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H.,- and H,-synthesis for nested interconnections: A direct state-space
approach by linear matrix inequalities

Carsten W. Scherer

Abstract— Recently we proposed a state-space solution of the
structured H..-synthesis problem for nested interconnections.
These are characterized by generalized plants with a block-
triangular structure of the control channel and the search for
optimal controllers whose transfer matrix shares this structure.
The existing approach is based on eliminating the structured
controller matrices and results in LMI existence conditions for
H-controllers. The present paper serves to develop an alter-
native approach with a novel structured convexifying controller
parameter transformations which allows the extension of the
design procedure to H-- and mixed H>/Ho.-cost criteria.

Index Terms—Structured H-control, mixed Hs/Ho.-
synthesis, linear matrix inequalities

NOTATION

If the transfer matrix G(s) is realized as C'(sI - A)™'B+D
we write G = [%%], while matrix partitions are denoted by

dashed lines. We use He(M) := MT+M and 1,0 or I,,,0,xrm
denote the identity, zero matrix of the given dimensions.

I. PROBLEM FORMULATION

Let us consider the linear time-invariant generalized plant

e\ (PoPoPe)(d
yi |=| ProiPn 0 uy (D
Y2 PooiPo1 Py )\ ug

with a control channel that is described by a lower block-
triangular transfer matrix of dimension k x m that carries a
partition into 2 block-rows and block-columns according to
the dimensions k = ky + k2 and m = my + mo. We target at
designing an internally stabilizing controller

ur ) _ (K O (1
(UQ)_(K21 K22)(y2) @

for (1) in the partition m = m, +mso and k = k1 + ko such that
some H.,- or Ha-cost criterion imposed on the performance
channel d — e is satisfied.

Such structured synthesis problems have been shown to
be tractable by convex optimization techniques through a
structured version of the classical Youla parametrization [11],
[6]. The resulting infinite dimensional optimization problem
is handled with a Galerkin-type approach, by reducing the
search for the structured Youla parameter to a sequence of
finite-dimensional subspaces of increasing dimension [11],
[71, [6], [2]. For close-to-optimal controllers, this might
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require to use high-dimensional subspaces which results in
large McMillan degrees of the related controllers; low speed
of convergence and numerical instabilities could prevent
the application of this approach to large-scale systems. In
particular, the latter technique excludes the possibility to
impose a priori bounds on the degree of (close to) optimal
controllers or on the dimension of the corresponding opti-
mization problem.

For the H.,-cost, we recently managed to reduce the
synthesis problem to solving a system of LMIs of a fixed
dimension [8], resulting in controllers whose degree can be
bounded a priori in terms of the problem formulation. In
[8], convexification is achieved by eliminating the controller
parameters. The present paper serves to develop an approach
in parallel to [5], [9] and based on a structured convexifying
controller parameter transformation. This allows to arrive
at an LMI-solution of the structured Hs-synthesis problem,
which extends the results [4] formulated with coupled Riccati
equations and only apply for regular problems.

Triangular structures appear, e.g., from nested interconnec-
tions as discussed and motivated in [11], [6]. In a concrete
numerical example in Section IV, we consider a car-platoon
with NV = 3 as depicted in Figure I. We follow [10] and
assume that the ¢-th car is modeled as

1

S 70> 0
mis?(Tis+1) ’

& = H,ul with HIL(S) = mg; > 0,
fort=0,1,..., N. Here &; is the absolute position and u; the
control input. If viewing £, as a given signal, the goal is to
keep the spacing error &; —&;_1 close to some reference input
r4, which amounts to choosing the performance outputs e; =
fi —&'4 -7 for ¢ = 17...,N. With H:diag(Hl,...,HN)
and dy; = -§y —r1 and d; = —r;, synthesis will be based on
the un-weighted generalized plant

e\ (1iaH LU
vl= ,,O,L,I,,,, (u) with A = RN
Y IAd 0 - -11

where e;, d;, u; are collected into the vectors e, d, uw and y = e

is the measurement output. Note that A H is lower-triangular.

