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Abstract— Cyclic orbit codes are constant dimension sub-
space codes that arise as the orbit of a cyclic subgroup of the
general linear group acting on subspaces in the given ambient
space. With the aid of the largest subfield over which the given
subspace is a vector space, the cardinality of the orbit code
can be determined, and estimates for its distance can be found.
This subfield is closely related to the stabilizer of the generating
subspace.

I. INTRODUCTION

Subspace codes have gained considerable attention during
the last decade due to their crucial role in random network
coding, see for instance the articles [4], [S] and the references
therein. Specific subspace codes with large distance were
found by computer search in, for instance, [2], [6], and
particular constructions were studied in [1], [7], [8]. There
is a close link between the subspace codes in [2], [6] and
in [7], [8]: in the second set of papers the subspace codes
are orbits with respect to a particular cyclic group, whereas
in the first set of papers the codes are invariant under the
same group, and thus are unions of such orbits.

In this note we will provide further insight into the class
of cyclic orbit codes. The results in the aforementioned
papers show a promising potential of these codes due to
their specific algebraic structure.

Throughout, let F := F, be a finite field of size g.
Recall that a subspace code over F is simply a collection
of subspaces of F”. The code is called a constant dimen-
sion code if all its subspaces have the same dimension.
The subspace distance of a subspace code C is defined as
dg(C) := min{ds(V, W) | V, W € C, V # W}, where the
distance between two subspaces is

ds(V, W) :=dimV + dimW — 2dim(V N W).
II. CycLic OrRBIT CODES

Throughout this work, we will make use of the fact that
™ is isomorphic to the F-vector space Fy». Thus, we may
consider subspace codes as collections of subspaces in Fgn
and at the same time utilize the field structure of Fyn.

We fix a primitive element o of Fy», thus

Fi = Fyn\{0} = (a),
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where the latter denotes the cyclic group generated by a.
The codes under consideration are derived from the natural
action of the group () on F~. This action induces an action
on the set of subspaces of F;», and thus gives rise to the
following type of constant dimension codes. These codes
were introduced in a slightly different form in [7], [8].

Definition 2.1: Let U be a k-dimensional subspace of the
[F-vector space [Fy». The cyclic orbit code generated by U is
defined as the set

Orb(U) := {Ua' |i=0,1,...,¢" — 2}.

Obviously, C := Orb(l{) is a constant dimension subspace
code. Let us briefly describe the translation of this setting into
subspace codes in F". Using the basis 1, c,...,a" ! for the
coordinate map between [Fy» and F" it is clear that this map
turns Orb(Y/) into an orbit of the cyclic subgroup generated
by the companion matrix of o under the natural action on
the subspaces of F”. This is the setting primarily studied
in [7], [8]. On the other hand, in [2, p. 1170], the authors
introduce cyclic subspace codes in Fy». In our terminology,
these codes are unions of orbit codes Uz;l Orb(U4;). With
the aid of a computer search, they are able to find interesting
cyclic codes that come close to known bounds for subspace
codes. Even larger and better unions of this type have been
found in [6, Sec. 5].

We close this section with the following simple fact. The
dual of a subspace code C is defined as C* = {V+ | V € C}.
It is easy to see that the dual of an orbit code is, up to linear
isometry, an orbit code again; see also [8, Thm. 18]. Since
ds(C) = ds(Ct), see [2, Lem. 13], we may and will restrict
ourselves to cyclic orbit codes generated by subspaces of
dimension at most n/2.

III. STABILIZER GROUP AND CARDINALITY OF CYCLIC
ORBIT CODES

Fix a k-dimensional subspace U of Fyn. Without loss of
generality we may assume that 1 € Uf.

Consider the orbit code Orb(l{) as in Definition 2.1. The
stabilizer of ¢/ under the group action induced by (o) = F}.
is Stab(U) ;== {y e Fy [Uy=U} ={y €T} | Uy CU}.
Let N € N be the minimal integer such that Stab({/) =
(aN). Then N is a divisor of ¢" — 1 and

n_1
|Stab(Uf)| = 47—,
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Definition 3.1: Let Stab®(U) be the smallest subfield
of F,» containing F and the group Stab({f).

It is clear that Stab™ () is the field extension F[aN]. In
fact one can show

Proposition 3.2: Stabt(U) = Stab(/) U {0} and
Stab™ (U) is contained in U. Moreover, U is a vector space
over Stab™ () with scalar multiplication being the multipli-
cation of the field Fyn.

In the case where n is prime, the only proper subfield
of Fy» containing I is [F itself.

Corollary 3.3: If n is prime, then for every proper sub-
space U C F,n we have Stab(id) = F* and |Orb(Uf)| =

(1”*1

! Tlhe following terminology will be convenient as the
concept arises repeatedly in this work.

Definition 3.4: A subfield Fy» of Fyn is called a friend
of U if U is an F,--vector space with scalar multiplication
being the multiplication in the field F4». The largest friend
of U (with respect to cardinality) is called the best friend
of U.

