
condition above holds, see Theorem 2.13, page
29 from [8].

Note that the assumptions above hold for the
operators presented in the physical motivation.

Definition 1 A mild solution to equa-
tion (1) is a stochastic adapted process

X e Cwy ([O,T} ; (H! (O))*) which satisfies
¢
X () =Mt~ [ (Z)ds 4 Wo 1),
0
P-a.s., t € [0,T], where
Z € 1M ([0,T] x 90 x Q)N L}y (10,T); H'/*(00))
is such that Z € ® (X) a.e. on [0,T] x 00 x Q,

Ao : H' (0) — (Hl (O))*
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is the Laplace operator with Neumann boundary con-
dition, et is the Cy semigroup generated by Ay on

(H! (O))* and
B:H™Y2(00) — (H'(0))"
is the adjoint of the trace operator 7.
The optimal control formulation
Equation (1) is equivalent for Y = X — Wg to the

following optimal control problem
Minimize

T
|| fo6etr+wo)+4°(2)
0 o0
o (Y + Wo) Z} dodt
where
Y (Y) €L (Sr), Y eL?((0,T); H'(0))
and
Z e L ([0,T] x 90) N L2 ([O,T] g2 (80)) :

are subject to

oy

— — AYdt = T

T dt =0, (0,T) x O,
oY

—+Z=0 by

on + ) T,

Y (0) =z, 0.

Theorem 2 For each x € L? (0), there is a unique
mild solution to equation (1) in the sense of Defini-
tion 1, such that X € L%, ([O,T} : HY ((’))) and

9(0 (X)), 9" (Z) € L' (2 x [0,T] x 80),
where Z € @ (74 (X)) a.e. on [0,T] x 00 x Q.

Proof. The proof is available in the preprint [7] ®
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