Our main result allows us to design triangular controllers
uy Ky 0 (7

uN Kny - Knn J\yn
which optimize the Ho..- or Hs-norm of d — e or a
dynamically weighted versions thereof. If [; is the length
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of the i-th car and &y > 1 + &1 > --- > Iy + &, this controller
structure means that the i-th car is measuring only its own
error signal and those of all leading cars.

EN &1 o

Fig. 1. Car platoon

The paper is organized as follows. In Section II we review
the known LMI solution of the H.,-problem by variable
transformation and present structured extension. In Section
IIT we briefly address Hs-synthesis while Section IV contains
a concrete design example. Proofs are given in the appendix.

II. H..-SYNTHESIS

We choose a realization of (1) that is denoted as

3)

and where the matrices in (A, B,C, D) admit the structure

_ An 0 {Bu 0
AiB\ _| A2 AxniBy B @
iD= G0 Dy 0

Co1 Caa! Doy Doy

with D sharing its partition with the transfer matrix v — y in
(1). Furthermore, A € R™" is partitioned according to n =
ny + ne which fixes the structures of B € R™*™, C' e RF*";
w.l.o.g. we assume D = 0. The controller is described as

A5 0 {Bfp 0

Ac|B) | A5, A5, BS B,
= [ﬂﬁ]yz ¢ vy o v ©

C31 O3 Nar Nao
Note that the choice of the partition n® = n{ + n§ of A° is
part of the design problem, while the ones of B¢, C' and
N are then determined through n® x k, m x n® and m x k
respectively. Such a controller is said to be structured, in
contrast to unstructured controllers defined with A¢, B¢, C°,

N having no specific sparsity pattern.

The controlled system, the interconnection of (3) and (5),
is then described by the LTI system defined with

AB A OiBO 0BY ( 4e pe 0Ii0
cp) | 220 L e v [\ coir ) ©
Co0iDy) \0E |

For some level v > 0, the H.-design problem consists of
finding a controller (5) which renders .A Hurwitz and such
that |C(sI - A) 1 B+D| <7 is satisfied. With the classical
bounded real lemma [3, Lemma 4.1], these two closed-loop
properties are equivalently translated into the existence of
some X = X7 which satisfies

XA XB 0
X>0 and He| 0 -3I 0 |<O0. @)
c D -1

A. Unstructured controllers

We start by deriving necessary conditions for the existence
of an H,-controller. In a partition according to n + n¢, let

(g) and (}‘;) denote the first block columns of X and X ~*

respectively. It can be assumed w.l.o.g. that U is tall (i.e.
n® >n) and has full column rank [9]. We obtain

XY =2 for y::(}‘;%) and Z::(IO"‘;;). ()

Since Z has full column rank, the same holds for ). With
a congruence transformation involving Y, (7) implies

ZTAy 2'B 0
Y'Z>0 and Hel 0 -2I 0 |<0. (9
cy D -1I

The first inequality can be expressed as

(YT YTX+VTU)
> 0.

1 X (10)

Since X, Y are square and by symmetry, the right upper
block equals I which leads to the standard coupling condition
between X and Y. Despite X7 = X, YT =Y, we keep the
transposes in the sequel since these matrices will be non-
symmetric in the solution of the structured problem. The
second inequality in (9) reads with (6) as

AY Al By 0
XTAY XTAXTB, 0
He I
0 0 (-3 0
CoY Co i Dy -31I
0 B 1
.\ U XTB | A B V 0i00 <0 (1
0 0 Cce N J\CY CiF o :

For compactness of notation we introduce the abbreviation

AY A1 By 0
0 XTAX"By, 0
0 0 i-2I 0

| Dy -1I

QX,Y) = (12)

which depends affinely on X, Y. After performing the
variable substitution

K L) (XTAy o .
M N 0 0
(I XTB\(UTAV UTB\( I 0 (13)
0 I cv N cYy 1)
the inequality (11) reads as
0 B
I0 K L\)(I0]00
00 (MN)(OCFO) <0 (4
0K

which is affine in X, Y and K, L, M, N. This proves one
direction of the following well-known result [5], [9].

