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FRF parameter identification with arbitrary input sequence
from noisy input-output measurements

Umberto Soverini' and Giuseppe Catania

Abstract— This paper deals with the identification of errors—
in-variables (EIV) models corrupted by additive and uncorre-
lated white noises when the noise—free input is an arbitrary
signal, not necessarily periodic. In particular, a frequency
domain method is proposed, under the assumption that the
ratio of the noise variances is known.

I. INTRODUCTION

System representations where both inputs and outputs
are affected by additive errors are called errors—in—variables
(EIV) models and play an important role in several engineer-
ing applications. The identification of EIV models has been
deeply investigated in the literature and many solutions have
been proposed, in the time and frequency domain, see [17],
[18] and the references therein.

The full equivalence, in the likelihood framework, of
time- and frequency- domain methods has been formalized
in a recent paper [1]. However, from a practical point of
view, there can be several reasons that lead the user to
prefer a solution to the other. In this respect, an interesting
comparison of the pros and cons of these choices is given in
[16].

Frequency domain system identification [14] is a huge area
of research, characterized by parametric and non parametric
approaches and by many and different techniques, see for
example [11], [12], [13].

In this work, the EIV identification problem is addressed
by applying the Koopmans—Levin approach [9], [7] in the
frequency domain. The system is described by a parametric
model that links the Discrete Fourier Transforms (DFTs)
of the input and output signals. According to the theoretic
results described in [15], a polynomial term is added in the
system equation in order to take into account the leakage
and transient effects. Compared with other well-known Fre-
quency Response Function (FRF) estimators [4] , the usage
of this extended model allows to deal with shorter data
sequences and with arbitrary noise-free input signals, not
necessarily periodic [5].

In this paper, the additive noises are assumed as mutu-
ally uncorrelated white processes with unknow variances,
but with known variance ratio. The proposed identification
method can be considered as the frequential counterpart of
the time domain Koopmans—Levin approach. However, the
performances of this new method are potentially superior to
those of the corresponding time domain version, thanks to its
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intrinsic possibility of filtering the data, by fitting the model
only within a desidered frequency range.

The organization of the paper is as follows. Section II
defines the EIV identification problem in the frequency
domain. Section III describes the Koopmans-Levin solution
for frequency data. In Section IV the effectiveness of the
proposed approach is verified by means of Monte Carlo
simulations. Finally some concluding remarks are reported
in Section V.

II. STATEMENT OF THE PROBLEM

Consider the linear time—invariant SISO system described
in Figure 1. The noise—free input and output 4(t), g(t) are
linked by the linear difference equation

A(z"1) () = B(=1) i), M)
where A(z71) and B(z~!) are polynomials in the backward
shift operator z 1

Az ) =140z + Fa,z™ 2)
Bz =fo Pz 4Bz Q)
In the EIV environment the input and output measurements

are assumed as corrupted by additive noise so that the
available observations are

u(t) = alt) +a(t) @)
y(t) = 9(t) + 9 (t)- )
The following assumptions are made.

Al. The system (1) is asymptotically stable.

A2. A(z7') and B(z7!) do not share any common factor.

A3. The order n of the system is assumed as a priori known.

A4. The noise—free input 4(t) is a quasi—stationary bounded
deterministic signal [10] and is persistently exciting of
sufficiently high order.

AS5. a(t) and §(t) are zero-mean ergodic white processes
with unknown variances A, and ), respectively. These
processes are mutually uncorrelated and uncorrelated
with the noise—free input 4(t).

A6. The noise variances A, and A, are unknown but their
ratio p = A\, /A, is assumed as known, with 0 < p <
00.

Assumptions A1-A4 are commonly imposed when dealing
with general identification algorithms, not necessarily in an
EIV context [19], [10]. Assumption A5 is common in the
Frisch scheme context [3], [8] and as a basic assumption
for analysing the EIV identification methods [17], [20]. For
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Fig. 1. Errors—in—variables model

several EIV identification approaches, this assumption can be
relaxed and correlated noises or coloured (output) noises can
be considered [18]. More general conditions on the identifia-
bility of EIV systems can be found in [2]. Assumption A6 is
a standard assumption for all TLS-based estimators in EIV
problems. Even if mathematically restrictive, this condition is
often satisfied in practical situations [23], with the benefit of
a simple and fast solution to the EIV identification problem.