Note that since U/ is a subspace of the F-vector space Fgn,
the field F is a friend of U/, and thus U/ also has a best friend.
Furthermore, since 1 € U, the best friend of ¢/ is contained
in U.

Proposition 3.5: The subfield Stab™ (/) is the best friend
of U. Furthermore, any friend of I/ is contained in the best
friend.

Now we may rewrite the identities in (1) as follows. This
result facilitates the design of orbit codes with a prescribed
cardinality.

Theorem 3.6: Let F, be the best friend of /. Then
|Orb(U)| = ‘éi:}. As a consequence, |Orb(U)| = Z:—j if
and only if ¢ = F .. Moreover, ds (Orb(F,+)) = 2k.

The last part of this result recovers known facts about
spread codes. Recall that a subspace code C is called a spread
of Fyn if (Jyee V = Fgn and VN W = {0} for all distinct
V, W € C. Thus, Orb(F ;« ) is a k-dimensional spread, which
can also be found in [7, Thm. 11, Cor. 12]. The first part
of Theorem 3.6 shows that among all cyclic orbit codes
generated by a k-dimensional subspace, the spread code has
the least cardinality.

IV. THE SUBSPACE DISTANCE OF CYCLIC ORBIT CODES

As before, let U be a k-dimensional subspace of Fg» such
that 1 € U and where k < n/2. Furthermore, let F 4 be the
best friend of ¢/, and define ¢t := % = dimyqr U.

The following lemma shows that the subspace distance
is a multiple of 2r. This is due to the simple fact that the
intersection of any two subspaces in Orb(l{) is a vector space
over Fyr.

Lemma 4.1: Define s := max;<;j<y dimg,, (U N Uad).
Then

dg(Orb(U)) = 2(k — sr) = 2(t — s)r- (2)

As a consequence, 2r < dg(Orb(U)) < 2k.
The upper bound dg (Orb(lf)) < 2k is true for all constant
dimension codes of dimension k; this follows immediately

from the definition of the subspace distance. The lemma
yields the equivalences

ds(Orb(U)) =2k <= r =k <= U =TF .

If any of this is true, Orb({/) is a spread code. Recall from
Theorem 3.6 that these codes have the smallest cardinality
among all k-dimensional orbit codes.

Comparing the lower bound 2r with Theorem 3.6 we
observe the usual trade-off between the cardinality of a code
and its (potential) distance: the larger the best friend, the
smaller the code, but the better the lower bound for the
distance.

The next result shows that the worst distance, namely
dg(Orb(U)) = 2r, is attained by the following subspaces.

Proposition 4.2: Suppose U is of the form

t—1

U= @a“lﬁ‘qr for some 1 <[ < qr e
=0

n

where Fy- is the best friend of &/. Then dg(Orb(i/f)) = 2r.

Observe that we added the requirement that - be the
best friend of U because this does not follow from the form
of U. Indeed, U = @' /'F,- only implies that Fyr is a
friend of U/, but it may not be the best friend. For instance,
in Fos with primitive element o we have Fy> = Fy @ o'y,
hence the best friend is Fy2. The following result shows that
this is essentially the only case where F,~ is not the best
friend.

Theorem 4.3: LetU = @f;é o' ;- for some [ and where
t > 1. Then the minimal polynomial of a! over F- satisfies
deg(minpoly(a!,F,+)) > t. Furthermore,

deg(minpoly(a!,F ) =t
au=u
Iy~ is not the best friend of /.

—
—
—

U =Fy

In other words, F- is the best friend of ¢/ if and only if I/
is not a field.

Of course, there are also subspaces that are not of the form
as in Lemma 4.2 that generate orbit codes with distance as
low as 2r.

Let us now return to the case where the distance is large.
According to Lemma 4.1 the best distance a non-spread orbit
code may achieve is 2(k —r). Many examples of such codes
can be found. For instance, the cyclic orbit codes that form
the building blocks of the codes in [2, p. 1170] are optimal
among all non-spread orbit codes. Also, most of the cyclic
codes found in [6, Sec. 5] are of this type. Some of these
codes even beat the best codes that were known previously.

Example 4.4: Suppose dimg . (U) =t = 2, hence k =
2r. In this case 2r = 2(k — r) and Lemma 4.1 yields
dg(Orb(U)) = 2(k — r). Thus the code is optimal among
all non-spread orbit codes.

Unfortunately, beyond this case we are not aware of a
general construction that guarantees the distance 2(k — r).
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V. FUTURE RESEARCH

In addition to the previous results, the concept of best
friends can be utilized to improve upon a result determining
the distance of a cyclic orbit code via certain integer multi-
sets presented in [6], [7]. Since this was used in [6] to
efficiently search for large unions of orbit codes with good
distance, we believe that this direction needs to be further
pursued.

More generally, it is left to future research to further
explore the potential of cyclic orbit codes and unions thereof.
The examples in [2], [6] illustrate their quality with respect to
distance properties. In this context, a natural generalization,
namely cyclic codes with respect to a proper subgroup
of Iy, should be included in the investigation. Finally, it
remains to be studied whether the cyclic structure of these
codes can be utilized for efficient decoding algorithms.
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