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Abstract— The paper extends the results on the problem
of change point detection for Markov processes generalizing
the results contained in the publications [11], [15] and [8].
The short description are as follows. A random sequence
having segments being the homogeneous Markov processes is
registered. Each segment has his own transition probability
law and the length of the segment is unknown and random.
The transition probabilities of each process are known and
joint a priori distribution of the disorder moments are given.
The detection of the disorder rarely is precise. The decision
maker accepts some deviation in estimation of the disorder
moments. In this note the aim is to indicate the segment of
given length between disorders with maximal probabilities. The
case with various precision for over and under estimation of the
middle point is analyzed including situation when the disorders
do not appear with positive probability is also included. The
observed sequence, when the change point is known, has the
Markov properties. The results explain the structure of optimal
detector in various circumstances and shows new details of the
solution construction as well insignificantly extends range of
application. The motivation for this investigation is the modeling
of selection the suspicious observations in the experiments.
Such observation can be treated as outliers or disturbed.
The objectives is to detect such inaccuracy immediately or
in very short time before or after it appearance with highest
probability. The problem is reformulated to optimal stopping
of the observed sequences. The detailed analysis of the problem
is presented to show the form of optimal decision function. The
application of the results to analysis of piecewise deterministic
processes with change points appearing at the moment of jumps
is shown (see [6], [10], [5]).

Index Terms— Bayesian approach, disorder problem, sequen-
tial detection, optimal stopping, Markov process, change point
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I. INTRODUCTION

Suppose that the process X = {Xn, n ∈ N}, N =
{0, 1, 2, . . .}, is observed sequentially. It is obtained from
Markov processes by switching between them at a random
moments θ1 and θ2 in such a way that the process after
θ1 starts from the state Xθ1−1 and after θ2 starts from
the state Xθ2−1. It means that the state at moment n ∈
N has conditional distribution given the state at moment
n − 1, where the formulae describing these distributions
have the different form: one for n < θ1, the second for
θ1 ≤ n < θ2, and another for n ≥ θ2. Our objective is to
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indicate the segment of given length between disorders with
maximal probability based on observation of X . Such model
of data appears in many practical problems of the quality
control (see [12], [13] and in the collection of the papers
[2]), traffic anomalies in networks (see [16]), epidemiology
models (see [1]). The model considered here generalizes the
basic problem stated in [14] (see also [4], [18], [15]).

The classical disorder problem is limited to the case
of switching between sequences of independent random
variables (see [4]). Some developments of the basic model
can be found in [17] where the optimal detection rule of the
switching moment has been obtained when the finite state-
space Markov chains is disordered. [7] formulates conditions
which help to reduce the problem of the quickest detection
for dependent sequences before and after the change to the
case for independent random variables. Our result admits
Markovian dependence structure for switched sequences.
We obtain an optimal rule under probability maximizing
criterion.

Formulation of the problem can be found in Section II.
The main result is presented in Section III.

II. FORMULATION OF THE PROBLEM

Let (Ω,F ,P) be a probability space which supports se-
quence of observable random variables {Xn}n∈N generating
filtration Fn = σ(X0, X1, ..., Xn). Random variables Xn

take values in (E,B), where E is a subset of R. Space
(Ω,F ,P) supports also unobservable random variables θ1,
θ2 with values in N and the following distributions:

P(θ1 = j) = I{j=0}(j)π (II.1)

+I{j>0}(j)π̄p
j−1
1 q1,

P(θ2 = k | θ1 = j) = I{k=j}(k)ρ (II.2)

+I{k>j}(k)ρ̄pk−j−12 q2

where j = 0, 1, 2, ..., k = j, j + 1, j + 2, ..., π̄ = 1 − π,
ρ̄ = 1 − ρ. Additionally we consider Markov processes
(Xi

n,Gin,Pix) on (Ω,F ,P), i = 0, 1, 2, where σ-fields Gin
are the smallest σ-fields for which (Xi

n)
∞
n=0, i = 0, 1, 2, are

adapted, respectively. Let us define process (Xn)n∈N in the
following way:

Xn = X0
nI{θ1>n} +X1

n−θ1+1I{X1
0=x

0
θ1−1,θ1≤n<θ2}(II.3)

+X2
n−θ2+1I{X2

0=x
1
θ2−θ1

,θ2≤n}.