Let {u(t) g(;”“ and {y(t)}fﬁg”“ be a set of input
and output observations at N equidistant time instants ¢, ¢ +
At. In the following we will assume At = 1, without loss
of generality. The corresponding DFTs are defined as

1 N—-1 _
U((Uk) = \/—N Z U(t) efﬂwkt (6)
o
1%w0=;ﬁ y(t)e et (7
t=0

where wy, = 27k/N and k = 0,...,N — 1. The system
transfer function is represented as

B(e—jwk)
A

G(e_jw") = W .

(®)
The DFTs defined in (6) and (7) can be expressed in matrix
form by introducing the N x N Fourier matrix F)y [1] whose
entries are defined as follows

Fn = [fu] )
1 ony,
fir = —=eIREDED b —1 N . (10
VN

In can be proved that matrix F}y is unitary, i.e. FNF]‘\L,I =1,
where (-)f denotes the transpose and conjugate operation.

Defining the following vectors in time and frequency
domain

vy = [u(0),...,u(N —1)]T (11)
vy =[y(0),...,y(N = DJ" (12)
Vi = [U(wo), .-, Ulwn-1)]" (13)
Vy = [Y(wo),...,Y(wn_1)]T (14)
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the relations (6) and (7) can be represented by the linear
transformations

VU:FNUU
Vy:Fva .

15)
(16)

In the frequency domain, the problem under investigation
can be stated as follows.

Problem 1. Let U(wy), Y(wg) be a set of noisy mea-
surements generated by an EIV system of type (1)—(5),
under assumptions A1-A6, where w,, = 27k/N and k =
0,...,N — 1. Estimate the system parameters «; (i =
1,...,n), B; (i=0,...,n) and the noise variance \,.

Recently in [22] a frequency domain solution to Problem
1 has been proposed in more general conditions, when only
Assumptions A1-AS5 hold. The solution, however, is much
more involved. For the sake of simplicity this case will not
be treated here.

III. THE KOOPMANS—LEVIN SOLUTION

In the following a possible solution of Problem 1 is
proposed, analogue to the time domain Koopmans-Levin
solution [9], [7].

A. The noise—free case

With reference to the noise—free signals @(t) and (¢),
definitions similar to (11)—(14) and (15)—(16) hold, i.e.

by = [0(0), ..., a(N —1)]* (17)
by = [9(0), ..., 5(N = 1)]" (18)
Vu =[U(wo), ..., Ulwn-1)]" (19)
Vv = [Y(wo),...,Y(wn_1)]", (20)
where
Vi = Fy 0y Q1
Vy = Fy i, (22)

It is a well-known fact [15] that fog finite IV, even in absence
of noise, the ratio of the DFTs Y (wy) and U(wg) (wr =
27k /N) is not equal to the true transfer function

(23)

As a matter of fact, it can be proved that the DFTs Y(wk)
and U (wy) exactly satisfy an extended model that includes
also a transient term, i.e.

A(e ) Y (wy) = B(e79%) U(wy) + T(e779%) |, (24)
where T'(z71) is a polynomial of order n — 1
T(Z_l) =70+ T1 Z_1+"'+Tn_1 PRlan (25)

that takes into account the effects of the initial and final
conditions of the experiment.
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By considering the whole number of frequencies, eq. (24)
can be rewritten in a matrix form. For this purpose, introduce
the parameter vectors

0o = [otny ... 00,1 )T (26)
95 = [677,7 e aﬁhﬁO]T (27)
0r = [Tn-1,...,70]" . (28)

and define the following vector ©, with dimension p = 3n+
2, containing the whole number of parameters

©=[06%, —05,—6F]". (29)

In absence of noise, the system parameters can be recov-
ered by means of the following procedure.
Define the row vectors

Zn—l—l(wk) _ [e_jnwk, e—j(”_l)wk’ o ’e_jwk’ 1]

Zy(wi) = 770Dk, eI ]

(30)
(€19

whose entries are constructed with multiple frequencies of
wp, and construct the following matrices

