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Short abstract In this paper we propose a rigorous mathe-

matical treatment of control problems for teams of controlled

motions. Each member of the team is described by second-

order dynamics. The proposed scheme is directed at solving

problems of output feedback target control. For linear-convex

systems such problems may be solved completely — from

theory to computation. In the nonlinear case this may be

reached for fairly broad classes of systems. The solution

methods rely on nonlinear analysis, set-valued calculus and

Hamiltonian techniques for dynamic processes, including

their matrix version applicable to large dimensions.

I. INTRODUCTION

Among problems that are at the focus of present research

in mathematics of control are those of designing feedback

control strategies for teams of controlled motions. The

analysis of coordinated motions for flocks or formations of

dynamic agents have been treated within various aspects —

collision avoidance, flocking, stability of formation struc-

tures, reconfiguration of formations, heterogeneous struc-

tures, information coordination, hybrid dynamics etc [1], [2],

[3], [4]. All these settings, arising from numerous applied

motivations, were mostly treated through investigation of

different mathematical models motivated by specific sub-

tasks of more general problems. These were very important

contributions explaining the nature and various properties of

the new classes of research topics. But at the same time

the investigations had not yet reached the level of rigorous

mathematical description embracing the whole problem of

team control, whose subproblems would be grouped around

one ultimate goal — the design of coordinated target-oriented

feedback control strategies for the whole team. This is

especially true for problems of joint obstacle avoidance. A

unified joint treatment of the problem and its subproblems

of course requires new approaches and techniques that lie

beyond conventional means. This also requires an accurate

combination of different mathematical and algorithmic tools

within one solution scheme.

Such task also includes related problems of output feed-

back team control under obstacles, information delays and

uncertain input disturbances. This paper covers topics from

basic theoretical problems and coordinated subproblems

to recommended computational methods. It also indicates
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routes for dynamic optimization of the proposed control

solutions. The achieved scheme and results could then serve

as a road map for tackling specific applications, solving them

to the end.

The suggested solution schemes rely on combining vari-

ational methods of nonlinear analysis and analytical me-

chanics, including Hamiltonian techniques, with those of

set-valued calculus and minimax approaches [9], [10], [23],

as well as on progressive modification of earlier developed

computational ellipsoidal and polyhedral tools, comparison

principles and related procedures [15], [14], [7].

Here we have to deal with the problem of synthesizing

closed-loop controls for a group of m controlled systems

that are to move together while jointly being a team. We

hence begin with the definition of this notion. A group of

systems is defined to be a team if throughout the motion

its members should be not too close, avoiding collisions,

while also not to far from each other, remaining contained

within a preassigned moving set of restricted volume — the

container of the team, an ellipsoid. The three-dimensional

motion x j(t), j = 1, . . . ,m, of each team-mate is governed

by second order dynamics with x j(t) lying at the center of

a ball of given constant safety radius. Collisions would then

be avoided once the system controls would ensure that the

interiors of such balls would never intersect with each other.

The aims of the control would be to steer the container

towards a given target set, reaching it within a given interval

of time, while avoiding obstacles defined by given static or

moving forbidden domains. (These obstacles may also have

to be identified on-line, through available measurements).

The prescribed limits on the size of the container should be

preserved along the motion, however the container itself is

allowed to be reconfigured, so as to be able to be squeezed

in between the obstacles without changing its size beyond

the limits, while also maintaining the property of being a

team — the team property.