We make inference on θ1 and θ2 from the observable
sequence (Xn, n ∈ N) only. Our aim is to stop the observed
sequence between the two disorders.This can be interpreted
as a strategy for protecting against a second failure when the
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first has already happened. The mathematical model of this is
to control the probability Px(τ <∞, θ1+d1 ≤ τ < θ2−d2)
by choosing the stopping time τ∗ ∈ S for which

Px(θ1 + d1 ≤ τ∗ < θ2 − d2) (II.4)
= sup
τ∈T

Px(τ <∞, θ1 + d1 ≤ τ < θ2 − d2).

III. SOLUTION OF THE PROBLEM

Let us denote for n = 0, 1, 2, . . .:

Z(d1,d2)
n = Px(θ1 + d1 ≤ τ < θ2 − d2 | Fn),

V (d1,d2)
n = ess sup

{τ∈SX , τ≥n}
Px(θ1 + d1 ≤ τ < θ2 − d2 | Fn),

τ0 = inf{n : Z(d1,d2)
n = V (d1,d2)

n } (III.1)

Notice that, if Z(d1,d2)
∞ = 0, then Z(d1,d2)

τ = Px(θ1 + d1 ≤
τ < θ2 − d2 | Fτ ) for τ ∈ SX . Since Fn ⊆ Fτ (when
n ≤ τ ) we have

V (d1,d2)
n = ess sup

τ≥n
Px(−d1 ≤ θ − τ ≤ d2 | Fn)

= ess sup
τ≥n

Ex(Z(d1,d2)
τ | Fn).

The following lemma (see [4], [11]) ensures existence of the
solution

Lemma III.2: The stopping time τ0 defined by formula
(III.1) is the solution of problem (II.4).

The formulated problems are translated to the optimal
stopping problems for some Markov processes. The im-
portant part of the reformulation process is choice of the
statistics describing knowledge of the decision maker. The a
posteriori probabilities of some events play the crucial role.
Let us define the following a posteriori processes (cf. [18],
[14]).

Πi
n = Px(θi ≤ n|Fn), (III.3)

Π12
n = Px(θ1 = θ2 > n|Fn) (III.4)

= Px(θ1 = θ2 > n|Fmn),

Πmn = Px(θ1 = m, θ2 > n|Fmn), (III.5)

where Fm n = Fn for m,n = 1, 2, . . ., m < n, i = 1, 2.
For recursive representation of (III.3)–(III.5) we need the
following functions:

Π1(x, y, α, β, γ) = 1− p1(1− α)f0x(y)

H(x, y, α, β, γ)

Π2(x, y, α, β, γ) =
(q2α+ p2β + q1γ)f2x(y)

H(x, y, α, β, γ)

Π12(x, y, α, β, γ) =
p1γf

0
x(y)

H(x, y, α, β, γ)

Π(x, y, α, β, γ, δ) =
p2δf

1
x(y)

H(x, y, α, β, γ)

where H(x, y, α, β, γ) = (1 − α)p1f
0
x(y) + [p2(α − β) +

q1(1−α−γ)]f1x(y) + [q2α+p2β+ q1γ]f2x(y). In the sequel
we adopt the following denotations

~α = (α, β, γ) (III.6)
−→
Πn = (Π1

n,Π
2
n,Π

12
n ). (III.7)

The basic formulae used in the transformation of the disorder
problems to the stopping problems are given in the following

Lemma III.8: For each x ∈ E the following formulae, for
m,n = 1, 2, . . ., m < n, hold:

Π1
n+1 = Π1(Xn, Xn+1,Π

1
n,Π

2
n,Π

12
n ) (III.9)

Π2
n+1 = Π2(Xn, Xn+1,Π

1
n,Π

2
n,Π

12
n ) (III.10)

Π12
n+1 = Π12(Xn, Xn+1,Π

1
n,Π

2
n,Π

12
n ) (III.11)

Πmn+1 = Π(Xn, Xn+1,Π
1
n,Π

2
n,Π

12
n ,Πmn) (III.12)

with boundary condition Π1
0 = π, Π2

0(x) = πρ, Π12
0 (x) =

π̄ρ, and Πmm = (1− ρ)
q1f

1
Xm−1

(Xm)

p1f0
Xm−1

(Xm)
(1−Π1

m).