ZnJrl(wO) Z"(wo)

Z n (WN — 1)
of dimension N x (n + 1) and N X n, respectively.
With the noise—free input—output DFTs (19) and (20)
construct the following N x N diagonal matrices

(32)

Zn+1(wn—-1)

V§e9 = diag [U(wo), U(wr), ..., Ulwn-1)] (33)
f/{/ﬁag = diag [V (wo), Y(w1),...,Y(wn_1)] . (34)
Compute the N x (n + 1) matrices
dp = VI, by =VH9I (35)
and set R
Or= V. (36)
Construct the N X p matrix
O =[d4|0p| 0r] . (37
Thus, eq. (24) can be rewritten as
$0=0. (38)
It then holds .
¥ =0, (39)
where 3 is the p X p matrix
. 1 aps
Y= N@H@) . (40)

Remark 1. Because of assumption A2, relation (24) can-
not be satisfied by polynomials A(z~') and B(z~!) with
order lower than n. Therefore, matrix ¥ in (40) is positive
semidefinite, with only one null eigenvalue, i.e.

$>0 dimker S=1. (41)

The previous considerations can be summed up as follows.

553

Result 1. Let U(wy), Y(wk) be a set of noise—free
measurements generated by a dynamic system of type (1)—
(3), under assumptions Al-A4, where wy = 27k/N and
k=0,...,N—1.

Thus, for every frequency wy, the DFTs U(wy), Y (wy)
exactly satisfy relation (24), where A(z~!), B(2~1) are the
system polynomials. The parameter vector O, see (29), can
be recovered by computing the kernel of the matrix 3 defined
in (40), after normalizing the (n + 1)-th entry to 1.

B. The noisy case

In presence of noise, the previous procedure can be
modified as follows.

With the noisy input—output DFTs (13) and (14) construct
the N x N diagonal matrices

V9 = diag [U(wo), U(wr),. .., Ulwn—1)]  (42)
V9 = diag [V (wp), Y(w1), ..., Y(wn_1)]  (43)
and compute the matrices
Sp=VFIYI,; ®4=VIY; dp=0. (44)
Then construct the N X p matrix
=[P4 |Pp| Pr] (45)
and compute the p X p positive definite matrix
1
Y= N@H@) : (46)

Remark 2. Because of assumption A5, when N — oo,
matrix X in (46) is constituted by the sum of two matrices

Y=%+3, (47)
where ¥ satisfies the condition (41) and
~ Ay 1 0 0
Y= 0 MAlnyr O (43)
0 0 0,

Moreover, because of assumption A6, matrix X results as

B pInJrl O 0
Y=y 0 I.v1 0 | =X A, (49)
0 0 On,

where )\, is unknown.

Remark 3. The noise variance A, is obtained by computing
the value of A that satisfies condition (41), i.e.

(E=AA) >0  dimker (S—AA)=1. (50
It can be easily verified that the solution is
1 e
T —max(elg (x A)) . (51)

The previous considerations can be summed up as follows.

Result 2. Let U(wg), Y(wg) be a set of noisy mea-
surements generated by an EIV system of type (1)—(5),
under assumptions A1-A6, where w,, = 27k/N and k =
0,...,N—1.
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Thus, matrix ¥ in (46) is the sum of two matrices, see
(47), where matrix % is known up to a scalar factor A,.
The solution for )\, is given by relation (51). The parameter
vector O, defined in (29), can be obtained as the kernel of

(Z—AUA)(a:O, (52)
after normalizing the (n 4 1)—th entry to 1.

Remark 4. The proposed procedure can be applied also
when only a subset W of the frequency range is used, i.e.
wi € W = [w;, wy], with ¢ > 0 and f < N — 1. The subset
W = |w;, wy], with L = f — 4 + 1 frequencies, must be
chosen by the user on the basis of a priori knowledge of the
frequency properties of the transfer function G(e~7“*) and
of the noise—free input U (wy).

IV. NUMERICAL RESULTS

Example 1. The proposed algorithm has been tested on
sequences generated by a second—order model of type (1),
already proposed in [6]

Az =1-052"14+03272
B(z7H)=2-122"1-062"72.