He|Q(X,Y) +
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Theorem 1: There exists an unstructured controller such
that the closed-loop system satisfies (7) for some symmetric
X iff there exist matrices X = XT v=YT and K, L, M,

N with (14) and
Y I 20
I X ’

If these LMIs are feasible, one can construct an unstructured
controller with McMillan degree of at most n which solves
the Ho,-problem.

If (14)-(15) are feasible, a suitable controller is obtained
by setting U := I and V := [ - XY and solving (13) for A°,
B¢, C¢. Indeed, by (15), I - XTY is invertible. Due to the
choice of U and V, the inequality (15) leads back to (10).
Moreover, due to (13), (14) implies (11). With (6), all this
shows the validity of (9), and by a congruence transformation
using Y~ we obtain (7) for X := ZY~ L.

15)

B. Structured controllers

A simple restriction of K, L, M in (14) to lower block-
diagonal matrices does not lead to the correct synthesis
conditions for structured controllers. The lower triangular
parts of these matrices will be free, but the upper right blocks
have to be specified suitably. This motivates to introduce, for
some 2x2 block partition of any matrix H, the decomposition
H = 2(H)+ % (H) into the lower-block triangular/strict
upper triangular parts £ (H ) and % ( H) with the projections

& Hyy Hyp — Hyp 0
H21 H22 H21 H22
Hyy Hip )\ (0 Hyo
and %(H21 Hgg)'_(() 0 )

The underlying partition will always be clear from the
context. For (4) we will also use the abbreviations

Byl 0 Cy Cn 0
B1 By )= | I B S
(B152) (321_322)’ (02 Ca1 Ca2
Onxm B2 Ok ) Cl )
and B, := ! , C,.:= ! .
(Onxm1 Onxmg ) ( 0k2><n Okzxn
The synthesis LMIs for the structured problem involve the
block-triangular decision variables
K1y
K L\ | Ka Kz
M N Mll Okl xn

MQl M22

L1 Opsom,
Loy Lo
N1t Oy xmo
N2y Nap

OTLXTL

(16)

of dimension (n+n+ky +ko) x (n+n+my +mgy) as well as
the rectangular unknowns X and Y of dimension nx (n+n)
and partitioned as

X:=(X2X5) and YV:=(Y; Y2 ); (17)

here X3 = X1 and Y; = Y{' are unstructured, while X5, Y5
carry the structures

— XQ Zg _ Inl 0
X, ._( . Inz) and 3/2_(_Z2 7, (18)

with symmetric Xy € R"*™ and Y, € R™2%"2 | In total X
and Y hence comprise 3n(n+1)/2 scalar decision variables.

We are now ready to formulate the solution of the Ho.-
synthesis problem for structured controllers by a controller
variable transformation, the main result of this paper.

Theorem 2: There exists a structured controller and some
X = X7 such that the closed-loop system satisfies (7) iff
there exist K, L, M, N and X, Y that are structured as in
(16)-(18) and satisfy the LMIs

Vi Yo I
V¥ vEx, XI[>0 (19)
I X2 X3

together with (14) after the substitution
K=K+% (XTAY )+% (B.M)+% (LC.)+B.NC,., (20)

L=L+%(B.N) and M =DM +%(NC.). (21)

If this LMI system is feasible, one can construct a structured
controller with McMillan degree of at most 2n which solves
the H.-synthesis problem.

The proof is deferred to the Appendix. Note that Theorem
2 easily generalizes to the setting in [8], with (1) having a
lower-triangular control channel v — y with p blocks and u,
y partitioned into p components.

We emphasize that

rv (X2 0 I 0\ (X5 0
XzYQ‘(Z}I)(—@}@ o v

and hence the Lh.s. of (19) is affine the unknowns. Similarly,
we have

T ~ XTAYY XTAY>\ (0 XTAY,
%X AY)_%(X?TAYl XFAy, )" \o 0
and
XA 0
XTAY, = , 2 5 )
> ? ( Zo Ay — AgaZo + Agy AY>

which does indeed imply that the right-hand sides in (20)-
(21) are also affine linear in the decision variables.