II. PROBLEM FORMULATION

The team of m members is described within the following

framework. Consider the equation of motion with second

order dynamics on the given time interval [t0,θ ]

ẍ j(t) = A j(t)x j(t)+C j(t)ẋ j(t)+B j(t)u j(t), (1)

x j(t0) = x0
j , ẋ j(t0) = ẋ0

j , j = 1, . . . ,m. (2)

Here x j(t) ∈ R
n is state vector of j-th team member, u j(t)

is control, restricted by geometric bounds u j(t) ∈ P ⊆
R

p that are assumed compact and convex. Put x(t) =
{x1(t), ẋ1(t), x2(t), ẋ2(t), . . . ,xm(t), ẋm(t)} ∈R
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The dynamics of the container are described with matrix-

valued system for its shape matrix Q(t),

Q̇(t) = T (t)Q(t)+Q(t)T ′(t)+B(t)U(t,Q)B′(t), (3)

with Q(t0) = Q0 ∈R
n×n, and with vector system

q̈(t) = v(t), q(t0) = q0, ‖v(t)‖6 µ , µ > 0.

for center q(t). Here v(t)∈R
n and U ∈R

m×m are the control.

By E (y,Y ) we will further denote an ellipsoid in R
n,

E (y,Y ) = {x ∈R
n :

〈

x− y,Y−1(x− y)
〉

6 1}.

It should be noted that q(t), Q(t) are assumed to be

controllable and describe a virtual motion, whereas x j(t) (the

member of the team trajectories) are physically realizable.

We now give a rigorous definition of the team property

[13].

Definition 1: The solution x(t) to equation (1) is said to be

a team motion within time interval t ∈ [τ,θ ] if the following

constraints are fulfilled:

0 < r 6 d(xi(t), x j(t)), for all 1 6 i < j 6 m, (4)

xi(t) ∈ E (q(t),Q(t)) , for all i = 1,2, . . . ,m. (5)

Here d(·, ·) stands for Euclidean distance. Requirement (4)

ensures collision avoidance of the team members and can be

written as Br(xi(t))∩Br(x j(t)) = ∅, where r is a safety

radius.

We separate the problem of container control in two:

controlling the center, q(t), and controlling the shape matrix

Q(t). The outline of the solution can be written then as

follows:

1) Design a trajectory q(t) for the container and determine

the possible reconfigurations of its shape in order to

avoid external obstacles;

2) Solve an optimization problem for the containers shape

matrix Q(t);
3) Describe the coordinated controls for the motions of

the team within the moving container.

One of the basic tasks will thus be to ensure the team

property which depends on the online shape of the container.

But the latter will depend on the ultimate goal of the control,

which is for the team to reach the target set. The last result

would be ensured depending on the ellipsoidal-valued trajec-

tory E (q(t),Q(t)) of the container which will thus depend on

the target set and the external obstacles E (zi,Zi) , i= 1, . . . ,N,

to be avoided. The solution will hence be based on designing

a virtual ellipsoidal-valued reference motion E (q(t),Q(t)) of

the container that defines the external bound on the team, and

is being steered to the target set while changing, if necessary,

its configuration (at first to satisfy the obstacle constraints,

then to fit into the required guaranteed neighborhood of target

set). Then we design the realistic closed-loop controls for the

team members so that they would keep the team within the

moving container while also ensuring collision avoidance.

The solution goals are therefore to present a unified vision

and a novel solution approach to the considered problem

— a rigorous mathematical model for the problem of de-

signing synchronized goal-oriented team control solutions

under conditions of collision and obstacle avoidance, the

theoretical analysis and solution of arising subproblems and

overall problem in team control and communication, the

recommendation of effective related calculation tools.

We further discuss the subproblems of the general problem

with emphasis on the design of the virtual motion of the

container.

III. ELLIPSOIDAL MOTION

We begin with the feedback control problem for ellipsoidal

container, E (q(t),Q(t)).
Assume the matrix parameters T ∈R

n×n, B ∈R
n×m to be

continuously differentiable. The problem is to find a closed-

loop control U(t,Q) that minimizes the functional

Ψ(U(·, ·)) =

θ
∫

t0

〈U(t,Q(t)),U(t,Q(t))〉 dt+

+ 〈Q(θ )−M,D(Q(θ )−M)〉 (6)

over trajectories of system (3). Here D = D′ > 0. The

inner product is treated here as 〈A,B〉 = trAB′, inducing a

Frobenius matrix norm in R
n×n.