(33)
(54)

The input is a pseudo random binary sequence with unit
variance and length N. Monte Carlo simulations of 100 in-
dependent runs have been performed by adding to the noise—
free sequences (), §(-) different white noise realizations
with variances A}, = 0.1, )\; = 0.6 (p = 6), corresponding
to a signal to noise ratio (SNR) of about 10 dB on both input
and output.

In order to verify the improvement of the accuracy in
the estimates for increasing values of data, the Monte Carlo
simulations have been performed with N = 250, N = 500
and N = 1000.

Tables 1 and 2 report the empirical means of the pa-
rameter estimates together with the corresponding standard
deviations, obtained with the proposed Frequency Domain
Koopmans—Levin (FD-KL) algorithm.

The last column of Table 1 reports the empirical mean
of the estimates of \,, and the corresponding standard
deviation, for the different values of N.

These tables show the effectiveness of the proposed
method, comparable with that of the time domain KL ap-
proach, see also [21].

Example 2. In order to verify the selective properties
described in Remark 1, the proposed FD-KL algorithm has
been tested on sequences generated by a fourth—order model
of type (1), also proposed in [24]

Az =1-3572""+5132"2-352"°4+0962""
(55
B(z1) =107 xp(z™") (56)
p(z7)=1+1152"1+1.02272+ 027272 +0.0527* .
The noise—free input @(t) is a white noise process with

unit variance and length V. A Monte Carlo simulation of
100 independent runs have been performed by adding to
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TABLE I
TRUE AND ESTIMATED VALUES OF «; (¢ = 1,2) AND A, OBTAINED BY
MEANS OF THE FD-KL ALGORITHM FOR DIFFERENT DATA LENGTH N

a1 [P Au
true —0.5 0.3 0.1
N = 250 —0.5055 + 0.0688 | 0.3109 4+ 0.0706 | 0.0967 4 0.0060
N = 500 —0.5005 + 0.0507 | 0.3063 4= 0.0485 | 0.0986 4+ 0.0039
N = 1000 | —0.4974 £ 0.0391 | 0.2974 £ 0.0370 | 0.0993 4+ 0.0029

TABLE II
TRUE AND ESTIMATED VALUES OF 3; (¢ = 1,2, 3) OBTAINED BY MEANS
OF THE FD—KL ALGORITHM FOR DIFFERENT DATA LENGTH N

Bo B B2
true 2 —1.2 —0.6
N = 250 2.0064 £ 0.0413 | —1.2179 £ 0.1632 | —0.5711 £ 0.1763
N = 500 2.0032 £ 0.0283 | —1.2035 + 0.1195 | —0.5800 4 0.1265
N = 1000 | 2.0001 4+ 0.0170 | —1.1955 £ 0.0903 | —0.6092 + 0.1003

the noise—free sequences (), §(-) different white noise
realizations with variances \; = 0.1, )\; = 0.6 (p = 6),
corresponding to a SNR of about 10 dB on both input and
output.

The Monte Carlo simulation has been performed with
N 2000 frequencies. However, the transfer function
G(e7@r), defined in (8), has been identified by using the
L = 200 frequencies in the window W = [wq, wigg] =
[0, 0.625] radians.

Figure 2 reports the true values of the magnitude and phase
of G(e~7“*) in red (solid) line, together with the mean of the
estimated tranfer functions (TF), in blue (dashed) line. The
advantageous effects of filtering are evident in the frequency
region around the two peaks of |G(e™7%*)].

Example 3. Finally, the FD-KL method has been tested
by means of the 3 Degrees Of Freedom (DOF) mechanical,

Magnitude (dB)

I
1.5
o (radians)

Fig. 2. True TF: red (solid); Estimated TF (mean) with N=2000 and
window W: blue (dashed).
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Fig. 3. True TF: red (solid); Estimated TF (mean) with FD-KL method:
blue (dashed); Estimated TF (mean) with TLS approach: green (dash—
dotted).

lumped—parameter system governed by the equation
d*y(t) (t)
de? t

where §(t) is the vector of the nodal displacements and
F(t) is the vector of the external forces, not accessible for
measurements. The mass matrix M is

M

+C d‘z +K3(t)=F@t), (57)

