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Abstract—This paper is concerned with state synchro-
nization of linear agents subject to input saturation over
a fixed undirected communication graph. We first derive a
sufficient condition for achieving the synchronization via
relative state feedback control law for any initial condition.
Based on this analysis result, we present a linear matrix
inequality (LMI) condition for designing the synchronizing
state feedback gain. The present LMI condition is scalable
as long as we can calculate the eigenvalues of the Laplacian
of the communication graph, and is readily solved by an
existing convex programming algorithm.
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I. INTRODUCTION

For the last decade, multi-agent coordination has
been attracting a great attention in the area of systems
and control, since such phenomena can be encountered
in many applications in physics, biology, robotics, com-
puter science, etc (see e.g. [1],[2], and the references
therein). The feature of multi-agent systems is that co-
ordinative tasks such as synchronization and consensus
are achieved by distributed control of individual agents
based on their local interactions.

For coordination of linear multi-agent systems, ear-
lier works mainly focused on consensus of simple
agents described by single or double integrators [2].
Recently, more attention has been paid to consen-
sus or synchronization of higher-order general linear
agents [3]-[7].

On the other hand, most of practical control sys-
tems are subject to input saturations due to physical
constraints or safety reasons. It thus is important to
study the coordination of multi-agent systems under
input saturation. There are some related works: Lin,
Xiang, and Wei [8] solved the consensus problem
for single integrator agents under input saturation, a
leader-follower-type cooperative control was studied
by Meng, Zhao and Lin [9], and the discrete-time
consensus under input saturation was solved for a
limited class of high-order linear systems by Yang
et al.[10]. In [11], Yang el al. studied the semi-global
output regulation of multi-agent systems subject to
input saturation, where the exogenous reference signal
is observed by only a subset of agents.

In this paper, we will study synchronization or con-
sensus with respect to the states of linear high-order
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agents via relative state feedback control. We will first
derive a sufficient condition for globally achieving the
state synchronization over a fixed undirected com-
munication graph. Based on this condition, we will
develop a method for synthesizing the state feedback
gain in terms of linear matrix inequalities (LMlIs). It
should be noted that, due to the network structure
constraint, the development of such an LMI condition
for the synchronizing control synthesis is more difficult
than the LMI-based stabilization of a single input-
saturated linear system, although the latter has been
well studied in the literature (e.g. [13], [14]).

II. PROBLEM FORMULATION
A. Agent Dynamics

Throughout this paper, we consider the homoge-
neous multi-agent system consisting of N linear agents
subject to input saturation. The dynamics of each agent
is described by

xi:Axi—i—Ba(ui),i:l,...,N, 1)

where x; : Ry — R" and #; : Ry — R are the state and
input of the i-th agent. The memoryless map o : R — R
denotes the saturation nonlinearity defined by
1, ifu>i,
o(u) = u, if —a<u<i,
—1, if u < —i.

il: positive constant

Assumption 1: The agent dynamics (1) is asymptotically
null controllable, namely, (A, B) is stabilizable, and all the
eigenvalues of A lie in the closed left-half plane.

Recall that global asymptotic stabilization of a lin-
ear centralized system with input saturation can be
achieved only when the open loop system is null
controllable [12].

B. Communication Graph

Communication between agents can be well de-
scribed by mathematical graphs. A graph G is defined
by a couple (V, £), where V = {1,...,N} is the node
set, and £ C V x V is the edge set. Each element in V
corresponds to the index of an agent. Communication
links between agents are defined by edges: (i,j) € £
means that there is a communication link from the
agent j to the agent i. Throughout this paper, commu-
nications between any two agents are bi-directional, i.e.
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Fig. 1. Communication graph

(i, j) € £ & (j, i) € €. Then, the graph G is identified
with an undirected graph.
We make the following assumption on the network
structure.
Assumption 2:
(i) The topology of the communication graph G = (V, &)
is time-invariant.
(ii) G is a connected graph, namely, there always exists an
undirected path between any two nodes.