As in [8], Theorem 2 allows to compute the optimal
achievable H..-synthesis level for structured controllers by
solving a semi-definite program of fixed dimension and
with the guaranteed a priori bound 2n on the degree of
close-to-optimal controllers. This is in stark contrast to prior
techniques that emerged in [11], [6], see also [2]. If compared
to [8] based on eliminating the controller parameters, the pro-
posed alternative approach relies on a structured controller
parameter transformation that is reminiscent of [5], [9] for
unstructured controllers. As well-know, the key benefit is the
possibility to solve mixed synthesis problems with structured
controllers in a straightforward fashion, with the same guar-
anteed bound of 2n on the controller’s degree. However, the
inclusion of rank constraints for reduced order synthesis is
not straightforward (see [9]). A specialization leads to a new
LMI-solution for the structured H»-synthesis problem, which
extends the solution in [4] based on Riccati equations for
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Fig. 2. References (dashed blue) and car positions (full green)

regular plants. Other extensions to gain-scheduling or robust
synthesis with structured controllers for nested generalized
plants become routine as well.

III. Hy-SYNTHESIS

Instead of repeating [5], [9], we now illustrate the general
design procedure for Hs-synthesis only. As well-known, the
controlled system satisfies |C(s[-.A) 1 B+D|s < v iff D=0
and there exist X = X7, Z with

XA XB xcr
He( 0 —;’I)<O’ (C Z)>0, Trace(Z) < 7.

The corresponding synthesis conditions read as D =0 and
A B x c"
He( —;I)<O’ (C Z)>O7 Trace(Z) <7y
with the substitutions

A B AY + BM A+ BNC | By+BNF
( ): K  XTA+LCXTBy+LF

¢D CoY + EM Co+ENC| ENF
i Yo I
X :=| YL vIx, xT
I Xo X

and (20)-(21). It would be interesting but goes beyond the
scope of this paper to establish the link to the results of [4].

IV. A NUMERICAL EXAMPLE

Let us design (with [1]) a triangular controller for the
vehicle string in Section I with N =3 and m; =14, 7; = 0.1,
i=1,...,3. With the weights w,(s) = 0.5(s+10)/(s+1075)
on each error ¢; and w, (s) = 107 on each control input u;,
we compare an unstructured H..-design with a structured
version. Both optimal levels are approximately equal to 1.07,
which implies that structured controllers cause in this sense
no performance loss over unstructured ones. In the sequel
results for the unstructured controller (with degree 12) are
plotted with dashed red lines, while those for the structured
controller (with degree 36) are depicted by a full green line.

A time-domain plot for the closed-loop system is shown
in Figure 2, with the reference signals for each car indicated
by a dotted blue line; at the given scale, the structured and
unstructured controller lead to undistinguishable responses.

The magnitude plots of the transfer functions d — e for the
controlled systems in Figure 3, which includes a plot of the
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Fig. 3. Frequency magnitude responses of weight (dotted blue) and of

d — e for unstructured (dashed red) and structured (full green) controller.
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Fig. 4. Frequency magnitude responses of the structured (full green) and
unstructured (dashed red) controller.

error weight by a dotted blue line, confirm the fact that the
tracking properties of the structured and unstructured con-
trollers are very similar; note that the unstructured controller
creates some mild cross-coupling in d; — e; for i > j.

The magnitude plots of both controllers in Figure 4 match
each other in those frequency ranges that are constraining the
weighted H..-cost; triangularity of the structured controller
is clearly discernible. Finally, the plots do not change visibly
if replacing the full structured controller by one that is
reduced to order 16 with the standard (unstructured) model
reduction tool as accessible in Matlab through the command
reduce.