Problem (3),(6) is also considered under the following

additional state constraints:

λ 2
−I 6 Q′(t)Q(t)6 λ 2

+I, 0 < λ− < λ+. (7)

Here λ− and λ+ are known constants, the prime stands for

the transpose, and I is the unit matrix. This inequality must

hold for all t ∈ [t0,θ ]. These inequalities restrict possible size

of an ellipsoid with configuration matrix Q thus allowing

the container to move between the external obstacles while

holding the team inside.

To solve this problem, we will use representations of

matrix operators, i.e. type (2,2) tensors [21], using approach

from tensor analysis. Let {E i j}n
i, j=1, E i j ∈ R

n×n, be an

arbitrary basis in R
n×n. For an arbitrary linear operator

over matrix spaces A ∈ L (Rn×n,Rm×m) its action on an

arbitrary X ∈R
n×n =∑n

i, j=1 Xi jE
i j can be expressed as A X =

= A ∑n
i, j=1 Xi jE

i j = ∑n
i, j=1 Xi jA E i j.

Definition 2: A set of matrices A = {Ai j = A E i j}n
i, j=1 ∈

∈ R
n×n ×R

m×m is called a representation of operator A .

It can be directly established that a superposition

of A ∈ L
(

R
m×m,Rk×k

)

, A = {Ai j}m
i, j=1, and B ∈

L (Rn×n,Rm×m), B = {Bi j}n
i, j=1, will have the following

representation:

AB =C, Ci j =
m

∑
k,l=1

AklB
i j

kl , i, j = 1, . . . ,n,

and the adjoint operator A ∗ will have representation Ã =
{Ãi j}m

i, j=1, where Ãkl
i j = A

i j
kl .

Let us consider the original problem in the absence of the

state constraints (7) first. We will obtain an operator form

of the problem using operator representations, solve in the

problems in terms of operators, and then return to matrices

using formulas for superposition and adjoint operator.
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Introduce two operators, A (t)X = T (t)X + XT ′(t),
B(t)X = B(t)XB′(t) with representations

A
i j
ab =

(

A E i j
)

ab
=



















Tii +Tj j, a = i and b = j,

Tb j, a = i and b 6= j,

Tai, a 6= i and b = j,

0, a 6= i and b 6= j,

(8)

B
i j
ab =

(

BE i j
)

ab
= BaiBb j. (9)

We now obtain on operator form of the problem:

Q̇ = A Q+BU, Q(t0) = Q0,

θ
∫

t0

〈U,U〉 dt + 〈Q(θ )−M,D(Q(θ )−M)〉→ min .

We will carry on with the solution using dynamic

programming. Define value function as V (t0,Q0) =
= minU(·,·) {Ψ(U(·, ·)) | Q(t0) = Q0} . The corresponding

Hamilton–Jacobi–Bellman (HJB) equation [9] for V is as

follows:

∂V

∂ t
+min

U

{〈

∂V

∂Q
,A Q+BU

〉

+ 〈U,U〉

}

= 0, (10)

V (θ ,Q) = 〈Q−M,D(Q−M)〉 .

The value function can found as quadratic form, V (t,Q) =
〈Q,P(t)Q〉 + 〈Q,K(t)〉 + γ(t) = ∑n

i, j,k,l=1 Qi jQklP
kl
i j (t) +

〈Q,K(t)〉+ γ(t), the parameters of which are described by

the following set of differential equations in backward time:

Ṗi j +
n

∑
k,l=1

(

PklA
i j

kl + ÃklP
i j

kl

)

+

+
n

∑
k,l,p,q=1

Pkl(BB′)kp(BB′)lqPi j
pq = 0, (11)

Pi j(θ ) = DE i j, i, j = 1, . . . ,n,

K̇ +
n

∑
i, j=1

Ki jÃ
i j +

n

∑
k,l=1

Pkl(BB′KBB′)kl = 0, (12)

K(θ ) =−2DM,

γ̇ −
1

4

〈

K,BB′KBB′
〉

= 0, γ(θ ) = 〈M,DM〉 . (13)

The optimal control will be given by U =

=−B′
(

∑n
k,l=1 PklQkl +

1
2
K

)

B.