M = d1ag[m1 mao mg], (58)
where m; = 11, mga = 5 and mz = 10 (Kg).
The stiffness matrix K is
kl + kz —kz 0
K = —ko ko + k3 —ks3 , (59)
0 —k3 ks + k4

where k1 = 10°, ky = 4x10°, k3 = 6x10° and ky = 2x10°
(N/m).
The damping matrix C is

c1+ c2 —Co 0
C = —Ca co +c3+cs —c3 , (60)
0 —c3 c3+ ¢y

where ¢; = 110.15, ¢ = 0.6, cg3 = 0.9, ¢4 = 100.3 and
cs = b0 (Kg/s).

The external force is applied to the 3—rd DOF. The FRF
to be identified is the transmissibility function G13(jw) =
Y1 (jw) / Y3(jw) between the 1-st and 3-rd DOFs. It results
a rational function of order 2n = 4, where n denotes the
number of pairs of complex conjugate poles. The magnitude
and the phase of Gy3(jw) are reported in Figure 3 (solid,
red line).

The system has been discretized with zero—order—hold
reconstruction, at the sampling frequency Fy = 400 Hz,
which is compatible with the frequency band of the system,
as illustrated in Figure 3. The system has been excited on
the 3—rd mass by a discrete—time white noise process with
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TABLE III
TRUE AND ESTIMATED VALUES OF THE COMPLEX CONJUGATE POLES

S1, S2 83, S4
true —0.0502 £ 51.6872 | —0.0516 £ j4.6576
FD — KL | —0.0494 £+ 51.6873 | —0.0492 £ j 4.6758
TLS —0.0687 £ 5 1.7582 0.1294 £ 54.3910

length N = 4000. Thus, the discrete—time system of type
(1) to be identified is

- }A/l (wk)

Gis (e—jwk)

Ya(wr)
_ Hiz(e7%%) Fy(wg)  Hig(e 7%)

_ _ - ) (61
H33 (e*ﬂ‘“k) F3 (wk) H33 (e*ﬂ‘“k) ( )

where wy, = 2wk/N and F3(wy) is the DFT of the external,
not accessible, force.

A Monte Carlo simulation of 100 independent runs has
been performed by adding to the noise—free sequences s(+),
91(-) different white noise realizations with variances \;_
0.02, /\;;1 = 0.02 (p = 1), corresponding to a SNR of about
30 dB on both the signals (equivalent to an external force
with variance oy = 10'2).

In order to evaluate the effects in the identification algo-
rithm of the leakage and transient phenomena, the FD-KL
method has been compared with a classical TLS approach in
which the polynomial term T'(e~7“*) in (24) is not present.
Also in this case, a data sequence with length N = 4000 has
been considered and no averaging over different data blocks
has been performed.

Figure 3 reports in red (solid) line the true values of the
magnitude and phase of G13(jw), discretized at the sampling
time At = 1/F, = 0.0025 sec. The figure reports also
the means of the estimated discrete-time transfer function
G13(e™7“k). The blue (dashed) line refers to the FD-KL
solution, while the green (dash—dotted) line refers to the TLS
solution. This figure well illustrates the theoretic correctness
of equation (24) and the effectiveness of the proposed FD—
KL method.

Once the system parameters have been determined, the
poles of the transmissibility function G13(jw) can be easily
estimated. Firstly, the poles p; (+ = 1,...,2n) of the
identified discrete-time function G3(e™7“*) are estimated,
by computing the roots of the polynomial A(z~1). Then,
they are transformed into the continuous—time poles s; by
means of the relation

S :loge(pi) 7= 1,..., (62)

Table 4 reports the true values of the n = 2 pairs of complex
poles, together with their estimates obtained with the FD—
KL method and the TLS approach. It must be observed that
the TLS method fails to give a feasible solution for s3, s4
since this pair exibits a positive real part. Also in this case,
the results verify the good features of the proposed method.
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V. CONCLUSIONS

In this paper a new frequency domain method has been
proposed for the identification of EIV models with addi-
tive white noises. The method applies for general inputs,
but requires the a priori knowledge of the noise variance
ratio. Monte Carlo simulations have confirmed the good
performances of the proposed algorithm, in different working
conditions.
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