We also define the set of neighbors as
Ni={jieVI@j)eé& j#i}

The Laplacian matrix L € RN*N associated with the
graph G is defined by
N, ifi=],
-1, if (i,j) €€,
0, otherwise

L=(t;), &=

It should be noted that L is non-negative definite for
undirected graphs, and it always has a simple zero
eigenvalue with an eigenvector 1 := [1,1,---, 1]T IS
RN For ease of later discussion, we denote the eigen-
values of L by A;, i =1,..., N in the ascending order

0=A <A <---<Ay1 < AN

It is well known that G is a connected graph if and only
if Ap > 0.

C. Problem Statement

The state synchronization problem considered in this

paper is to find a feedback control law that satisfies
lim |xi(t) = xj(t)|| =0 Vi, j €V

for all initial states x1(0),...,xn(0) € R". Such a
control law is said to globally synchronize the multi-agent
system.

One of the typical strategies for distributed coordi-
native control is the relative state feedback law

up=F ) (xi—xj), 2
JEN;

where F is the feedback gain to be designed.

ITI. STATE SYNCHRONIZATION PROBLEM

A. Analysis
We here define
X1 U1 o(ur)
‘e X‘z . Up X(u) = 0(1'42)
XN UN o(un)

Then the multi-agent system of (1) and (2) is equiva-
lently rewritten as
¥1=(I®A)x+ (I®B)X(u),
u=(L®F)x,

(3a)
(3b)
where © is the Kronecker product, I denotes the iden-
tity matrix of compatible size, and L is the Laplacian

associated with the communication graph G. Moreover,
we define

Then, (3) is equivalent to

¥=(I®A+L®BF)x—(I®B)w (4a)
u=(L®F)x (4b)
w=®(u) (4c)

Since ¢ satisfies the sector condition 0 < ¢(u)/pu <1
Yu e R,

w' (w—u) <0 ®)

holds for w = ®(u), u € R™N. Let U be the orthogonal
matrix such that

ULU" = A := diag{0, Ay, ..., An}.
We introduce the coordinate transformation
¢1
t=|: | =wenx ©)
¢N
Since UUT =T and LU" = UTA, (4) reduces to
{=(I®A+A®BF)¢— (U®B)w (7a)
= (UTA®F)E (7b)
w = D(u) (7¢)

Here, we have used the identity

(X@Y)(ZaW)=(XZ)x (YW).
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Since L1 = 0, the first row of U is 1" /+/N. It thus
follows that ¢; = ﬁ Zf\i 1 ;. It is easily seen from (6)
that, if tlim I¢i(t)]| =0,i=2,...,N, then

—00

1(t)
(1) = (UT @) Z :\;N1®§1(t) (t = ).

This implies that the state synchronization is achieved.
With these preparation, a sufficient condition for
state synchronization is stated in the follwing theorem.

Theorem 1: Under Assumptions 1 and 2, for a given
feedback gain F, assume that there exists a positive definite
matrix P satisfying

( (A+ABF)TP

+P(A + A;BF)
AMF—BTP

T
) AF PB] <0, ®
—2I

i=2,...,N

Then, the multi-agent system of (3) achieves the state syn-
chronization under input saturation.

(Proof)

Based on the earlier discussion, we shall prove the
theorem by showing the convergence of &, ...,¢N un-
der the assumption that P > 0 satisfies (8).

Firstly, we define

V(E)=¢"Pg,

P = diag{0,P,..., P}, J=diag{0,1, ..., I}.

Then, V is nonnegative definite, and its derivative
along the trajectory of the system (7) is given by

V(E)=2P[(I® A+ A® BF)¢ — (U® B)w],

where w is given in (7c).
Since (8) is satisfied, there exists a scalar constant

& > 0 such that
(A+ABF)TP T
< AF' — PB <o,
—21

+P(A+ A;BF) + €l
i=2,...,N 9

AMF—B™P

Stacking and re-arranging the inequalities in (9) yields

(I® A+ A® BF) TP+
P(I® A+ A®BF)+¢€]

(A®@F)—(I®B)"P -2

) (A®F)T—73(I®B)] <0

We apply the congruence transformation with
diag{I, (U® I)} to the above inequality to obtain

(I® A+ A®BF) P+
P(I® A+ A®BF)+e]
UARF—-(U®B)'P

) (U'A®F)T—P(U® B)
-2

<0

Pre-multiplying the above inequality with [&7 w ]
and post-multiplying with [5}} yields

E"P(I® A+ A®BF)¢ — (U® B)w]