We have

Z(d1,d2)
n = Px(θ1 + d1 ≤ τ < θ2 − d2 | Fn)(III.13)

= Π1
n−d1 −Π2

n+d2

= u(Xn−d1−1,n,Π
1
n,Π

2
n,Π

12
n ).

By Lemma III.8 the conclusion is that the equivalent optimal
stopping problem will be dependent on the segment of
observations and the posterior distribution (see [8]). The
exact solution allows to get the approximate form of optimal
detector.

IV. APPLICATIONS

A natural appearance of two disorders can be observed
for the renewal process. This is continuous time process
having the representation by the sequence of the pairs of
random variables. The stream of events is starting at t0.
The time between events are random and each event gives a
random effect of some size. Rarely these streams of epochs
and effects are homogeneous. It is also difficult to justify
that homogeneity of both streams are broken at the same
moments. Let us denote

– {Xi,j}∞i∈{0,1}, j=0 size of effects (two kinds);
– Ni(t), i ∈ {0, 1}, counting processes related to various

stages;
– {Ti,j}∞i∈{0,1}, j=0 the moment of events related to the

point processes;
– change points: θ1 - for S·,j ; θ2 - for X·,j ;
– Si,j = Ti,j − Ti,j−1 period between successive events;
– M00(t), M10(t), M01(t), M11(t) are related renewal

processes, where

Mkr(t) =

Ñk(t)∑
i=0

X̃ri, for k, r ∈ {1, 2}.

In the standard renewal process model, i.e. for fixed i, in the
above sequences the random variables X·,j are independent.
Also the periods between successive events are independent.
These assumptions simplify the definition of the related
observed process (cf. (II.3)). We have the observed process
and random sequences as follows:

– S̃j = S0,jI{θ1≥j} + S1,j−θ1I{θ1<j} – the periods be-
tween successive events;

– Ñ(t) – the related counting process with the moments
of events {Tn}∞n=0;
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– X̃j = X0,jI{θ2≥j} + X1,j−θ2I{θ2<j} – the size of
effects.

The observed renewal process M(t) is represented by the
sequence of pairs {(Tn, Xn)}∞n=0. At epoch of events we
have

Mn = M(Tn) = M00(Tn)I{θ1∧θ2≥n}
+M10(Tn−θ1)I{θ1=θ1∧θ2<n≤θ1∨θ2}
+M01(Tn−θ2)I{θ2=θ1∧θ2<n≤θ1∨θ2}
+M11(Tn−θ1∨θ2)I{θ1∨θ2<n}.

For any fixed d1, d2 ∈ {0, 1, 2, . . .} (the problem DM
d1d2

) we
are looking for the stopping time τ∗ ∈ SM such that

Px(−d1 ≤ θ1 ∧ θ2 − τ∗ ≤ d2) (IV.1)
= sup

τ∈SM
Px(−d1 ≤ θ1 ∧ θ2 − τ ≤ d2)

where SM denotes the set of all stopping times with respect
to the filtration {FMn }n∈N. Using parameters di, i = 1, 2, we
control the precision level of detection. The problem of the
minimum of change points detection for two independent
Poisson processes has been tackled by [3], some consid-
erations concerning there same question for the renewal
processes was discussed in [9]. The detection of the transition
probability change in the case d1 = d2 = d, when π = 0
has been studied in [11].

The problem DM
d1d2

formulated in (IV.1) can be solved
according the method described in sections II–III under addi-
tional assumption that the statistician knows which disorder
is the first one: DM

d1d2
(θ1 ≤ θ2) or DM

d1d2
(θ2 ≤ θ1). The

solution of DM
d1d2

is not provided here as well as the problem
of disorder moments estimation.

V. FINAL REMARKS

When we admit that the sequence of observations without
disorder is possible it is interesting question how to detect
not only that we observe the third kind of data but that there
were no data of the first and second kind. Lack of a signal
disturbance in reasonable time means that such rare event
appears. It should be verified by standard testing procedure
the homogeneity of observation in such circumstances or
when we stop very early with comparison to expected value
of the disorder moments.
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