A. Internal and external constraints

In presence of state constraints, a modified value function

is defined using penalty methods. Define

Wα ,β (t,Q) = α(t)(〈Q,Q〉−λ 2
+)++β (t)(λ 2

−−〈Q,Q〉)+,

Vγ(t0,Q0) = min
U(·)

max
α(·),β (·)

θ
∫

t0

[

〈U(t,Q(t)),U(t,Q(t))〉+

+Wα ,β (t,Q(t))

]

dt + 〈Q(θ )−M,D(Q(θ )−M)〉 ,

where α(·) and β (·) are nonnegative scalar functions, α(t)+
β (t) = L for all t ∈ [t0,θ ]. Here (a)+ = max{a,0}, a ∈ R.

We can interchange maximum and minimum [22] and come

to a series of HJB equations,

∂Vα ,β

∂ t
+

〈

∂Vα ,β

∂Q
,A Q

〉

−
1

4

∥

∥

∥

∥

B
∗ ∂Vα ,β

∂Q

∥

∥

∥

∥

2

+Wα ,β = 0,

with the same terminal condition. We will seek the

solution as piecewise–quadratic form [16], Vα ,β (t,Q) =
〈Q,Pi(t)Q〉 + 〈Q,Ki(t)〉 + γi(t), Q ∈ Li, where Li, i =
1, . . . ,4, are regions of Rn×n defined by combinations of signs

of differences in Wα ,β (t,Q). The original value function is

given by VL(t0,Q0) = maxα(·),β (·)Vα ,β (t0,Q0). The solution

will be obtained as L →+∞ being achieved at some finite L

[20].

B. Obstacle problems

Given external ellipsoidal obstacles Ei = E (zi,Zi), i =
1,2, . . . ,N, we can formulate the obstacle avoidance prob-

lem: design the trajectory tube E (q(t),Q(t)) such that

d(E (q(t),Q(t)) ,Ei) > 0, i = 1,2, . . . ,N. Here d(·, ·) is the

Euclid distance between sets. This problem may be solved in

both feedforward and feedback modes using generalizations

of techniques indicated in [8], [17], [13]. Another approach

lies in an advance design of a virtual reference motion which

is to be tracked on-line.

We now will discuss the construction of a reference motion

taking, for brevity, N = 2. We assume that d(E1, E2) = δ >
2r to ensure the existence of an obstacle avoiding solution.

Using standard methods of convex calculus, one can write

δ = max{〈l,z1 − z2〉−
√

〈l,Z1l〉−
√

〈l,Z2l〉 | 〈l, l〉 6 1}.

Let l0 be the unique optimizer. Then δ =
∥

∥d1 − d2
∥

∥, where
〈

−l0,d1
〉

=
〈

l0,Z1l0
〉1/2

,
〈

l0,d2
〉

=
〈

l0,Z2l0
〉1/2

. Denote

vectors d0 = d1 − d2, d∗ = d2 + d0/2. We now can in-

troduce hyperplanes Hz = {x :
〈

x− d∗,d0
〉

= 0}, H1 =
{x :

〈

x− d1,d0
〉

= 0}, H2 = {x :
〈

x− d2,d0
〉

= 0}.These

hyperplanes are parallel and orthogonal to d0, with H1

and H2 being the support hyperplanes for E1 and E2,

respectively, with Hz in the middle. Hence we shall demand

that the reference curve q(t) that leads from the starting

position q(t0) to the target set should lie when passing

the obstacles, exactly on the plane Hz, setting that the

semiaxes of E (q(t),Q(t)) should be no greater than δ/2.