+[(I® A+ A®BF)&— (U B)w|' P&
+eTWUTA D Tw+w (UTA®1)E
+elJE—2ww

<0

Thus, we have
y y 2 T
V(E) +e) lIGil? <2w' (w—u)
i=2

with w = ®(u), u = (U" A ® I)&. Since (5) holds, this
implies
. N 2
V(g) < —e} lgil* <o. (10)
i=2
Then, by La Salle’s invariance principle, the trajectory
of ¢ converges to the largest invariant set contained in
{¢ € R™N| V(&) = 0} for any initial state £(0) € R™,
Hence, from (10), ¢»,...,¢n converge to 0 as t goes to
infinity for any condition. Therefore, we conclude that

the state synchronization is globally achieved by the
feedback control of (2). O

The left-hand side of (8) is affine in A;. In addi-
tion, since A;’s are arranged in the ascending order,
A3, ..., AN—1 can be represented as convex combina-
tions of A, and Ayn. From this observation, we can
reduce the number of matrix inequalities in Theorem 1.
The following result is more suitable for large-scale
networks than Theorem 1.

Corollary 1: Under Assumptions 1 and 2, for a given
feedback gain F, assume that there exists a positive definite
matrix P satisfying

(A+ABF)TP
+P(A + A;BF)
AMF—BTP

) AMFT —PB
—2I

]<0, i=2,N

(11

Then, the multi-agent system of (3) globally achieves the
state synchronization under input saturation.

Remark:  The synchronization conditions in Theo-
rem 1 and Corollary 1 are linear matrix inequalities
(LMIs) in P when F is fixed. Hence, these conditions
can be efficiently checked by using covex programming
alogorithms [15].

Remark: From (7), the closed-loop multi-agent system
without input saturation, i.e. w = 0, is given by

{=(I®A+A®BF)¢.

Hence, in the absence of input saturation, a necessary
and sufficient condition for achieving synchronization
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isthat A+ A;BF,i = 2,...,N are all Hurwitz stable, i.e.
all eigenvalues have negative real parts (see Lemma 1
of [4] for a similar result). The Hurwitz stability of these
matrices are guaranteed in Theorem 1 and Corollary 1,
since the (1,1)-block element of the conditions (8),(11)
implies the Lyapunov inequalities

(A+ABF)'P+P(A+ABF)<0,i=2,...,N.

B. Synthesis of State Feedback Gain

We will present a method to design a synchronizing
feedback gain F based on the results of the previous
sub-section.

Based on Corollary 1, we wish to find a positive
definite matrix P and a feedback gain F satisfying (11).
However, since (11) contains a bilinear term between P
and F, we need to convexify the matrix inequalities in
(11) in order to effectively solve the problem.

As a usual technique for the convexification, we
perform the change of variables of P and F as X = P!
and Y = FP~! [15]. Then, by applying the congruence
transformation with diag (P~1, I) to (11), we end up
with the following theorem.

Theorem 2: Under Assumptions 1 and 2, assume that
there exist a positive definite matrix X and a matrix Y

satisfying

( (AX + A;BY) T ) AYT— B
+(AX + A;BY) ! <0, i=2N.
AY —BT —21
(12)

Then, there exists a feedback gain F that achieves the global
state synchronization under input saturation. One of such
feedback gains is given by

F=YX " (13)

As expected, the inequalities in (12) are LMlIs in the
variables X, Y. Moreover, the size of the LMI problem
does not depend on the size of the network, N, as long
as the Laplacian eigevalues A, and Ay are available.
Therefore, we can effectively design the synchronizing
feedback gain F by convex programming.

It may also be noted that the feedback gain F in
Theorem 2 depends on the Laplacian eigenvalues A,
and Ay, while the feedback gain for the leader-follower
problem [9] is independent of the network structure.

IV. CONCLUSIONS

We have studied the global state synchronization
of linear agents subject to input saturation over a
fixed undirected communication graph. A sufficient
condition for achieving the synchronization via relative
state feedback control is derived. Based on this analysis
result, we present an LMI condition for designing a
state feedback gain which achieves the global state
synchronization. The present LMI condition is scalable
as long as we can calculate the eigenvalues of the

Laplacian of the communication graph, and is readily
solved by an existing convex programming algorithm.
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