V. CONCLUSIONS

In this paper we have developed an exact LMI solution
for the optimal H..-design of block-triangular controllers
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for a generalized plant whose control channel matches this
structure. In contrast to a recently proposed algorithm, the
presented one is based on a new convexifying structured
controller parameter transformation. This opens the way to
directly generalize structured controller synthesis to a mix-
ture of H.- and H-cost-criteria, among others, in complete
parallel to what is know for unstructured controller synthesis.
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APPENDIX
A. Proof of necessity in Theorem 2

Suppose that there exists a structured controller (5) such
that (7) holds for some X = XT. As in the unstructured case
we assume w.l.o.g. that n{ > n and n3 > n. We intend to
construct a factorization (8) with upper block-triangular U
and lower block-triangular V' in the partition (n§ + n$) x
(n+mn), where X and Y are rectangular and structured as
in (17)-(18). To this end we introduce the partition

c R(n+n§+ng)x(n+n§+n§)

Since the right-lower 2 x 2 block of X is positive definite
and U3 and Usg are tall, it is possible to perturb these latter
matrices such that

-1
-~ Z11 Zho Uis = 71
= (1 0)(221 222) (U23) and Hy := 25, U

(22)

have full column rank (f.c.r.) and (7) still holds. We then
define

Y X3 UL UL I,
Viv | = | UisiZn Zi2 0
Va1 UssiZa1 Zaz 0

and
- ; -1
Y5 _ X ! Ug;) 1,

Vag | \ Uas ‘ Z92 0

Clearly Y; and Y, are symmetric and positive definite. By
the block-inversion formula we have Vi; = —-H;Y; and
1722 = —Hgf/g which shows that V;; and 1722 have f.c.r.. The
definitions obviously imply, for some suitable Uio,

X3 UL UR\(Yi Yo L\ (I I. Xs
UrsiZin Zia || Vin 0 0 |=| 0 U1 Uss |- (23)
UsgiZar Zoa J\ Va1 Va2 0 0 0 Uy

In a next step we search Xo, Y5 with the structure (18) that
satisfy Y5 X5 = Y5; in the partition

¥ ﬁl ﬁ? (n1xng)x(n1xnz)

Yo =] ~ ~ ¢ R{n1xn2 1XN2

? (Y21 Yoo

it is easy to check by computation that the blocks
Xo:=Y7Y, Zy= Y01 Xy and Yai= Yoo + Z;Y1s

do indeed serve the desired purpose. We emphasize that Xo
and Y5 are invertible. By right-multiplying the second block
column of (23) with X, and if setting Vag = Vay X, Uyg i=
(~]ng2, we arrive the the desired triangular factorization:

Yi Yo I\ (I X5 X;
Xl Vit 0 0]=]0Ui2 Uss 24)
Vo1 Vaa 0 0 0 Uy

Due to det(X2) # 0 we conclude that V77 and Vs have full
column rank. Hence the L.h.s. of (24) has full column rank,
which implies the same for the r.h.s.; consequently, U1 and
Uss have full column rank. Furthermore, (8) holds with

(25)

Since U has full column rank, we can argue as for the
unstructured problem in order to infer the validity of (10)
and (14) for (13).

To prove the coupling condition (19), we note that

( Wiz Wis ) = vVTU (26)

0 Woys

is upper block-triangular. Hence (10) reads explicitly as

YlT YITXQ + W12 YITX?, + W13

Y5 Y Xy Y X3+ Was |>0 27
I X X3
which is identical to (19) by symmetry.
With o
ABY\ UT AV UT B¢ 28)
cnN) \ cv N )
the variable transformation (13) amounts to
M=C+NCY, L=B+XT"BN and (29)
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K=XTAy + A+ XT"BM + LCY - XTBNCY. (30)
Since UT, V and the controller matrice~s are lower ~block-
triangular, we infer from (28) that % (A) = 0, % (B) = 0
and 7 (C) = 0. In the sequel we will exploit

xX0\( o .
XI'p, = (Z I) (ng) = By and, similarly, C1Y5 = C}.