The time interval when this condition is to be observed

may be determined by introducing barrier hyperplanes:

H
−

b = {q : 〈q,hb〉= c−b },H
+

b = {q : 〈q,hb〉= c+b }, c−b < c+b ,
which are such that beyond them, i.e., when 〈q,hb〉 > c−b ,

〈q,h〉6 c+b , we would have d(E (q(t),Q(t)) , Ei)> 0, i = 1,2
and the obstacle constraints would be irrelevant (passive).

Take H
−

bz = H
−

b ∩Hz, H
+

bz = H
+

b ∩Hz. Now we can

require that the reference curve q(t) to satisfy the following

conditions:

q(t0) = q0, q(t−s ) ∈ H
−

zb , q(t+s ) ∈ H
+

zb , (14)

q(t) ∈ Hz, t ∈ [t−s , t+s ].

Time instants t−s , t+s are to be calculated within the course

of solution, and q(t−s ), q(t+s ) may be selected at the final
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stage, minimizing, for example, the length of the total route

q(t). Since the bound on the control µ is at our disposal,

it can always be taken such that (14) would be satisfied.

Calculating corresponding control v(·) together with values

t−s , t+s is a standard problem of control theory. The final time

θ may also be regulated in order to match the related time

intervals for the real motion x(t).

IV. TEAM CONTROL

We will now indicate the sketch of some approaches to

the treatment of collision avoidance for team members. The

requirements Br(xi(t))∩Br(x j(t)) =∅ define a non-convex

bound on the trajectories x j(t), ensuring that they belong

to the union of complements of convex sets. Using duality

methods of nonlinear analysis, one can write

d(xi(t), x j(t)) = max

{

〈

λ (i j)(t),x j(t)− xi(t)
〉

−

− 2r

〈

λ (i j)(t),λ (i j)(t)
〉

}

, i < j,

where the multiplier λ (i j)(t) ∈ R
n may be confined to the

set Ω of Lipschitz-continuous functions. Therefore the total

constraint can be expressed as

∃λi j(t) ∈ Ω :
〈

λ (i j)(t),x j(t)− xi(t)
〉

−

− 2r
〈

λ (i j)(t),λ (i j)(t)
〉

> 0, ∀i 6= j, ∀t ∈ [t0,θ ].

This condition may be rewritten in integral form [8],

∃λi j(·)∈Ω : ψ−(a,b,αi j(·),λ
(i j)(·))> 0, ∀αi j(·)∈V+[a,b],

where V+[a,b] is the set of all scalar nonnegative nonde-

creasing functions with unit variation on [a.b], and

ψ−(a,b,αi j(·),λ
(i j)(·)) =

b
∫

a

(

〈

λ (i j)(t),xi(t)− x j(t)
〉

−

− 2r
〈

λ (i j)(t),λ (i j)(t)
〉

)1/2

dαi j(t)

The container constraint is a convex state constraint and can

be treated in a similar manner using result from [13], [8].

A more detailed description of the team control within the

container is reserved for versions longer that this Extended

Abstract.

V. CONCLUSION

This extended abstract emphasizes an array of fairly new

problems related to coordinated controlled team dynamics

oriented on achieving an ultimate goal while jointly moving

under external and internal state constraints (obstacles). The

mathematical solutions to these are formulated in terms of

matrix-valued HJB equations and set-valued calculus. Indi-

cating respective formulas in detail is a separate important

issue. But the necessary relations here require to consider

controlled ODE’s of dimensions substantially larger than in

conventional problems, namely, 6×m ODE’s for a team of m

3D Newtonian motions, having further to deal with matrices

of dimensions 36m2 × 36m2. The treatment of obstacles

makes these numbers multiplied by yet more large numbers.

It is therefore quite natural that team problems may not be

fit for using regularly available computational tools. Hence

the computational challenges which follow have to rely on

distributed computation based on parallelization of solutions.

Available results encourage such further developments.
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[7] A. B. Kurzhanski and I. Vályi, Ellipsoidal Calculus for Estimation and
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