This leads to the following essential relations. First,

Nii 0 \[{CiYi C1Ys
U(NCY) =% -
(NCY) ((N21 N22)(02Y1 CoY, ))

= Nii 0 001\
_%((Nzl sz)(o 0 ))—OZ/(NCE) 31)

and
T _ XIBy XoBo \(Ni1 0 B
%(X BN) _%((X:?Bl XgBQ N21 N22 =

— O B2 Nll 0 ~
_%((0 0 )(N21 NzQ))—%(BeN). (32)

Due to (29) this implies

%(M):(g Nlécl) and %(L):(g BZ(])V”).

Therefore, we get
UXTBU (M) +% (% (L)CY)-%(XTBNCY) =
y XJB1 X3By \[0N1:1Cy .
B XIB, XIBy J\0 0

0B2N22 ClY1 Cl
(o7 ) (6 )

-9 }(gﬁl3l )(§1f32 fvil 0 (71}G, C71}§ _
XTBy X¥By |\ Nay Noo J\ CoY1 CoYs
~ ( 0 XTI BiN11Cy + ByNoy Oy Yy )
-1, . _

(X3B1 By (N 0 ([0 Cp ) _
0 0 Naj Ny 0 CoYs )

(0 BoNyyCy ) (0B Y( N 0 \[0Ch)_
“lo o “lo o J\ Ny N Jlo o )7

=B.NC..
Moreover,
w(XTBZL(M)) =
Y X2TB1 XQTBQ My O 3
B XIBy X{By J\ Moy Mao |~

0 Bs My; O ~
() ) e

and, by the very same computation,

w(LCY) =% (LC.,).

If combined with the trivial decompositions % (X BM) =
% (XTBU (M)) + %(XTBL(M)) and %(LCY) =
U (U (L)CY)+ % (ZL(L)CY), we thus arrive at
% (XT'BM + LCY - XT"BNCY) =
=% (B.M) + % (LC.) + B.NC,. (33)

This latter relation is the technical key for the present paper,
since the seemingly non-linear term on the Lh.s. is actually
affine in the decision variables, as seen on the right.

Now the proof can be concluded quickly. Define

K::Z(K), L =%(L) and M::X(M)
with the structure as in (16). Due to (31)-(32) we have
M-M=%(C)+%(NCY) =% (NC.),
L-L=%(B)+%(XTBN)=%(B.N),

i.e., M and L do have indeed the structure as claimed in
(21). For (20) this is verified with the help of (33) as

K-K-%(XTAY) =
=U(A)+%(XTBM + LCY - XTBNCY) =
= U (B.M) +%(LC,) + B.NC..
This finishes the proof of “only if” in Theorem 2.

B. Proof of sufficiency in Theorem 2
Let K s ﬂ, M and X , Y satisfy the LMIs as described.

We choose
Uo Uiz (I, 0
0 Uy "\ O I,

(Vﬁ %Tl)._(Yz—YlTXz I-Y"X; )

and

0 VL)~ 0 XTI -vIXs

just in order to make sure that (19) equals (27) with (26).
Note that (19) implies invertibility of Y; - Y5 (Vg Xo) 1Y, =
Y - Yo X5 and X3 - Xo (Y Xo) ' XT = X3 - V5 T XT,
which shows the same for V71 and V5. We can hence simply
define ), Z and also X’ by (8). Then (27) equals (10) and the
Lh.s. is symmetric. This implies ZTy =YTZ » 0 and thus
Yy TZzT = zy-15 0, which in turn shows that X = ZY! is
symmetric and positive definite.

Next define K, L, M through (20)-(21). Motivated by
(29)-(30) we take

C:=%(M-NCY), B:=%(L-X"BN) and
A=2(K-XTAY -XTBM - LCY + XTBNCY)

which certainly admit the structure (16). In view of (31)-(33)
and due to (20)-(21), we conclude that the relations (29)-(30)
hold for the complete matrices. Since U” and V are lower
block-triangular and invertible, we can solve (28) for lower
block-triangular controller realization matrices A°, B¢, C°.
This renders (13) valid. Then (14) is identical to (11) and,
hence, to the second inequality in (9). Since Y is square and
invertible, we can back-transform to (7) by congruence. All
this proves that the constructed structured controller solves
the H..-problem.
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